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Abstract

In this paper we prove novel lower bounds for the Ginzburg-Landau energy with
or without magnetic field. These bounds rely on an improvement of the “vortex
balls construction” estimates by extracting a new positive term in the energy lower
bounds. This extra term can be conveniently estimated through a Lorentz space
norm, on which it thus provides an upper bound. The Lorentz space L?™ we use
is critical with respect to the expected vortex profiles and can serve to estimate the
total number of vortices and get improved convergence results.

1 Introduction

1.1 Motivation

In this paper we consider the Ginzburg-Landau “free energy”

(1 — Jul*)?
22

F.(u,A) = %/Q|VAU|2 + |curl A + (1.1)

Here € is a bounded regular two dimensional domain of R?, v is a complex-valued function,
and A € R? is a vector field in . This functional is the free energy of the model of
superconductivity developed by Ginzburg and Landau. In the model, A is the vector-
potential of the magnetic field, the function h := curl A = 0; Ay — 0, A; is the induced
magnetic field, and the complex-valued function u is the “order parameter” indicating

*Supported by NSF CAREER grant # DMS0239121 and a Sloan Foundation Fellowship
fSupported by an NSF Graduate Research Fellowship



the local state of the material (normal or superconducting): |u|? is the local density of
superconducting electrons. The notation V 4 refers to the covariant gradient, which acts
according to V u = (V —iA)u.

We are interested in the regime of small €: € corresponds to a material constant, and
small € implies type-II superconductivity. In this regime, u (because it is complex-valued)
can have zeroes with a nonzero topological degree. These defects are called the vortices of
u and are the crucial objects of interest.

By setting A = 0 we are led to studying the simpler Ginzburg-Landau energy “without

magnetic field”:
(1—
/|V 2y L el ’“” . (1.2)

All our results will thus apply to this energy as well, by setting A = 0.

These functionals, and in particular the vortices arising in their minimizers or critical
points, have been studied intensively in the mathematics literature. We refer in particular
to the books [1] for E. and [8] for the functional with magnetic field. The interested reader
can find there more information on the physical and mathematical background.

We are interested in proving lower bounds on F., and in particular estimates which
relate F.(u, A) and ||V aul/ 2.0, the norm of V4u in the Lorentz space L»*. Noticeably,
Lorentz spaces were already used in the context of the Ginzburg-Landau energy by Lin
and Riviere in [5]. Their goal there was to study energy critical points in 3 dimensions,
but what they used was interpolation ideas and the duality between Lorentz spaces L*!
and L.

The Ginzburg-Landau energy is generally unbounded as ¢ — 0; it blows up roughly
like 7n |log €|, where n is the number (or total degree) of vortices. Our investigation of
estimates for ||V sul| ;2 is thus part of a quest for intrinsic quantities in V 4u which do
not blow up as ¢ — 0, but rather remain of the order of n.

1.2 Heuristics for idealized vortices

Let us now try to explain the interest and relevance of the Lorentz space L** for this
problem. The space L**, also known as “weak-L?”, is a functional space which is just
“slightly larger” than the Lebesgue space L?. One simple way of defining the L** norm
is by

iz = sup |V [ (5] (13)

where | E| denotes the Lebesgue measure of E. An equivalent way is through the super-level
sets of f: 1
[f1l 200 = suptAg(t)?, (1.4)
>0

where Af(t) = [{x € Q| |f(x)| > t}|. For more information on Lorentz spaces we refer for
example to [2, 9]. A simple application of the Cauchy-Schwarz inequality in (1.3) allows
to check that if f is in L? then it is in L with || f|| 2.0 < [If]l2-
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Let us now consider vortices of a complex-valued function u in the context of Ginzburg-
Landau. In the regime of small €, u can have zeroes, but because of the strong penalization
of the term [, (1 — lul*)2, |u| can be small only in (small) regions of characteristic size e.

Then around a zero at a point zy, u has a degree defined as the topological degree of
u/ |u| as a map from a circle to S', or in other words

- 9 (%) €z, (1.5)

N 2T dB(zo,r) or

where r is sufficiently small. One can describe the situation very roughly as follows:
|u| is small in a ball of radius Ce, and |u| = 1 outside of this ball, say in an annulus
B(xg, R)\B(xg,C¢). The size of R is meant to account for possible neighboring zeroes. In
this annulus, the model case is that of a radial vortex of degree d, i.e

U(T, 6) = f(r)eid07 (1.6)

where (1, 6) are the polar coordinates centered at x¢, and f is a real-valued function, close
to 1 in B(zg, R)\B(xo, Ce). When computing the L? norm of Vu, we find that |Vu| &~ @

in the annulus and thus, using polar coordinates,
2 R 2
2md
IVl = [ - [ T
LA(B(o.B)) B(0,R)\B(0,C¢) ce T

> 2md’log % (1.7)

d

r

This tells us that the (square of the) L? norm of Vu blows up like 27d? |log €| as € — 0. This
is a crucial fact in the analysis of Ginzburg-Landau, much used since [1]. Jerrard [3] and
Sandier [6] showed that this picture is actually accurate even for arbitrary configurations:
without assuming that the vortex profile is radial, the inequality (1.7) still holds (the radial
profile is actually the one that is minimal for the L? norm). Moreover, any configuration
with an arbitrary number of vortices can be understood as many such annuli, possibly at
very close distance to each other, glued together. Good lower bounds like (1.7) can be
added up together by keeping annuli with the same conformal type. This was the basis
of the “vortex-balls construction” that they formulated and which was used extensively to
understand Ginzburg-Landau minimizers, in particular in [8].

On the other hand, let us calculate (roughly) the L?* norm of Vu for the above vortex.
We recall that |Vu| ~ @ in the annulus B(zg, R)\B(xo,Ce). Using the definition (1.4),
we have |Vu| > ¢ if and only if r < |d| /t. Thus

)\|Vu\ (t) ~ 7Td2/t2,

and we find
||VuHLz,oc(B(xoyR)\B(xO’CE)) ~ \/E|d‘ (18)



So in contrast, the L?* norm of Vu does not blow up as ¢ — 0. One can see that this
space is critical in the sense that 1/|z| (barely) fails to be in L? or in L*? for any q < co
(its norm blows up logarithmically in all cases) but is in L*»* and in all L? for p < 2.

Moreover, from this formula (1.8), it is expected that the L*»* norm can serve to esti-
mate the total degree ) |d;| of all the vortices of a configuration. This is convenient since
the total degree Y |d;| is generally obtained via a “ball construction” that is nonunique.
On the other hand ||Vul|;2 provides a unique and intrinsic quantity useful to evaluate
the number of vortices.

Because of these remarks and because of the paper [5], it could be expected that Lorentz
spaces are a suitable functional setting in which to study Ginzburg-Landau vortices. One
may point out that there are other spaces that would be critical for the profile 1/ |z|,
such as Besov spaces; however, it seems difficult to find an effective way of using them in
connection with the Ginzburg-Landau energy.

The main goal of our results is to give a rigorous basis to the above observations. The
connection with the Lorentz norm of Vu is made through the “vortex-balls construction” of
Jerrard and Sandier, as formulated in [8]. Our estimates will in fact provide an improvement
of these lower bounds by adding an extra positive term in the lower bounds, which is then
related to the Lorentz norm. Just as in the ball construction method, one of the interests
of the result is that it is valid under very few assumptions: only a very weak upper bound
on the energy, even when u has a large number of vortices, unbounded as ¢ — 0. This
creates serious technical difficulties but is important since such situations occur for energy
minimizers when there is a large applied magnetic field, as proved in [§].

1.3 Main results

Let us point out that the estimates we prove are not on the Lorentz norm of Vu but
rather on that of V  u. The reason is that the energy F. is gauge-invariant : it satisfies
F.(u,A) = F.(ue'®*, A + V®) for any smooth function ®. Thus the quantity |Vu| is not a
gauge-invariant quantity, hence not an intrinsic physical quantity. This is why it is replaced
by the gauge-invariant “covariant derivative” |V sul.

Our method consists in proving the following improvement of the “ball construction”
lower bounds (see [8], Chapter 4):

Theorem 1 (Improved lower bounds). Let o € (0,1). There exists eg > 0 (depending on
a) such that for e < ey and u, A both C such that F.(Ju|,Q) < &>, the following hold.

For any 1 > r > Ce®/?, where C is a universal constant, there exists a finite, disjoint
collection of closed balls, denoted by B, with the following properties.

1. The sum of the radii of the balls in the collection s r.

2. Defining Q. = {z € Q|dist(z,09Q) > €}, we have

{r e Q.| Ju(z) =1 >} CV :=Q.N(UpesB), where § = /4.



3. We have

1 1
2/ IV qul? —1—2 5(1 1 — |u)®)? + r%(curl A)?

(1.9)
>nD <log——C +—/ |VA+GU’ + (1_‘1" )%,

where G is some explicitly constructed vector field, dg denotes deg(u,0B) if B C Q. and

0 otherwise,
D= ) sl

BeB
BCQe

18 assumed to be nonzero, and C' is universal.

The improvement with respect to Theorem 4.1 in [8] is the addition of the extra term
%8 f |V A+Gu|2. The term G is a vector-field constructed in the course of the ball construc-
tion, which essentially compensates for the expected behavior of V qu in the vortices. One
can take it to be 7d/r in every annulus of the ball construction where u has a constant
degree d, T denotes the unit tangent vector to each circle centered at xy, the center of the
annulus, and r = |z — xy|. By extending G to be zero outside of the union of balls V', we
easily deduce:

Corollary 1.1. Let (u, A) be as above, then

/Q IV au — iGul? < C (Fe(u, A) — wDlog <€LD - c)) (1.10)

where G is the explicitly constructed vector field of Theorem 1, and C' a universal constant.

The right-hand side of this inequality can be considered as the “energy-excess”, dif-
ference between the total energy and the expected vortex energy provided by the ball
construction lower bounds. Thus we control fQ |V.au — iGul? by the energy-excess. This
fact is used repeatedly in the sequel paper [10] to better understand the behavior of V 4u for
minimizers and almost minimizers of the Ginzburg-Landau energy with applied magnetic
field.

One can also note that such a control (1.10) has a similar flavor to a result of Jerrard-
Spirn [4] where they control the difference (in a weaker norm but with better control) of
the Jacobian of u to a measure of the form > d;d,, by the energy-excess.

Once Theorem 1 is proved, we turn to obtaining an L*»* estimate from which G has
disappeared. In order to do so, we can bound below ||V 41 qul|;2 by [|Vatcu||f2,; the more
delicate task is then to control |G| 2. in a way that only depends on the final data of
the theorem, that is on the degrees of the final balls constructed above and on the energy.
This task is complicated by the possible presence of large numbers of vortices very close to
each other, and compensations of vortices of large positive degrees with vortices of large
negative degrees. To overcome this, G is not defined exactly as previously said, but in a



modified way, and ||G|| ;2 is controlled not only through the degrees but also through the
total energy.
We then arrive at the following main result :

Theorem 2 (Lorentz norm bound). Assume the hypotheses and results of Theorem 1.
Then there exists a universal constant C' such that

/|V |u] F rz(curlA)2+7rZ|dB\2
ECHVAuHiQ,OO +7rZ|dB](log S Tdp) C), (1.11)

where the sums are taken over all the balls B in the final collection B that are included in

Q..

This theorem bounds below the energy contained in the union of balls V' in terms of the
L?* norm on V. It is a simple matter to extend these estimates to all of 2, and deduce a
control of the L** norm of V 4u by the energy-excess, plus the term 3 |dg|*. This is the
content of the following corollary.

Corollary 1.2. Assuming the hypotheses and results of Theorem 1, there exists a universal
constant C' such that

||VAUJ||22,OO < C< WZ |dB“Og |d | —|—Z ’dB| > (112)

where the sums are taken over all the balls B in the final collection B that are included in
Q..

These estimates can indeed help to bound from above ||V AuHigm(m by the total number
of vortices, provided we can control the energy-excess by that number of vortices. This can
in turn serve to obtain stronger convergence results when a weak limit of V 4u is known.
For example, if one considers the energy F. (which we recall amounts to setting A = 0),
it is known from Bethuel-Brezis-Hélein [1] that 7 ) |dp| |log €| = 7n |log €| is the leading
order of the energy (at least for minimizers) and that the next order term is a term of
order 1, called the “renormalized energy” W, that accounts for the interaction between the
vortices. The upper bound of Corollary 1.2 roughly tells us that

IVul[Fome iy < COV + > ldpl* + ) |dp|log D |ds]).

It is expected that the total cost of interaction of the vortices in W is of order of n?, where
n =Y |dg| is the total vorticity mass (here n can blow up as ¢ — 0). Thus, we obtain a
bound of the form
2
||VUHL2,O<>(Q) < Cn?,

which indeed bounds the L?* norm of Vu by an order of n, the total vorticity mass, as
expected in the heuristic calculations of Section 1.2.
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In the simplest case where we know that F.(u.) < mn|log €| + C, which happens for
energy minimizers when n is bounded, as proved in [1], we then deduce that | Vu|| 2.« < C.
To be more precise, for the minimizers of E. found in [1], we have

Proposition 1.3 (Application to minimizers of E. with Dirichlet boundary conditions).
Let Q) be starshaped and u. minimize E. under the constraint u. = g on 0S2, where g is a
fired S'-valued map of degree d > 0 on the boundary of 0, as studied in [1]. Then there
exists a universal constant C' such that

||Vua||iz,oo(m < C’(H&HW +d(logd+ 1)) + o-(1).

Moreover, as € — 0,
Vu, — Vu, weakly-* in LZ’OO(Q),

where u, is the S'-valued “canonical harmonic map” of [1] to which converges u in Cf,
outside of a set of d vortex points.

Note that the renormalized energy W depends on g (hence on d), and the dlogd is not
optimal here; rather, it should be d. It is more delicate to obtain this kind of improvement
to the estimate; this is one of the things done in [10] in the context of the energy with
applied magnetic field. Also the convergence of Vu. cannot be strengthened, convergence in
L?* strong does not hold, as illustrated by the following model case: let V. be the vector

field =220 and V = © with p. — p as e — 0. Then 21 < ||V — V|p2e < 44/,

|z—pel? lz—p|?

while clearly V. — V weakly-* in L*.

We have focused on proving upper bounds on ||V s4u| ;2. in terms of its L? norm and
Ginzburg-Landau energy. It is not difficult to obtain some adapted, though not optimal,
lower bounds. For example, we can prove the following:

Proposition 1.4. Let f € L*>(Q) be such that || f|| =) < € for some e < 1. Then

2 1 / ,»  C?Q
fll 7200y = flI" = ————. 1.13
1711ze @ =2 log €| Jo g 2 |log €| ( )

This proposition is a direct consequence of the definition of the L** norm. Its short
proof is presented in Section 6.1.

For critical points of the Ginzburg-Landau energy, it is known that the gradient bound
IV aul| oo () < € holds. Thus applying Proposition 1.4 to f = V4u, we find

1
Vaultseiq = = [ [Vaul> —o(1).
IV atlaniey = o [ [Vauf = o)

Knowing some lower bounds (provided by the ball construction) of the type [, |V aul? >
27n |log e|, where n is the total degree of the vortices, we find lower bounds of the type
||VAu||i2,oo(Q) > 7n, also relating the L»* norm of V 4u to the total number of vortices.
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In [10], which is the sequel of this paper, the ideas and main results of this paper are
extended to the case of the full Ginzburg-Landau energy with an applied magnetic field,
getting better estimates on ||V 4ul| [200(q) 1N terms of the number of vortices. These results
lead to a somewhat stronger (than previously known results) convergence of V 4u and of
the Jacobian determinants of u when certain energy conditions are fulfilled.

1.4 Plan

The paper is organized as follows: in Section 2, for the convenience of the reader, we
give a review (with slight modifications) of the crucial definitions and ingredients for the
vortex-balls construction following Chapter 4 of [8].

In Section 3 we present the main argument, with the introduction of the function G
and the “trick” that allows us to gain an extra term in the lower bounds for the energy on
annuli.

In Section 4 we show how this extra term incorporates into the estimates through the
growing and merging of balls, and hence through the whole ball construction.

In Section 5 we deduce the proof of the main results.

In Section 6 we estimate the L?»* norm of G in order to pass from Theorem 1 to
Theorem 2. This is the only section in which L?>* comes into play.

In Section 7 we show how the methods of this paper can be adapted to work with the
version of the ball construction formulated by Jerrard in [3], at the expense of less control
of |G| p2.o-

2 Reminders for the vortex balls construction

2.1 The ball growth method

In finding lower bounds for the Ginzburg-Landau energy of a configuration (u, A) it is most
convenient to work on annuli, the deleted interior discs of which contain the set where u is
near 0, and in particular the vortices. On each annulus, a lower bound is found in terms of
a topological term (the degree of the vortex) and a conformal factor, which we define to be
the logarithm of the ratio of the outer and inner radii of the annulus. Therefore, to create
useful lower bounds we must be able to identify the set where u is near 0 and then create
a family of annuli with large conformal type outside this set. The first component of the
process uses energy methods to find a covering of the set by small, disjoint balls, and is
addressed later. The second component is known as the general ball growth method and
is presented in this section. Here we follow the construction of Chapter 4 from [8].

As a technical tool we will need the ability to merge two tangent or overlapping balls
into a single ball that contains the original balls, and with the property that its radius is
equal to the sum of the radii of the original balls. Our first lemma recalls how to do such
a merging. We write r(B) for the radius of a ball B.



Lemma 2.1. Let By and By be closed balls in R™ such that By N By # @. Then there is a
closed ball B such that r(B) = r(By) + r(B2) and B; U By C B.

Proof. If By = B(aj,r) and By = B(as,r3), then B = B(w,ﬁqw"g) has the

r1+72

desired properties. O

The ball growth lemma now provides an algorithm for growing an initial collection
of small balls into a final collection of large balls. Essentially, the balls in a collection
are grown concentrically by increasing their radii by the same conformal factor. This is
continued until a tangency occurs, at which point the previous lemma is used to merge the
tangent balls. The process is then repeated in stages until the collection is of the desired
size. The annuli of interest at each stage are formed by deleting the initial collection of
balls from the final collection; the construction guarantees that all of the annuli in a stage
have the same conformal type.

Given a finite collection of disjoint balls, B, we define the radius of the collection, r(B),
to be the sum of the radii of the balls in the collection, i.e.

BeB

For any A > 0 and any ball B = B(a,r), we define AB = B(a, Ar). Extending this notation
to collections of balls, we write A\B = {AB | B € B}. For an annulus A = B(a,r;)\B(a, ),
we define the conformal factor by 7 = log(r1/r¢). We can now state the ball growth lemma,
the proof of which can be found in Theorem 4.2 of [8].

Lemma 2.2 (Ball growth lemma). Let By be a finite collection of disjoint, closed balls.
There exists a family {B(t) }ier, of collections of disjoint, closed balls such that the follow-
ing hold.

2. Fors>t>0,

U Bc | B
BeB(t) BeB(s)

3. There exists a finite set T C RT such that if [t,s] C RY\T, then B(s) = e*~'B(t). In
particular, if B(s) € B(s) and B(t) € B(t) are such that B(t) C B(s), then B(s) = ¢ 'B(t)
and the conformal factor of the annulus B(s)\B(t) is T = s — t.

4. For everyt € Rt r(B(t)) = e'r(By).

We now show how to couple lower bounds to the geometric construction. We may think
of a function F : R? x Rt — R* as being defined also for collections of balls, B, via the
identifications

F(B(z,r)) = F(z,r)

and

F(B)=> F(B).

BeB
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Here and for the rest of the paper we employ the notation B to refer to a specific ball B
in some collection, and not to refer to the closure of B. We will also abuse notation by
writing B N B(t) for the collection {BN B | B € B(t)}.

Lemma 2.3. Let By be a finite collection of disjoint, closed balls, and suppose that B(t)
1s the collection of balls obtained from By by growing them according to the ball growth
lemma. Fiz a time s > 0 and suppose that 0 < s1 < -+ < sg < s denote the times
at which mergings occur in the the ball growth lemma, i.e. let the s; be an increasing
enumeration of the set T defined there. Then

F(B(s)) — F(By) = /O r%—r(x , dt+2]—" ) — FB(sy)-,  (21)

B(z,r)eB(t)

where F(B(sy))”™ = lim F(B(t)). Moreover, for any B € B(s), the following localized

t—s,

version of (2.1) holds:

F(B) — F(BNBy) = / > r%—dt+Z}"BﬂBsk — F(BNB(sp))~. (2.2)

(z,r)EBNB(t)

Proof. The proof is the same as in Proposition 4.1 of [8], but here we keep the second sum
in (2.1) rather than bounding it. O

Fla,r) = /B e

for some u-dependent energy density e(u), the first term on the right of (2.1) corresponds
to integration in polar coordinates on each annulus, and the second corresponds to the
energy contained in the non-annular parts of B(s).

Note that in the case that

2.2 The radius of a set

In order to effectively use the ball growth lemma to generate lower bounds, it is necessary
to first produce a collection of disjoint balls covering the set where u is near 0. We do this
by using the concept of the radius of a set, which is useful in two ways. First, it is defined
as an infimum over all coverings of the set by collections of balls, so that by exceeding
the infimum we may find a covering of the set by balls. Second, it is comparable to the
H! Hausdorff measure of the boundary, and so it can be used with the co-area formula to
produce coverings by balls of the set where |u] is far from unity.
We define the radius of a compact set w C R?, written r(w), by

r(w) =1inf{r(By) + --- +r(By) |w C U*_ B; and k < oo}.

We make the following remarks.
1) In the definition we may assume that the balls are disjoint. If they are not, then we
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merge balls that meet into a single ball with radius equal to the sum of the radii of the
merged balls according to Lemma 2.1.
2) If A C B then r(A) < r(B).
3) The infimum is not necessarily achieved.

It is necessary to also introduce a modification of the radius that measures the radius
of the connected components of a compact set w that lie inside an open set 2. Indeed, we
define

ro(w) =sup{r(K Nw) | K C Q s.t. K is compact and 0K Nw = J}.

The following lemmas record the crucial properties of these quantities. The omitted proofs
may be found in Section 4.4 of [§].

Lemma 2.4. Let w be a compact subset of R%. Then
2r(w) < H'(Ow). (2.3)
Lemma 2.5. Let 2 be open and w C ) be a compact set. Then
2rq(w) < H'(0wN Q). (2.4)
Lemma 2.6. Let wy,ws be compact subsets of R%. Then
r(w; Uws) < r(wy) + 7(ws). (2.5)
Lemma 2.7. Let wy,wy be compact sets, and let @ C R? be an open set. Then
ro(wr Uwy) < ro(wr) + ro(ws). (2.6)

Proof. Tf Q C wy Uws, then the result is trivial. Suppose otherwise. Let K C 2 be such
that K is compact and 0K N (w; Uwy) = @. Then (0K Nw;) U (0K Nws) = &, which
implies that 0K Nw; = @ and 0K Nwy, = &. Hence,

(K N(w; Uws)) =7((K Nwy) U (K Nwy))
<r(KNwp)+r(KNuwy) (2.7)
< r(w) +ra(ws).

Taking the supremum over all such K, we get rq(w; Uws) < ro(wr) + ro(ws). N

We will now use these concepts to compare the energy of a real-valued function p,
defined on an open set €2, to the radius of the set where p is far from unity.

Lemma 2.8. Let p € CY(Q,R) with Q C R? open and bounded. Let

5 [ Vol = (2.8)
Then there is a universal constant C such that

ro ({p < 1/2y U{p > 3/2}) < eCF.(p,Q). (2.9)

11



Proof. By the Cauchy-Schwarz inequality and the co-area formula we have that
1 2 1 212
—— [V —(1-
5 190"+ 55047
1
>—— [ |Vp||1 = p?
T eV2 /Q Ve } P ‘

1 /m/ 2 191
= — 1 — p?ldH dt
£v2 Jo {pt}mQ| ‘

1 oo
= -2 H ({p=t}nQ)at
—5 [ el -nng

We break the last integral into two parts and bound

%/0 12| H' ({p =t} NQ)dt
2%/;(1—152)7—(1(@:15}09 dt+—/ - DH'{p=t}nQ)dt  (2.11)

(2.10)

1 1
= 1-tOH' {p=t} N+ ——=( -~ DH{p=1t}NQ),
L= B = 0} 1) + S~ DR = 1} )
where the last equality follows from the mean value theorem, and ¢ € (3, 2) and ¢; € (2, 3).
The bounds on ¢y and ¢; imply that

9 7

(1—-t)>1—-—=— and
(t2—1)>2—5—1— J
16 16
Combining (2.10), (2.11), and (2.12), we get
7 9
F.(p,Q) > H {p=1t}NQ) + H{p=t1NnQ
(p, 1) = YW {p=1t}NQ) Wi {p=t}nQ) 21
. .
> H'{p=t} N +H'{p=t}NnQ)).
_664\/5( ({p =1t} NQ) {p=t}nQ)

Write Sy, and S** for the R?-closures of the sets {z € Q | p(x) < to} and {z € Q| p(x) > t1}
respectively. The bounds to > 3, t; < % imply the inclusions {p < 1/2} C S;, and

{p >3/2} C S". We may then apply lemmas 2.5 and 2.7 to find the bounds

H{p=t}NQ) +H ({p=1t}NQ) =H (DS, NQ) +H (DS NQ)
Z 2TQ(StO) + 2T’Q(St1)

2.14
2o (o< 1/2) + (o2 32y P
> 270 ({p < 1/2} U {p > 3/2}).
Putting (2.14) into (2.13) yields the desired estimate with C' = % O
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3 Improved lower bounds on annuli

In this section we will show how to obtain lower bounds for the Ginzburg-Landau energy in
terms of the degree. We begin by constructing estimates on circles. The primary difference
between our estimates and those constructed previously is that we arrive at our lower
bounds by introducing an auxiliary function G and using a completion of the square trick.
This allows us to retain terms involving G and thereby create an energy bound with a
novel term. Before properly defining GG let us prove the lower bounds on circles.

We first record a simple lemma (see for example Lemma 3.4 in [8]).

Lemma 3.1. Let u € H'(Q2,C) be written (at least locally) uw = pv, where p = |u| and
v=e%. Then |V aul® = |Vp|* + p* |V — A]> = |Vp|* + p? [V av]*.

Now we prove the lower bounds on circles.

Lemma 3.2. Let B := B(a,r) C R?, and suppose that v : 0B — S! and A : B — R? are
both C'. Let G : 0B — R? be given by G = <, where T 1s the oriented unit tangent vector
field to OB and c is a constant. Write dg := deg(v,0B). Then for any A > 0,

1 2 )\ 1 2 m
— — 14)2 > = —(2 — ) - —. 1
5 [ 19l e g [Pz g [ Wacol + Teedn - - 55 (3)

Proof. Define the quantity

X::/curlA:/ A-T. (3.2)
B oB

We write v = €% and recall that 2rdp = [,, Ve - 7. Using Lemma 3.1, we see

/ |VA+GU’2:/ Vo — A-GJ?
0B 0B

=/ |G|2—2/ G-(W—A)+/ Ve — AP
0B 0B 0B

2rre? 2c¢ 2c
=— - — Vo 74+ — A'T+/ |V 40| (3.3)
r T JoB T JoB oB
o2rc? 2 2
= e — _02de + —CX +/ |VA1)|2
T r r 9B
21 (c? — 2¢d 2¢
= —( B) + —X +/ ’VAU‘z.
r r 9B

An application of Holder’s inequality shows that

1 S
/B(Cllrl A)? > g (/B curl A) = WXQ. (3.4)

Combining (3.3) and (3.4) yields the inequality

1 5 A 1 s m(2edg — ) ¢ A
- — 14)2 > = ——-X X2 :
5 [ vl [ aps 5 [ e+ T X4 X7 (35)

13



As X varies, the minimum value of the right hand side occurs when X = X, Plugging

Y
this into (3.5) yields (3.1).
[

For this lemma to be useful we must construct a function G : 2 — R? compatible with
the ball growth lemma. That is, since estimates will ultimately be added up over balls B, G
must have the property that on each 0B, G = 7gp % with r the distance to the center of B.
We will take advantage of the fact that ¢ was an arbitrary constant; many of the following
results are thus valid with any choice of constants, and it is only much later that we choose
specific values. Observe already, though, that taking ¢ = dp yields an improvement by the
[ |V a.cv]? term to the bounds constructed in Lemma 4.4 of [8]. Unfortunately, we must
choose a more complicated constant ¢ to make the estimates in Sections 5 and 6 work. We
now show how to define such a GG so that it will be useful analytically.

Let © C R? be open and let {B(t)}ep,s) be a family of collections of closed, disjoint
balls grown via the ball growth lemma from an initial collection By that covers the set on
which w is near 0. Let G denote the subcollection of balls in B(s) entirely contained in €,
and let G(t) denote the balls in B(t) that are contained in a ball from G, i.e. that remain
inside (2 for all ¢. For each ball B € G(t) we define several quantities. Let 795 : 0B — R?
denote the oriented unit tangent vector field to 0B, and let ag denote the center of B. Let
dp = deg(u/ |u|,0B); this is well-defined since the set on which u vanishes is contained in
By. Let Bp denote a constant, to be specified later, with the property that if By € G(t;),
By € G(t3), and By = €27 By (i.e. By is grown from B; without any mergings) then
B, = Bp,. In other words, the Bp are constant over each annulus produced by the ball
construction. Let T C [0, s] denote the finite set of times from the ball growth lemma at
which a merging occurs in the growth of G(¢). We then define the function G : Q — R? by

(3.6)

{TaB(ZL‘) debe  if » € OB for some B € G(t),t € [0, s]\T
Gla) = 4 P2 el .
0 otherwise.

The ball growth lemma guarantees that if € 9B for some B € G(t),t € [0, s]\T', then that
t is unique, and so G(x) is well defined. By construction, G' = 0 in Ugeg(0)B, and so we
can use the above definition of G' to extend any function previously defined on Upeg(o)B.
We will frequently do so.

Figure 1 shows a simple example of balls grown near the boundary of €2. Four initial
balls, colored light gray, are grown into three final balls, labeled Bj, By, Bs. The initial
balls are first grown with by a conformal factor of 7 = log2 until a merging in required
in the balls that become B;. The result of this merging is the white ball contained in Bj.
The growth is then continued with a conformal factor of 7 =log(6/5) to produce the final
balls. The annuli on which G is defined are colored in dark gray and black. Since Bj leaves
the domain, G is set to zero on the annuli inside it. G also vanishes on the white region
contained in Bj.

With G now properly defined we can show how to couple Lemma 3.2 to the ball growth
lemma to produce lower bounds on annuli.

14



@ Initial balls
@ First generation (1 = log(2))
@ Second generation (T = log(6/3))

Figure 1: Balls grown near the boundary of €2

Proposition 3.3. Let By be a finite, disjoint collection of closed balls and let Q C R? be
open. Let w = Upep,B and denote the collection of balls obtained from By via the ball
growth lemma by {B(t)}, t > 0. Suppose that v: QN\w — S and A : Q — R? are both C*,

and let G : Q@ — R? be the function defined by (3.6). Fir s > 0 such that r(B(s)) < 1.
Then, for any B € B(s) such that B C §2, and any X\ > 0, we have

%/1§\W|VAU|2+T(§))\ /B(curlA)2— Z r(fs))\ /B(curlA)2

BeBNBy

1 s 2r(B
>3 /B\w IV arcv)’ +/0 > wdy (253 — 32— M) dt, (3.7)

= 2\
BeBNB(t)

where we have written dg = deg(u/ |u|,0B).

Proof. In order to utilize Lemma 2.3 we define the function

1 A
Flx,r)= 5/3( )|VAU\2+%/B( )(CurlA)Q. (3.8)

Differentiating and using (3.1) with ¢ = pdp, we arrive at the bound
oF _ 1 A
— > —/ IV 4v]? + —/ (curl A)?
or 2 OB(z,r) 2 B(z,r)

1 9 7rd23 9 ﬂdQBﬁ%
> - v T (98, — 52) — “BUE
> 2/aB(m)| Avev|” + . (285 — B%) )

(3.9)
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We now recall the notation of Lemma 2.3: 0 < s; < --- < sg < s denote the times at
which merging occurs in the growth of By to B(s) via the ball growth lemma, and

F(BNB(sk)” = lim F(BNB(t)). (3.10)

t—s,

By discarding the terms involving curl A, we see that

> F(BNB(st)) — F(BNB(sk))

k=1
K
ZZ Z /|VAU| — hm Z /|VAU| , (3.11)
k=1 \ BeBNB(sy) Sk BeBnB(t

which corresponds to the integral of 1 |V A+cv|® over the non-annular parts of B\w since
G = 0 there. Since the ball growth lemma makes

%r(b’(t)) = r(B(1))
the expression
/ Z / IV ascol® dt
O BeBnB(t oB

corresponds to the integral of 1 5|V A+Gv| over the annular parts of B\w. We now combine
this observation, inequalities (3.9) and (3.11), and equality (2.2) to conclude that

F(B) — F(BNBy)

1 B5r(B)
> IV arcul” + mdy (25 — 5% - 2B )dt
2 /B\w e / Be;:g o ) (3.12)
2r(B
> / Varcol? + / > wd (%g—ﬁg 537”;“)))&-
BeBNB(t)
This is (3.7). O

The following corollary shows that our method, using GG, can be used to recover the
same estimates found in Proposition 4.3 of [8].

Corollary 3.4. Under the same assumptions as in Proposition 3.3 we have

%/B\wlvfwh%/ (curl A)? / > wdy (1— (fg)o))dt (3.13)

BeBNB(t)

and

1 B)(r, —
-/ IV 0] + M/(curlA)Q > |dg| (1ogﬁ ~log 2) | (3.14)
2 Jpw 2 B To

where 1o :=1(By) and 1 :=r(B(s)) = e°ry.
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Proof. Set A = ry — rg, each g = 1, and disregard the |V 44| term and the curl terms
on By in (3.7) to get (3.13). If log It < log2, then (3.14) follows trivially. On the other
hand, if log :—é > log 2, then r; > 2ry, which implies

r(B(t)) r ry — 2rg
1——>1-— = > 0. 3.15
2(7“1 — 7"0) o 2(7’1 — To) 2(7"1 — 7“0) - ( )
Then (3.14) follows by noting that r, = e®ro,
d
5 "(B(1) =r(B(?)), (3.16)

and (see Lemma 4.2 in [8])

) d2 > ldsl > |dsl. (3.17)

BeBnB(t BeBNB(t)
O]

We will need the following modification of the previous corollary later. It is a slight
modification of Proposition 4.3 from [§].

Lemma 3.5. Under the same assumptions as in Proposition 3.8 we have

1 9 T’(B)Tl/ / )
— lA 1
5 /B\w |V av|” + 5 (cur E dy dt. (3.18)

BeBNB(t)

Proof. Lemma 4.4 from [8] provides the lower bound on circles, 0B = dB(a,r):

| , A 2 [ 2
= = 1A)? > L : 1
5 [ 9+ [ (et 4 = 2 (2/\+r> (3.19)

We now set A = r1, bound

27"1 2
>_7
2T’1+T -3

and proceed as before to conclude.

4 Initial and final balls

In this section we record the energy estimates that couple to the ball construction. For
technical reasons that will arise in the proof of Theorem 1 we must use the ball growth
lemma in two phases, just as in Chapter 4 of [8]. The first phase produces a collection of
initial balls that cover the set where |u| is far from unity and on which lower bounds of a
type needed in the proof of Theorem 1 are satisfied. This initial collection contains as a
subset a collection of balls on which we initially define the function G. The second phase
produces a collection of final balls, grown from the initial balls, of a chosen size and on
which nice lower bounds hold. In the final section we finally specify the values of the g
used to define G and show that certain lower bounds hold with this choice of constants.
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4.1 The initial balls

Before we can produce the collection of initial balls, we must first produce a collection of
balls that covers the set where |u| is far from unity. This is accomplished via the following
lemma (Proposition 4.8 from [8]), which shows how the radius of this set is controlled by
the energy of |u].

Lemma 4.1. Let M,e,6 > 0 be such that ,0 < 1, and let u € C*(Q, C) satisfy the bound
F.(lu|,2) < M. Then

rz e Q.| fulz)—1] > 6}) < 055—]‘24 (4.1)

where C is a universal constant and Q. = {x € Q | d(x,0Q) > c}.

The next technical result shows how to bound from below the modified radius of sub-
and super-level sets.

Lemma 4.2. Let Q C R? be open, Q. = {x € Q| d(z,00) > €}, and suppose B is a finite
collection of disjoint, closed balls that cover the set

{ze Q| Julx) - 1| > 8}

Let By, denote the subcollection of balls in B that intersect 0S2., and let B; denote the
subcollection of balls in B contained in the interior of Q. (i.e. B = B, UB;). Define
Q = Q\(Upep,B). For 0 < s <t define the sets wy, = {x € Q. | |u| < t}, ' = {x €
Q| |u| > t}, and W' = ws UW'. Then
ra. (W) > r(w, N Q) fort € (0,1 —96),
> r(w'NQ) fort e (1+6,00), and (4.2)
> r(w!NQ) forse (0,1 —06),t€ (1+46,00).

ro. (W)
ro. (we)

Proof. Suppose that ¢t € (0,1 — §) and let Int(-) denote the interior of a set. Write V' =
UpepB and V; = Upgep, B. Since the inclusions

Int(V) D Int({z € Q. | |u(z) —1| >}) D wy (4.3)

hold, we have that w; NQ = w;NV;, and hence r(wy N Q) = r(w;NV;). When combined with
the fact that V; is a compact subset of {2. and JV; Nw; = @, this yields the first estimate
in (4.2). Similar arguments prove the second and third assertions. O]

We now construct the initial balls. The following proposition is the analogue of Propo-
sition 4.7 of [8], but here we have an extra term of the form

/lVA+GU|2-

Note that items 1, 2, and 3 are the same as those found in [8]; item 4 is new.
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Proposition 4.3. Let a € (0,1). There exists g > 0 (depending on «) such that for
e <¢go and u € CY(Q,C) with F.(|u|,Q) < &>, the following hold.

There exists a finite, disjoint collection of closed balls, denoted by By, with the following
properties.

1. 7(By) = Ce*/?, where C is a universal constant.

2. {r € Q.| |ulx) — 1| > 6} € Vy := Q. N (Upep,B), where § = /4,

3. Write v =u/ |u|. Fort e (0,1 —0) we have the estimate

]. 2 T(Bo)Q/ 9 ( T(BO) )
= Vau|" + — curl A)* > mDq ( lo -C, 4.4
s T [ e 42wy (10g (44)
where
Dy = E |dp|. (4.5)
BeBy
BCQ.

4. There exists a family of finite collections of closed, disjoint balls {C(s)}scjo,0], all
of which are contained in in Vi, and that are grown according to the ball growth lemma
from an initial collection, C(0), that covers the set wi’g N Vo. The number o is such that
r(C(0)) = 3r(Bo). Let G : Vo — R? be the function defined by using Q. and {C(s)}sejo,0]
in (3.6) and then extended by zero to the rest of V. For each A > 0 we have the estimate

), 2 e
= Vav|* + (curl A)
2 Vo\w?’/ 2 Z BNQ

1/2 BeBy

/ D mﬁ (253—53 M) dt+%/vo\w3/2 Vargol. (46)

BeC(o) BeBNC(t 1/2
BcQ.

Proof. We break the proof into six steps. The first four consist of finding four collections of
balls that are used to create the initial collection By. The last two steps prove the estimates
of items 3 and 4.

Step 1.

Using M = ¢! and § = £*/* in Lemma 4.1 produces a collection of disjoint, closed
balls € that cover the set {z € Q. | |u(z) — 1| > 6} such that R :=r(£) < Ce*/2. We will
eventually need to use Lemma 4.2, so we employ its notation by breaking the collection €
into subcollections & and &, and defining the set Q = Q.\(Upee, B).

Step 2.

By the definition of the radius of a set, for any ¢ € (0,1 — ) we can cover w; N2 by
a collection of disjoint balls, denoted by B, with total radius less than 2r(w; N Q). Since
r(w; N Q) < R, we can use Lemma 2.2 to grow the collection BY into a collection B; such
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that r(B;) = 2R. We then utilize Corollary 3.4 on each of the balls in B; that is contained
in 2 and sum to get the estimate

2

1 5 4R 2R
= Vvl 4+ — curl A2 > 7D <lo — — 1o 2), 4.7
2 /Vz\wt IVao 2 ( ) t\%® 2r(w; N Q) & (47)

Vi
where
V, = QN (Upes,B), and

D= |dgl|.

BG[)it
BCQ

Choose t € (0,1 — ¢) such that Dy is minimal.

Step 3.
Let m denote the supremum of
1 4R?
F(K):= —/ IV av]? + —— (curl A)?
2 Jkno)\w 2 Jkna

over compact K C Q such that r(K) < 2R. Choose K so that r(K) < 2R and F(K) >
m — 1. Cover K by a collection of disjoint, closed balls K such that () = 2R (the
existence of such a collection is guaranteed by the ball growth lemma).

Step 4.
We can cover wi’g N Q by a collection of disjoint balls, denoted by Cy, with radius less

than %r(wi’g N Q). We use the ball growth lemma, applied to Cy, to produce a family of

collections {C(s)} with s € (0,0),
o= 1lo (ﬁ)
s\

Let C = C(0) and note that by construction r(C) = 3R.

Step 5.
Define By to be a collection of disjoint balls that cover the balls in By, IC, C, and £. We
may choose such a collection so that r(By) = 8R. Let V = Q. N (Upgep,B). Then

1

1 2, 7(Bo)’ 2 2
r=2f |veprs (cwl A2 > F(K)+~ [ [Vaol?,  (48)
2 Vo\wt 2 Vo 2 w\we
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and by the construction of K and V; for any ¢ € (0,1 — §), this implies

1
I+1 z;f(vt)+§/ IV 40]?
\wt

1 4AR?
>5[ a2 [ (utay?
2 Jvi\wr 2 Jy

(4.9)

2
> D, <log —R~ — log 2>
2r(wy N Q)
> D, <log r(Bo) — C) ,

ro. (W)

where the last line follows from (4.2) and the fact that r(By) = 8R. By the choice of ¢,

D,>Dy= Y |dg|. (4.10)
BeB;
BcQ

We break the collection of balls in the last sum in (4.10) into two subcollections:

L :={BeB;| BCQ,BC B €B,so that B'NdN. # &}
I:={BeB;| BCQ,BCB €Bysothat B’ C Q.}.

Then
D ldgl =) ldsl+ > ldsl =0+ > |ds| = D, (4.11)
BeB; Bel, Bel, BeBy
Bc$ BCQ.

where the inequality follows from Lemma 4.2 in [8]. Combining (4.9), (4.10), and (4.11)
yields (4.4).

Step 6.

Let U be the union of the balls in Cy that are contained in (. and W be the union of
the balls in C that are contained in €).. Then applying Proposition 3.3 to each B € C such
that B C (). and summing, we get the estimate

]_/ ) T(B))\/ 2
- Vavul|” + curl A
LU I B( )

BecC
BCQE
1 Ber(C(t))
> = |VA avl” + 7Td2 <2@B—ﬁ B—> dt. (4.12)
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G vanishes in the regions Vo\W and U \wl 125 S

1 / L1 ,
1 IV 0] :-/ Vsl (4.13)
2 Jvpmune? /) 2 Joomuooey

1/2 1/2

Adding (4.13) to both sides of (4.12) and noting that

Z @/_(curl/l)2 < Z @/ (curl A)? (4.14)

BCQ.

yields (4.6). O

4.2 The final balls

The next proposition constructs the final balls from the initial ones constructed in Propo-
sition 4.3. Items 1, 2, and 3 are the same as those of Theorem 4.1 of [8]; item 4 contains
the novel estimate with the G-term.

Proposition 4.4. Let a € (0,1). There exists g > 0 (depending on «) such that for
e <ep and u € CY(Q,C) with F.(|Ju],Q) < &L, the following hold.

For any 1 > r > Ce®?, where C is a universal constant, there exists a finite, disjoint
collection of closed balls, denoted by B, with the following properties.

1. r(B)=r.

2. {x € Q| |u(x) = 1| > 6} CV :=Q.N (UpepB), where § = /4.

3. Write v=u/|u|. Fort e (0,1 —0) we have the estimate

1 9 r2/ 5 ( r >
— Vau|" + — curl A)* > nD (log————C}, 4.15
Q/Wr wf + 5 [ () B (4.15)
where
D= |dg|. (4.16)
BeB
BCQE

4. Let G : Q — R? be the extension, according to (3.6), of the G from item 4 in

Proposition 4.3. Write s = log %. Then
1 B)(r —r(B 1
_/ [ |VAU|2+ § :7’( )(’l“ 7’( 0))/ (CurlA)2 P / |VA+GU|
2 vz o 2 P 2 Jvuiz

LT o

BeB BeBNB(t)
BCQ.

s Br(C(t)
DD URIACEE S <<<>>—r<co>>>dt‘ @17)

BeC(o) BEBNC(t
BCQ.
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Proof. Lemma 4.3 provides an initial set of disjoint, closed balls By. We grow these accord-
ing to the ball growth lemma to produce {B(t)}:cp0,q With s chosen so that r(B(s)) = r,
ie. s = log %. By construction, items 1 and 2 are proved. Let B = B(s), and write
V =Q.NUpepB, Vo = Q. NUpep,B. Let G : Vy — R? be the function defined in item 4
of Proposition 4.3. We then use By and B to extend G : Q — R? according to (3.6).

We analyze the balls in B according to whether or not they are contained entirely in
Q.. For balls B € B such that B C €., we use (3.14), and for the other balls we use the
trivial non-negative bound. Summing over all balls in B, we get

1/ Vot + 3 TN _T(BO))/ (curl A)2 > 7D (log ’ —logQ) (418)
2w ot 2 BNO r(Bo)
Adding (4.4) to (4.18) and noting that Dy > D then yields (4.15).

To prove (4.17) we proceed similarly, using different estimates for the balls in B accord-
ing to whether or not they are contained in €2.. For balls B € B such that B C ). we use
Proposition 3.3 to get the estimate

1 2 T<B))\ 2 T(B))‘ 2
et a5 2

BeBNBy

2T
z%/BWOrva +/ > )ﬂdQ (263 o — ;f(”))- (4.19)

BeBnB(

On the other hand, the construction of G guarantees that it vanishes on all balls BeB
such that B N 0S). # @, and so for such B we trivially have the estimate

1/ 5 T(B)/\/ 2 T(B)/\/ 2
- Vaul© + —2— curl A)” — curl A
2 (Bmﬂ)\v0| 4 | 2 Bmﬂ( ) Z 2 BmQ< )

BeBNBy
1

> / Vool . (4.20)
(BN)\Vo

Summing (4.19) and (4.20) over all balls in B then yields the estimate

1 2 r(B)A 2 r(B)A 2
5/1/\1/0 |V 40| —i—Z 5 /B Q((:urlA) — Z 5 /Bm(curlA)

BGB BEBO
> %/ IV asof? +/ DS 7rd2 <2,BB—BB M) dt. (4.21)
VAV DB BeBrB(

We insert A = r —r(Bp) into (4.21) and A = r(C(c)) —r(Cy) = % —1(Cp) into (4.6) and
add the estimates together. Noting that

3r(B
% —71(Co) —r+71(By) < Ce/? —r <0, (4.22)
we arrive at the estimate (4.17).
]
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4.3 Degree analysis and selection of the Sz values

We will now select the values of the Gg used to define GG. Ultimately, later in Theorem 2,
we will get rid of G altogether by bounding its L** norm by a term of the order D?. This
bound, the proof of which is Proposition 6.4, requires the values of the Sz to be small.
However, since they play a role in the lower bounds of Proposition 4.4, we can not choose
the Bp to be too small. We balance these two demands by introducing a parameter 7 to
measure when Sp must be small and when it can assume the natural choice for its value,
1.

The next two results establish that for a ball B € B(s) there is a transition time
(depending on 7)) in the family B N B(t) before which we can take 8z = 1, and after which
we must use something more complicated.

Lemma 4.5. Let By be a finite collection of disjoint, closed balls. Suppose further that the
collection By has the degree covering property that for all balls B C Q\(Ugep,S), it is the
case that dg = 0. In other words, the collection By covers all of the vortices. Let B(t),
t €10, s], be a t-parameterized family of finite collections of disjoint, closed balls. Suppose
that By = B(0) and that

U BS | Bforti <t (4.23)

BeB(t1) BeB(t2)

Fiz B € B(s). Define the negative and positive vorticity masses by

Ny = Y |dal

BeBNB(t)
dp<0
(4.24)
P(t) = Z dB.
BeBNB(t)
dp>0
Then for any n € (0, 1), the following hold.
1. If dg > 0 and the inequality
N(s0) < nP(s0) (4.25)
holds for some sy € [0, s], then N(t) < nP(t) for all t € [so, s].
2. If dg < 0 and the inequality
P(s9) < nN(s0) (4.26)

holds for some sy € [0, s], then P(t) < nN(t) for all t € [so, s]|.

Proof. Take dg > 0; the following proves (4.25), and a similar argument with dz < 0 proves
(4.26). Let n(t) = #B(t). Then by the inclusion property (4.23), n(t) is a decreasing N-
valued function. Hence there exist finitely many times 0 = ty < --- < tx = s such that
n(t) is constant on (¢;,t;41). This implies that for t; < s <t < t;;1 and B € B(t), there

24



exists exactly one ball B’ € B(s) such that B’ C B, and by the degree covering property,
dp = dp:. It follows that N(t) and P(t) are also constant on each (¢;,¢;,1). Then it suffices
to show that if N(t;) < nP(tx), then N(tpy1) < nP(tgy1)-

Given a ball C' € B(tgi1), the inclusion property guarantees that there is a finite
collection {Bjy, ..., B;} C B(t) such that B; C C for i =1,...,j. We then get

del =~ Y dp+ Y ldg] ifde <0, and
e L
- z (4.27)
del = 3" dp,— Y ldg,| if de > 0.
ie{l,....5} ie{l,....5}
dp; >0 dp,; <0

We must now subdivide the collection B N B(t;) according to the degrees of balls in B N
B(tg+1). Define the collections

I._={BeBnBt)|dp<0,3B € BNB(tyy1) st. BC B ,dp < 0}
I_.={BeBnB{t)|dsg<0,3B € BNB(tyy1) st. BC B ,dp >0}
I, ={BeBnBt)]|ds>0,3B" € BNB(tyy1)st. BC B dg <0}
I..={BeBnNB{ty)|dsg>0,3B € BNB(tyy1)st. BC B dp > 0}.

Now we can estimate

n Y ldsl+ Y ldsl < > ldsl+ > |ds| = N(t)

Bel_ Bel__ Bel_ Bel__
<oP(t)=n Y dg+n Y dg< Y dg+n ) dp (428)
B€I+’7 B€]+,+ BEI+‘, BEI+’+

After regrouping terms according to containment and using (4.27) and (4.28) we conclude

N(tre) = > ldsl= > dg<n Y ds—n > lds| =nP(tsn). (4.29)

BEI_,_ BEI+’_ B€I+7+ BEI_7+
(]

We use this lemma to define the transition times.

Corollary 4.6. Assume the hypotheses and notation of Lemma 4.5. If dg > 0 then there
exists to € [0,s] such that nP(t) < N(t) fort € [0,ty) and N(t) < nP(t) fort € [to,s].
Similarly, if dg < 0 then there ezists ty € [0,s] such that nN(t) < P(t) fort € [0,t) and
P(t) <nN(t) fort € [to,s]. We call these times, to, the transition times.

Proof. Assume dg > 0. Since there is only one ball in B N B(s), and the degree in B is
nonnegative, the inequality N(s) < nP(s) is satisfied trivially. An application of Lemma
4.5 proves the existence of 3. A similar argument works for the case when dg < 0. ]
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With the transition times defined we can finally set the values of the Bg. Define the
collection {D(t) }+¢(0,5+0] by

D) = {C(t), telo,0) (430

B(t—o), te€]|o,s+al.

Let n € (0,1). For each B € Blet tg € [0, s+0] denote the transition time for the collection
BND(t) obtained from Corollary 4.6 (the times depend on 1). We now specify the values
of g in the definition of G. Note that the construction of G only requires specifying the
values of 3p for those balls B such that B C B € B with B C .. Then for B € BN D(t)
for some B € B, we define

1, ift €0,t3)
1
B = 2 4.31
N ’dg|% > dQB/ , ift ety s+ al. ( )
)

B'eBND(t

Note that if

> dy

B'eBND(t)

then dg = 0 as well, and we take the second case in (4.31) to equal 0. Further, note that
in the second case, the g are chosen so that for ¢t € [tz, s + 0]

> dpph =ldgl. (4.32)

BeBND(t)

The following proposition shows that G is still useful for the lower bounds with these
values of (3.

Proposition 4.7. With G defined as above, and under the assumptions of Proposition 4.4,
we have the estimate

1 5 72 5 1
5/ IV 40 +§/(cur1A) > 2/
Vi) v v

Proof. To prove (4.33) we must deal with the sums in the integrands in (4.17). We begin by
showing that the terms in parentheses are nonnegative. Since 7(By) = Ce®/? and g < 1,
we can estimate

r
|VA+GU| 47D (logr—g/g — O) . (433)

\wi/ Qe (W1/2

) HB()
206 = P~ 2 (B 53(53 2<r—r<60>>)
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By construction,

3 ~ 3 1
r(Co) < Griwy); N Q) < SR = 3r(Clo)), (4.35)
and so we can similarly conclude that
Br(B(t
26— 5 — o BU) (4:36)

2(r(C(0)) = r(Co))

A simple change of variables t — t 4+ ¢ allows us to rewrite

[5 5 i o)

Des BeBNB(t)
Qe

2 ﬁBT< ())
/ 2 Z s (253 O - (((U))—T’(CO)))dt (4.37)

BeC(o) BEBNC(t

BcQ.
sto 2r(D(t
= E / E mdy 253—@29——ﬁ3r( () dt,
— / 0
BeB BEBND(t)
BcQ.

where

At) = {“C(U)) —1(C), te[0,0)

r—1r(Bp), t €lo,s+al.
Fix B € B such that B C Q.. For t € [0,t5) we have that 3z = 1, and hence

2 2 5%7”(1)(25)) i T(D(t))
BGBZm(t) wdp (253 —Op — T@)) > mdg (1 — N0 ) . (4.38)

For t € [tg, s+ o] we similarly estimate

2 BT 1 9 r(D(t
> (200 - - 200 i(tg”)zczw( )3 d) gl (1+ 552"

BeBND(t)
r(D(1))
N0 >

_ 1d- r(D(1))
-l (=55 -
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This proves that

e 2 n2 Bir(D(t))
B% /0 BGBZm)(t) T (2/6 YO )dt
L[ r(D(t)) (4.40)
272 isl | (1‘ (1) )dt
BCQ.
=nD(s+0—1),

where the last equality follows since r(D(t)) = r(D(t)) for t € [0,s + o]\{c} and A(t) is
piecewise constant.
An application of Lemma 4.2 and the bound (4.35) show that

3
r(Co) < Sra.(w)3). (4.41)
Recall that r(C(o)) = 3r(By)/8. This and (4.41) provide the bound

clo) )

+lo "
&7 (Co)

s+o—-1= <logr(;)
0

r r(By)
> (log T(BQ) +10gm — 1) (4_42)

W19

r
N
ro. (W1/2)

Plugging (4.40) and (4.42) into (4.17) yields (4.33).

5 Proof of the main results

With our technical tools sufficiently developed, we may now assemble them for use in
proving the main theorems.

We begin with a lemma on the use of the co-area formula in conjunction with sub- and
super-level sets.

Lemma 5.1. Let u: Q — C and A : Q — R? both be C' and write (at least locally) u = pv
with p = |u|. Fiz ty >0 and V C Q to be compact. Then

1 ©  q /1
—/ 02 |VA"U|2 = / —t2— (—/ |VA"U|2> dt
2 Jvngp=to} to dt \2 Jynip>)

2 o0 1
-0 |VAU|2+/ 2t (—/ |VAU|2> dt
2 Jvagezte) o 2 Jvngezty
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and

1 , ) o d (1 )
—/ P ]VAv] :/ —t°— —/ ’VA’U| dt
2 Jvnfp<to) 0 dt \2 Jyngp>tynip<to}

to 1 )
:/ 2t (—/ ’VA’U| )dt
0 2 Jvngpztynip<to}

Proof. The first equality in (5.1) follows from the co-area formula, and the second follows
by integrating by parts. The same argument proves (5.2). O

(5.2)

5.1 Proof of Theorem 1

Theorem 1 is an improvement on Theorem 4.1 of [8] that incorporates the G' term into
the lower bounds on the vortex balls. The crucial difference between this result and those
in the previous section is that this one bounds the energy of the function v : @ — C,
whereas the previous results were for the S'-valued map v = u/ |u| : Q@ — S! < C. The
statement made in the introduction of Theorem 1 should be understood with G :  — R?
the function defined in item 4 of Proposition 4.4 with Gp values given by (4.31).
Proposition 4.4 produces the collection B and guarantees items 1 and 2. The rest of
the proof is devoted to showing that (1.9) holds. By Lemma 3.1 we have, writing u = pv,

1 1

—/ IV au)® + — (1 — |u]*)? + r?(curl A)?

2 Jy 2e2 (5.3)

1 2, |1 22 | 2 2, 2 2 '

=3 |Vpl” + 2_52(1 — p°)* + p* [Vav|” 4+ r*(curl A)”.
v

An application of the co-area formula and integration by parts, the same as that used in
Lemma 5.1, shows that
Then

1 o 1
_/p2|VAU’2:/ 2t (—/ |VAU|2> dt. (5.4)
2 )y 0 2 i,

1

—/p2|VAU|2—|—r2(cur1A)2
2 )y

oo 1 1-6 r2
2/ 2t (—/ |VAU|2> dt+/ 2t (—/(curlA)2) dt
0 2 V\we 0 2 1%
% 1 2 o0 1
:/ 2t (—/ |VA’U|2—|—T—/(CUY1A)2) dt+/ 2t (—/ |VAU|2> dt (5.5)
0 2 Jv\w, 2 Jy 1-5 2 Jv\w
1-6 1 9 T2
+/ 2t (—/ |V 40| +—/(curlA)2) dt
L 2 V\we 2 Jy

2

= A1 +A2—|—A3

29



We further break up the first term on the right side of (5.5):

% 1 2 7’2 2
A = 2t | = |Vav|" 4+ — [ (curl A)* | dt
0 2 V\we 2 \%
1 1
2 1 2 1 2
—/2275 -/ IV dt+/22t —/ yvAv\2+1/<cur1A)2 dt.
0 2 Ju P\ 0 2 V\ws) 2 Jy

1/2
(5.6)

Then, by writing wi’g\wt = w*? Uwy j9\wy, noting that wy» C V, and applying (5.2) with
to = 1/2, we may conclude that

1 1
2 1 2 1 1
/ 2t —/ IV 40 dt:/ 2t —/ |VAv|2+—/ IV a0 | dt
0 2 wi?g\wt 0 2 w3/2 2 w2 \wt

1 1
—s [ Wal s [ ATl
8 Ju3/2 2 w12

Since the integrand does not depend on ¢, we have

: (1 , 12 ) 11 , 12 )
2t | = IVav|"+ = [ (curlA)* | dt =~ | = IVav|"+ = [ (curlA)* | .
0 2 V\wi)s 2 Jv 4\2 V\}/s 2 Jy

From (5.1), applied with ty = 1 — ¢, we bound the second term in (5.5)

& 1 1
AQ:/ ot <-/ |vAv|2> dt:—/ (7% — (1= 6)) |V 4o’
1-6 2 V\wt 2 V\wi—s

1
>3 [ @ =01l
W3/2

(5.7)

(5.9)

When p > 2, the inequality p* — 3 > 2p? holds; hence,

1 1 1
—/ (p* — 1) |Vav]* + —/ |V 40]? > —/ P2 |V 40]?. (5.10)
2 w3/2 8 w3/2 3 w3/2

We now combine (5.5) — (5.10), leaving Aj as it was, and arrive at the bound

1 9 2 9 s 1 [1 5 72 9
E/Vp |V av|” + 7*(curl A) ZZ 5 V\wfg|VAU| +3 V(curlA)

1-4 ]_ 2 T2 1 2
+/ 2t (—/ |V 40 +—/(cur1A)2) dt+—/ p?|Vault. (5.11)
% 2 V\we 2 \% 3 W32

1/2

Recalling the notation

1 1
F.p,V) = 3 /V IVol* + 2_52(1 —p)?
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and the decomposition (5.3), we can use (5.11) to see that

1
/ IV qul? + (1 — [u]*)? + r?(curl A)? = F.(p, V) + 5/ p? |V 4] + 7% (curl A)?
v

> By + By + Bs,
(5.12)
where
1 1 r? 9
By =~ | F.(p,V)+ = ]VAU| + — [ (cwrlA)” ],
4 2 Jt 2 Jy
3 1-6 1 2
By = —6Fg(p, V) —i—/ 2t —/ IV 4] + - / (curl A)? | dt,
4 % 2 V\wt 2 4
3(1—7) 1 2 2
By := ——F_.(p, 5 )
s =0 m )4 3/@;{ V.o
and € (0,1) is to be chosen later in the proof.
To bound By, we employ Proposition 4.7 to see that
1 2
_/ |VAU|2+T / (curl A)? /|V ? to2 p*)?
2 VA2 2
. (5.13)
> 2/ ’VA+GU’2+7TD (1Og;3/2—0> +Fa(p> V)
Vw3 Ta. (w1/2
Then, an application of Lemma 2.8 shows that
r r
7D |log———— —C | + F.(p,V) > 7D (log _— — C’) + F.(p,V)
( ro. (@) ) CeF.(p,V)
F.(p,V
>7D <10g _D - C’) F.(p,V) —mDlog %
> 7D (log =~ C).
=7 ©8 eD
(5.14)

where the last line follows from the inequality x —alog Z > 0. On the set V\wf@ it is the
case that 1/2 < p < 3/2, and so 1 > 4p*/9. Hence, from this bound, (5.13), and (5.14),

we may conclude that

1 1 2 T
B>z D (1 T O)
127 (2 /V\wS/Q |Vaygv|” +7D (log D )
s (5.15)



To control By, we begin by using (2.10) and Lemma 2.5 to find the bound

3 3v28 [~
ZFe(Pa V) > ?/0 |1

. 3v23
- 4e

— 21 ({p = t})dt

(5.16)
(1 —tH)rg, (wy)dt.

Then (5.16) and (4.15) prove that

By >

o

1-46
<2t7rD (log TQ;%) - C) I 3\136(1 —tHrq, (wt)> dt. (5.17)

As rq_(w;) varies, the integrand on the right hand side of (5.17) achieves its minimum at
(@) 8mDte
ro.(w) = —F——.
ST V281 - 12)

Plugging this in, we get the estimate

1-6 )
By > / 21 Dt (log WAHA-) o 1) dt

! &m Dte

1-6 42
/ 2#Dt<log—D+lgm—C>dt

(5.18)
1 87t
We now choose (3 = 23 so that 3(1 5 — L. Then
B, +B >_/|v o+ 55 (1—|u|) Q(lo i-c) (5.19)
1 3 A+G 1 g D . .
Using (5.18) and (5.19) in (5.12) then shows that
1 2, 1 212 | 2 2
5 |V au|” + —2(1 — |ul?)* + r*(curl A)
v (5.20)
Zﬂ'D((l—(S) log—D—C +—/\VA+GU| + — (1—]u\)
Now, by assumption » <1 < D, so log 5 < 0. Since § = £2/* we have that for ¢ < gy =
go(@), the inequalities
2 —6<0

5.21
(26 — 6*)loge > —1 (5.21)
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both hold. Hence, for ¢ < g,

—5)2log — — C = log — — 2 _ r e
(1-9) loggD C logED C+(6 25)10gD+(25 d°) loge 5.22)
L _c-1 |
>log — —C —1.
_OggD

Combining (5.20) with (5.22) gives (1.9).

5.2 Proof of Theorem 2 and corollaries

Proof of Theorem 2. Theorem 2 justifies the selection of the function GG. It has been chosen
so that |G|z~ only depends on the final data of Theorem 1, that is on natural quantities.
This estimate of ||G||p2.~, Proposition 6.4, is quite technical and is thus reserved for the
next section. A more thorough discussion of the space L**, also known as weak-L?, is
also reserved for the next section.

We begin by noting that Vu = Va;gu + iGu. This and the fact that || f|| j2.0c(p) <
191l 2o vy 3 |f] < [g] allow us to estimate

1 2 2 . 2
) ”VAUHLZOO(V) < HVA-FGUHL?#”(V) + ||ZGUHL2OG(V)

(5.23)
< |IVarulliey + 5 HG“L2°°
The second inequality follows since [u| < 3 3 on the support of G. Write
1
Fr(u, A, V) / Va4 g (1~ [uf)? + 7(curl 4)2
We now employ Theorem 1 to bound
HV/HGuHiQ(V) <18 (F (u,A,V)—mD (log D" C’)) (5.24)
We will show in Proposition 6.4 that
9 9 216(1+n) /., r
1 |Gl = W (Fe (u, A, V) = 7D (10g€—D - C))
9(1+7) ) (5.25)
di.
L)y
BeB
BCQ.
Now choose 7 = 2312 ~ 962 so that
216(1 9(1
(g4 A6A+m) 90 +n)
2n—1 1—n
Combining (5.23) — (5.25) yields (1.11) with constant C' = (1 —n)/(18(1 + 7)) ~ 1/951.
O
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The previous theorem dealt with the energy content of the set V' C 2. We can deduce
a slightly stronger version of Corollary 1.2.

Corollary 5.2. Assume the hypotheses of Theorem 1. Then

C IVt < FL(, A, Q) — 7D <10g— - c) I (5.26)

BeB
BCQ.

Proof. Add F!(u, A, Q\V') to both sides of (1.11). We then bound

C HVAUHLQOO + F7(u, A, Q\V)
=>C ||VAU||L2,oo(v) + HVAUHLQ(Q\V)
>C ||VAU||iz,oo(v) + HVAUH%ZOO(Q\V)
> OV sty

(5.27)

where the last inequality follows by using the convexity of norms, and C' is a different
constant. The result follows. O

Proof of Proposition 1.3. Tt is proved in Theorem 0.5 of [1] that minimizers of E. with this
constraint have exactly d zeroes of degree 1 which converge to d distinct points aq, ..., aq,
minimizing W,. They also prove that their energy is

min E, = 7d |log | + min W, + dy + o(1), (5.28)

where 7y is a universal constant. Let us apply the vortex-ball construction to these solutions,
choosing for final radius r = §min, ; (dist(a;, 9), |a; — a;]) . Since the final balls B € B
cover all the zeroes of u, and there is exactly one zero b with nonzero degree, converging
to each a;, there is one ball B; in the collection containing bS. Since d; = deg(u., 0B;) = 1,
and there are no other zeroes of u., we have D = d (with our previous notation) and

Corollary 1.2 (taken with A = 0) gives us
E(uc) +7d > C |Vt 200 () + md([log ] = C — log d),
where C' is a universal constant. In view of (5.28), this implies that
C’||Vua||L2m <min W, + dy + Cd + wdlogd + o(1),

and the first result follows.

Since L?* is a dual Banach space, we deduce from this bound that, as € — 0, up to
extraction, Vu, converges weakly-* in L?>*, to its distributional limit. But it is proved in
[1] that Vu. — Vu, uniformly away from ay, - , a4 (in fact in CF ), where u, is given by

d
u*(x) _ ez‘H(x) H T — Qg
|z — al

=1
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with H a harmonic function. Note in particular that u, € W?(Q2) for p < 2.
We claim that Vu. — Vu, in the sense of distributions on 2. Indeed, let X be a
smooth compactly supported test vector field. Fix p > 0 and let us write

(Vug—vu*)-x+;/3(

The first term in the right-hand side tends to 0 by uniform convergence of Vu. to Vu,
away from the a;’s. The second term is bounded by Hélder’s inequality by C||.X || Lo || Vu. —
V| o) p*?, where p < 2 and 1/p + 1/¢ = 1. This is bounded by Cp*?||X| 1~ since
Vu, € LP(Q) for all p < 2 and Vu,. is bounded in LP(2) for all p < 2 (L**(Q) embeds in
LP(Q) for all p < 2). Letting p tend to 0 we conclude that [,(Vu. — Vu,) - X — 0 and
finally that Vu. — Vu, weakly-* in L>*°(Q).

/(VUE —Vu,) - X = (Vue — Vu,) - X.
Q )

Q\U; B(ai,p) ag,p

]

6 The L** norm of G

6.1 Definitions and preliminary results

We begin with a discussion of the various quantities needed to define and norm the space
L?>*>. For a function f:Q — R* k > 1, we define the distribution function of f by

Ap(t) = {z € Q [f(x)] > t}]. (6.1)
This allows us to define the decreasing rearrangement of f as f* : R™ — R™, where
f7(t) =1inf{s > 0| A\¢(s) <t} (6.2)

We then define the quantity

[N

1o
[ flll2ee = [supt2As(t) = suptAs(t)2 = supt2 f*(¢), (6.3)
>0 >0 >0

and L2*(Q) = {f | || flllzz>~ < oo}. Unfortunately, this does not define a norm, but rather
a quasi-norm. That is, |||-|||p2. satisfies

lleefllzzee = laf I 1l 2
Il flllz2 = 0 if and only if f =0 a.e.

I+ glllzzee < CUIFN L2 + lglllz2e) for some C > 1.

It can be shown that with ||-]||z2., L** is a quasi-Banach space, i.e. a linear space in
which every quasi-norm Cauchy sequence converges in the quasi-norm. However, as the
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next lemma shows, the space can, in fact, be normed. We define

11l 2o = Sup [El 1/2/ |f ()] dz

|<oo

= sup —+ sup/ |f(z)| dx (6.4)

t>0 12 |F|=t
[ e
t>0 12

Lemma 6.1. L*>* is a Banach space with norm ||| 2., and

I zzee < 1FN 2o < 201 F 2o (6.5)

Proof. Since f* is decreasing, we see that

which is obviously a norm.

|1 =500 / £(s)ds = sup et () = sup e ) = | llse (69)

t>0 12

For the second inequality we note that

t ds 1
f (s)ds 1 (s2f7(s) = < HIfHImoo275 = 2[[ flll 2o (6.7)
t2 t2 0 S2 t2

This also shows how to construct a function that makes the inequalities sharp: any f so
that f*(s) = 75 will do. This is the case for f(x) =1/]|z| in R% O

We now present the

Proof of Proposition 1.4. First rewrite the L? integral using the distribution function:

/Q|f|2:/0°° 25 (1)dt. (6.9)

We break this integral into two parts and utilize the boundedness of f and the trivial
inequality Af(t) < [Q] for all ¢ > 0. Indeed,

00 C <
/ 2 (1)t = / 200 (t)dt + / 2 (t)dt
0 0 c
c c
= dt
<19 / otdt + 2 sup(t2A;(t)) / il (6.9)
0 t>0 C t
<|Q1C*+2|f|7 log <
>~ L2:°(Q) g O
where we have used Lemma 6.1 in the last inequality. The result follows by dividing both
sides by 2|loge|. O
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6.2 The calculation

Before proving the main result we prove some quasi-norm estimates for simplified versions
of G. The main result breaks GG into various simplified components in order to utilize these
estimates.

Lemma 6.2. Suppose we are given a collection of disjoint annuli {A;}, i =1,...,n, where
Ai = {T,‘ < |ZE — Ci| < Si} - RQ,
¢; denotes the center of A;, and r; and s; are the inner and outer radii respectively. Let

Z X a, ()i () —— (6.10)

|x—cl|

where v; : A; — RF is a vector field so that |v;| = 1 and a; is a constant for i =1,...,n.
Write 7, = log f,—l for the conformal factor of A;. Then fort > 0,

¢ () <7TZ (1—e ). (6.11)
Proof. We begin by noting that on the annulus A; it is the case that
(6.12)

Then for any ¢ > 0 and any annulus A;, the measure of the set in A; where f > t is simple
to calculate. Indeed, if t < |a;|/s;, then f > ¢ on the whole annulus, which has measure
n(s?—r?). It t > |a;| /r;, then f < t everywhere on the annulus, and so the measure is zero.
Finally, if |a;| /s; <t < |a;| /r;, then f >t exactly on the subannulus {r; < |z — ¢;| < p;},
where

|ail
t 9

Pi = (6.13)

which has measure 7(a?/t*> — r?).
Combining these, for any ¢ > 0 we may then write

M= ) <t——r>—|— > ow(si =), (6.14)

i il Ll i | 1<kl
Then
eAt) = > wal =)+ Y w(s -]
fi | 12l o Jealy i 1<ty
2 2
< ¥ ow(i-%)r ¥ owi(i-3)

. a; a;
i el < lily i esladly

<Z7ra ( ——Z2>

(2

l\')
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Plugging in 7; = log 2 proves the result.
O

The next lemma tells us that a collection of annuli with uniformly bounded degrees
and the property that they can be rearranged to fit concentrically inside each other can,
for the purposes of estimating the L** quasi-norm, be regarded as a single annulus.

Lemma 6.3. Suppose {A;}, i =1,...,n, is a collection of disjoint annuli, where
Ai = {Ti < |ZE — Ci‘ < Si} C R2,

¢; denotes the center of A;, and r; and s; are the inner and outer radii respectively. Suppose
further that the annuli can be arranged concentrically without overlap. That is, suppose
that

1 <81 <rg <8 <ry3<---< 8,1 <71, <S8

Let
Z X a, () 0r () —2— (6.16)

|x—cz‘

where the a; are constants such that |a;| < |a| and v; : A; — RF is a vector field so that
lv)| =1 fori=1,...,n. Then

Xt _t2Z|A N{|f| >t} < ma®. (6.17)

Proof. Since the distribution function is invariant under translations, without loss of gen-
erality we may assume that the annuli are concentric with common center ¢. This reduces
f to the form

Z Xa,(® = (6.18)

ac—c|

Consider the function e
1
= - 6.19
o) = 2 (6.19)

where e; = (1,0,...,0) € R*. The pointwise bound |f(z)| < |g(x)| yields the bound
Ar(t) < Ay(t) for all t > 0. It is a simple matter to see that

a
Ag(t) = T (6.20)

and hence,
2N (t) < 2N, (t) = Ta®. (6.21)
]

We are now ready to prove the main result of this section.
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Proposition 6.4. Let G : Q — R? be the function defined in Proposition 4.4 withn € (0, 1)
fized and the Bp values given by (4.31). Write

(u, A, V) / IV qul? —|— (1 — |u*)? + r2(curl A)2.

Then

96(1 +n)

G172 v, < (F2(w. A, V) =D (1og -5 = C) )

27] 1
1—|—77 Z 2 (6.22)
dg.
BeB
BcQ.

Proof. Step 1

To begin we must translate the notation used to define G into different notation that is
more cumbersome but that will allow a more exact enumeration of the objects generated
by the ball construction. Recall that to define G, the collection {D(t)}icp,s+0) defined
by (4.30) is refined to the subcollection {G(t)}icp,s+0) that consists of all balls that stay
entirely inside €).. Let N be the number of balls in G(s + o) = {B,..., By}, i.e. the
number of final balls. Let T" be the finite set of merging times in the growth of G(t), where
here we count ¢ = o, the time when the collection shifts from C(o) to B(0), as a merging
time. Let 0 =ty <t; < -+ <tg_1 < tx = s+ o be an enumeration of 7'U {0, s+ o}. For
k=1,...,K and t € [ty_1,t) we call all balls in G(¢) members of the k" generation. We
write G(t; ) for the collection of balls obtained as t — ¢, i.e. the collection of pre-merged
balls at time ¢ = t;. Similarly, when we write G(t;) we refer to the post-merged balls. For
k=1,...,Kand n=1,..., N we enumerate

{Bixn}iin ={B e G(t;) | B C B,}, and
{Bijn}im = {B € G(ty_1) | B C By},

in such a way that an C Bikn. We define the annuli A;, = B,kn\BZ;m and write
dikn = deg(u, 0B, k) for the degree of u in the annulus A, ,,. For fixed k = 1,.... K
we say the annuli {A;,} are k' generation annuli. Without loss of generality we may
assume that the indices are ordered so that |d; ;.| is a decreasing sequence with respect
to i for k and n fixed. Write D,, = dp, . We define the conformal growth factor in the k"
generation, denoted 7y, by

r(G(t))

r(G(tk-1))

Recall that for each B,, n = 1,..., N, Corollary 4.6 provides a transition time i3,
(depending on 7). In the current setting, the more natural notion is that of transition
generation, and in fact, the proof of Lemma 4.5 shows that the transition time actually
occurs at one of the t;, for kK =0,..., K —1. We then define the transition generation k, as

Tr = log
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the unique k such that t5 € [ty_1,tx). If we define generational versions of the negative
and positive vorticity masses N(t) and P(t) from (4.24) by

N(kn) = > |dignl

1<i<Myg n
d; 1,n<0

P(k,n) = > dign,

1<i<My
di,k,nzo

then the definition of k, and Corollary 4.6 allow us to conclude

P N for 1 <k<k,—1

D >0= nP(k,n) < N(k,n) forl1<k<k (6.23)
N(k,n) <nP(k,n) fork,<k<K
N(k P(k for 1 <k<k,—1

D, <0 MV < Plhn) for 1< k< (6.24)
P(k,n) <nN(k,n) fork,<k<K.

Translating the definition of the g from (4.31) into the new notation, we see that

1 for 1 <k <k, 1<i< M,

Bikn = (6.25)

M, ~1/2

1D, | ( ) d§7k7n> for ky <k <K, 1<i< My,.
i=1

This means that G can be written

N K e dzknﬁzkn
G) =D ) Xa,, () 720 (), (6.26)

n=1 k=1 i=1 |z — Czkn|

where 7; 1, is the unit tangent vector field in A . In order to somewhat ease the nota-
tional burden, we define the following sets of indices. The early and later generations are
given respectively by

Se={(n,k) | 1<n<N,1<k<k,—1}
Si={(n,k)|1<n< Nk, <k<K},

and we similarly define the sets of early and later annuli by

T. = {(n,k,i) | (n,k) € Se,1 <@ < My}
T =A{(n,k,i)| (n,k) € S;,1 <i< My}

Step 2.
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In this step we will prove an intermediate bound on t?Ag(t). We begin by breaking the
distribution function for G up into two components determined by the value of k,,. Indeed,

Ac(t) = D 1Aika N{IG] > 1]

n,k,i

= Ak N{IG] >t} + D Aign N{IG] > t}] (6.27)
T. T
= A1 + AQ.

Applying Lemma 6.2 to Ay, we see that

i,k,n

PA <7y diy,(1— ™). (6.28)
Te

To analyze the Ay term we must take advantage of all of the notation created in the
first step. Particular attention must be paid to the generations after k,, that come about as
the result of mergings in which balls of nonzero degree are merged only with balls of zero
degree. These generations, which we call zero-merging generations, throw off a counting
argument that we will use to bound the number of later generations (after k,) in terms
of the degrees of the balls in the k" generation. Generations that are not zero-merging
generations we call effective-merging generations. The degrees of the annuli are not changed
in a zero-merging generation, and the annuli of such a generation can be rearranged to fit
concentrically outside the annuli of the previous generation. Our strategy for dealing with
zero-merging generations, then, is to collect successive zero-merging generations, group
them with the preceding effective-merging generation, and utilize Lemma 6.3 to regard the
group as a single collection of annuli.

To this end, for each n we define the sets

Zn =A{k € {ky,..., K} | each ball in G(t)) contains at most one ball in

G(t, ) of nonzero degree},

and
I, ={kn, ..., K}\Z,.

The generations in Z,, are the zero-merging generations, and those in I,, are the effective-
merging generations.

Since |d; k.| is a decreasing sequence with respect to i for k,n fixed, there must exist
an integer Py, € {1,..., Mg,} so that d;j, # 0 for i = 1,..., P, and d;x, = 0 for
t = Pyn,+1,...,My,. Since the annuli of a zero-merging generation have the same
degrees as the previous generation, we have that Py, = P,_1,. We may assume, without
loss of generality, that the ball ordering is such that B; y_1, C Bk, and d; i, = d; y—1,, for
ke Z,andi=1,...,FP,. Toidentify sequences of zero-merging generations that happen
one after the other we write Z, = Z! U--- U Z™ where the ZJ are maximal subsets of
sequential integers, i.e. the integer connected components of Z,. All of the generations in
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ZJ will be grouped with the generation preceding ZJ and analyzed as a single entity with
Lemma 6.3. This preceding effective generation occurs at generation [7 := min(Zf;,) — 1.
We group it together with the generatlons in ZJ by forming the collections ZJ Z3U{l9}.
Write the modified collection Z = Z1 - U Z,T", and ] = n\Z Note that Py, is

constant for k € ZJ we call this common value P]
We now split A2 again:

= Z |Aign NG| >t}

Pkn Pkn

_ZZmemﬂm>t}|+ZZZ|Amm{|G|>t}| (6.29)
n=1gef, =1 n=1 ez, i=1
= Bl+Bg.

Applying Lemma 6.2 to By, we get

Prn P
t2B1<7TZZZ 2knﬁzkn 1_6_2Tk <7TZZZ zknﬁzkn . (630)
n=1gcj, =1 n=1 gcj, i=1

Upon inserting the values of f3; ., from (6.25), we find that

tQBl<7rZZ|D y_wZ# ) | Dl (6.31)

n=1kel,

where #(1I,,) denotes the cardinality of I,,.
To handle the By term we note that

{(n,k,i) |1 <n <N k€Zy1<i< P}
U {(nki)|1<i<PlkeZ}, (6.32)

1<n<N
1<j<mp

and hence
N mgp

ZZZZ [ Ai e NH{IG] >t} (6.33)

nljlzlk,eZJ

When a zero-merging happens to a ball B of nonzero degree, it is merged with a number
of balls of zero degree. The resulting ball has the same degree as B, and its radius is strictly
larger than the radius of B. Thus, we see that the radii hypothesis of Lemma 6.3 is satisfied
by {Aixn} for k € Z{l, i=1,...,P,. Moreover, for k € Zﬂu we have that diy, = d, ;s ,
and Bign = B4 oy All hypotheses of Lemma 6.3 are thus satisfied; applying it, for each
7,n we may bound

2 " A N{IG > 8} < 7(dy B 0)> (6.34)

keZi
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Plugging in the values of f; ., from (6.25) then shows that

N my
By <> ) 7w|D,| = Zﬂmn |D,) . (6.35)

n=1 j=1

Recall that I, = I, U {I},...,I"}. Hence #(I,) = #(I,) + m,. We then combine
(6.29), (6.31), and (6.35) to get the estimate

124, < WZ# ) |Dnl . (6.36)

Together, (6.27), (6.28), and (6.36) prove that

N

Paa(t) < del b (L= €7™) 41 ) " #(1,) |Dnl | (6.37)

n=1

where #(1,,) is the cardinality of I,,.

Step 3.

In this step we will utilize the 7 inequalities (6.23) and (6.24) to show that the energy
excess, F.(u, A) —mD (log 5= C) , controls the first term on the right side of (6.37). To
begin we modify an argument from the beginning of the proof of Theorem 1. Define V' to
be the union of the balls in G(s + o). Then, copying (5.5), we can bound

1 1
Fr(u, A, V) = 2/,) Vavf + 55— )7 + Vol +72(curl A

1 1 2
> F.(p,V) +/ 2t (—/ |VAU|2) dt+ / (curl A)? (6.38)
0 2 Jv\wr 8 Jv

1-6 1 9 ,,,2
—I—/ 2t (—/ |V 40| +—/(cur1A)2> dt.
% 2 V\wt 2 \%

For t € [0,1/2] the inclusions
V\w, 2 Vwyye 2 Vel (6.39)
hold, and hence

2 1 2 1
/Qt (—/ |VAU|2)dt2/ 2t / IV av]? | dt
0 2 V\wy 0 2 V\w 3/2

1/2

1
= —/ |VAU|2.
8 V\u.JS/2

1/2

(6.40)
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We now use (5.18) and (5.22) from Theorem 1 to bound

1-6 1 9 7"2 3
/ 2% <_/ |V a0|” + — / (curl A)Q) dt + —F.(p,V)
1/2 2 Vwi 2 v 4
3 T
> —log — — .
> 7D (4 log ) C)

Here we have used D = . | D,. Assembling the bounds (6.38), (6.40), and (6.41)
produces the bound

(6.41)

FI(u,A,V)—nD <log LD — C)

S PR V40 14)? — 7D log — (642)
= =(p, )+§/V\w |A|+2/V(CU1" ) - OgE_D .

The argument in (5.14) shows that
F.(p,V)—mD <log S C’) > nD | log ;3/2 -C. (6.43)
eD o, (W1/2)

In order to use the logarithm terms they must be translated into the new notation. Re-
calling (4.42) and changing the constant C' (larger but still universal), we see that

r r 3r(By)
log ———— — C = 1log +log —2B0)
rQ. (wi’g) r(Bo) 167q, (wi’g)
. (o)) K (6.44)
<lo +lo = T
SrBy) T (G Z '

Combining (6.42) - (6.44) and again changing the constant, we arrive at

F'(u, A, V) — 7D (1og ng - O)

1/(1 , 12 ) K (6.45)
> ) 5/ 3/2|V,4v| -I—E/(CurlA) —WDZTk :
V\“’1/2 v k=1

We now translate the term on the right side of inequality (6.45) into the new notation

and break it into two parts according to whether the generation is before or after generation
k,. Indeed,

1

2
) T
5/V\ LIVl +5/V<curm _WDZT,C Z/ 2 _Wzmm

“1/2

+ = Z/ IV 40]* + r2(curl A)? —WZ\D \Tk—l—z Z /curlA
lkn

n=1 BeB,NG(tg, )

(6.46)
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For each B, € G(s + o) we consider B, to have been grown from B, N G(tz ) and apply

Corollary 3.4; summing over n gives

r
= |VA21| +7?(curl A)? > 7D (log ———— —log 2> . (6.47)
Note that if t5 > o, then
K
Tk = log ,
,g,; r(G(ts,))
whereas if tg < o, then
K

r r(G(0)) r 3

T, = log +log ———< =log —— + log -

Z © (B T r(Glts,)) T r(Glts,) 8

since 7(G(0)) = r(C(o)) = 3r(By)/8 (see item 4 of Proposition 4.3). Then
—Z/ IV 40)* 4 r2(curl A)? —waD | 7% > —7CD, (6.48)

7, k,n
where C' is universal.
It remains to control the term corresponding to the early generations
Z/ Va0 _WZ|D|T,€+Z Z /curlA
Aikn n=1 BeB,NG(t
We apply Lemma 3.5 to each B € B, NG(tp,) and sum to get
Mk ,n
) (6.49)

QZWZTk Zdlkn |D”|
Se

In order to control the difference in (6.49) we must now turn to the 5 inequalities for
generations before k,. If D, > 0, 1 < k < kj,, the inequality (6.23) allows us to estimate

Mkn Mkn
§ dzk;nz § |dzkn|_ E dzkn+ E |dzkn|
1<Z<Mkn 1<Z<Mkn
dzkzn>0 d’LkTL<O
3 (6.50)
1+ 77 dzkzn
1<i<My .,
di,k,nzo

> (L+n)Dy = (1+n)[Dyl.

45



If D,, <0, we similarly get
Mk n

and so in either case we arrive at the estimate

1
— Dyl = 11y dz o (6.51)

Putting (6.51) into (6.49) then shows that

2n—1
Q> W#Zdeik,n

(6.52)
d 727']9
1 + 77 Z zkn )7
where in the last inequality we have used the fact that
1 —2z
3725(1—6 ) for x > 0.
Finally, we use (6.45) — (6.48) and (6.52) to conclude
r 2n—1
Fo(u, A, V) — D(l ——O>> T N R (1= e, 6.53
(U’ V) ™ og cD et 7T24(1 + 77) ; z,k,n( € ) ( )

Step 4.

In this step we use the 7 inequalities to provide an upper bound for the second term
on the right side of (6.37) by bounding #(/,,) in terms of |D,| and n. Fix n and suppose
that k, < k < K. For now take D,, > 0. The inequality (6.23) allows us to bound

> dign=Dnt+ D ldikal <Dutn D digm

1<i<My p 1<i<My, 1<i<Mg p,
di le,n=>0 di k,n<0 di ke,;n=>0

and so we can conclude that

D,
S < 2L (654
, Y 1—n
1<i< My,
di,k,nzo
We can use this estimate to bound #(1,,). Each generation in [, is an effective-merging
generation. As such, the mergings of that generation include at least one ball of nonzero
degree merging with another ball of nonzero degree, resulting in a decrease in the number
of balls of nonzero degree. So, the number of effective generations, #(1,,), is bounded
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by the number of nonzero degree balls in the k, generation. This quantity can then be
bounded in terms of D,, and 7. Indeed,

#(1,,) < # of nonzero degree balls in generation k&,

Mkn,n
< Z ’di,kn,n’ = Z ‘di,kn,n‘ + Z ‘di,kn,n‘
i=1 1<i< M, 1<i< My,
di ;>0 di o, <0
* * (6.55)
1<iSMpy, ,n
di,kn,nzo
1+
n
If D,, <0 then (6.24) and a similar argument show that (6.55) still holds. Hence
N 1y d
L) |Dy| < D,[”. 6.56
DNIDINEL ) SILY (6.56)

Step 5.
We now conclude the proof by combining (6.37), (6.53), and (6.56) to get the inequality

N
1+mn 5 24(1+n) r

A (t) < Duf* + =B (F(u, A, V) = 7D (log = — C)) . (657

Using Lemma 6.1 and switching back to our original notation then proves (6.22). [

7 Jerrard’s construction

In the above results we have modified and improved the vortex ball construction of Sandier,
introduced in [6], and presented in an updated form in [8]. The purpose of this section is
to show that the methods of this paper can be applied equally well to the other version of
the vortex ball construction, developed by Jerrard in [3]. The two constructions are not
at all dissimilar, so it is no surprise that the above methods still work. For completeness,
though, we highlight the differences in the two constructions and outline the modifications
necessary to make the above ideas work with Jerrard’s construction. In the interest of
brevity we discuss only the case without magnetic field.

There are three main differences between the ball construction employed above and
that of [3]. The Jerrard construction grows finite collections of disjoint balls from an initial
small collection to a final large collection, employing mergings when grown balls become
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tangent. However, a collection of disjoint balls {B;} is not grown uniformly, as we grow
them above, but instead according to the parameter

Ty
s =min —,

i |dil

where d; = deg(u, 0B;) and r; is the radius of B;. There is no guarantee that this parameter
is uniform throughout the collection (hence the minimum in the definition of s), and as
a result, only balls for which the minimum s is achieved are grown. Note that as a ball
is grown without merging, its degree does not vary, so increasing s amounts to increasing
the radius of the ball. Moreover, for the subcollection of balls in { B;} that achieve s, if we
write 5" for the increased parameter and 7" for the increased radii, we see that

new new new
s riev d; T

s dir o
and so all of the annuli formed by deleting the old balls from the new ones have the same
conformal type. The use of this parameter causes trouble above since r(B(t)) # e'r(By).
The second major difference in the two methods is in how they pass from lower
bounds on circles, which in both methods are most conveniently calculated by estimat-
ing % faB(w) |Vv|2 from below, to lower bounds of % | |Vu|2 on annuli and balls. Above we
employ the co-area formula in Lemma 5.1 and in (5.5) of Theorem 1 to accomplish this.
The Jerrard method writes u = pv, with p = |u|, and expands the energy as

1 / 2 1 212 1 / 2 1 242 1 / 2 2
= Vul|" + — (1 —|u|")" = = Vol + — 1 —=p°)" + = p” |Vo|~.
2 0B(a,r) ‘ ‘ 2e? ( | ’ ) 2 dB(a,r) | ‘ 2e? ( ) 2 0B(a,r) ‘ |

Lemmas 2.4 and 2.5 of [3] then show that

1 m2d?

AT
2 0B(a,r) r

and | )
= Vol’ + —= (1 —p?)?> =(1-m)?
Q/BB(aﬂ“)‘ p’ _'_282( p) B CE( m)

where c¢ is a universal constant and m = min{1, inf p}. These two bounds are combined

B(a,r
with the energy expansion to find
1 | 29 , m2d?> 1 N
= \Y —(1— > inf —(1— =: \(r,d).
5 ] O 2 e (R ) =

One readily verifies that A.(r,d) > A.(r/|d|,1) and that

T

Ae(r, 1) =

. 7.1
r -+ cem ( )
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The function A.(s) = [5 A(r,1)dr = wlog(1 + -%) is then introduced, and lower bounds
on annuli are calculated by 1ntegrat1ng on circles:

1 1 1 r1/ld|
—/ IVul|® + 51— lul?)? > / Ae(r, d)dr > |d| A(r, 1)dr
2 J B(a,r)\B(a,ro) 2e

To ro/ld|

= [dl (Ac(ri/ |d]) = Ac(ro/ [d]))-

Note that this bound justifies the use of s = r/d as the growth parameter.

The third major difference is in the nature of the lower bounds. The method above
produces lower bounds on the total collection of balls but can not say much about the
energy content of any given ball in the collection. Because of its use of the A, function,
which only depends on the parameter s, the Jerrard construction can localize the lower
bounds to each ball in the collection. In particular, Proposition 4.1 of [3], the analogue of
our Theorem 1, shows that there exists a oy such that for any 0 < ¢ < o there exists a
collection of disjoint balls {B;} with radii r; and degrees d; such that

1 1 T
3 [Vl - P = T as)
BinQ s

where s = min(r;/ |d;|) € [0/2,0]. In particular this implies that

1 1 o
= Vu - > 7 |di|log (1 ).
3 [Tl g ) 2wl tog (14 57

The proof of this result follows from a line of reasoning similar to what led to Theorem 1.
An initial collection of balls {B;} with radii r; > ¢ is found (Proposition 3.3 of [3]) that
covers {|u| < 1/2} and on which

1 1 i 5
—/ Vul? 5500~ ju?)? 200% > %Ag(s), (7.2)

where ¢y is a universal constant. These balls are then grown into the final balls according
to the ball growth lemma, but used with the parameter s as the growth parameter. It
is then shown that growth and merging preserves the form of the lower bound (7.2), i.e
that if the bound holds with one value of s, it also holds with the value of s obtained after
growing the balls.

In order to utilize our completion of the square trick to extract the new term we must
only present a modification of Lemma 3.2 designed to work with the minimization of m
trick. The rest of the argument follows from simple modifications of the arguments in [3]
that we will only sketch.

Lemma 7.1. Let B = B(a,r) and suppose that u : 9B — C is C' and that |u| > ¢ >0 on
OB. Write uw = pv with p = |u|, and define the function

T, (7.3)



where d = deg(u, 0B), m = min{1, inf p} T 1is the oriented unit tangent vector field to

dB(a,r
OB, and (B € [0,1] is a constant. Then
1 1 d*m?
—/ p? Vol > —/ P2 V-G +r m 6. (7.4)
2 Jon 2 Jon r

Proof. Arguing as in Lemma 3.2, we find that

1 / 9 9 1 / 9 25 d*>m*3? 1
= p | Voul|" = = p |V —G|"+ 271 d —. 7.5
2 Jog | ’ 2 Jon ‘ l 2r? oB P* ( )

Then the definition of m implies that

2 2. 4732 1 2.2 2.2
dmﬁ_almﬁ/_>7Tdm(25_ﬁ2>27ralmﬁ7 (7.6)
T 272 oB P? r r

2md

where the last inequality follows from the fact that 0 < g < 1. This proves the result.
O

This result may be used in conjunction with Lemma 2.5 of [3], borrowing half of that
energy to absorb into the novel term, to arrive at the lower bound

1 2, b s 1/ _ mdf 1
2/83|VU| +2€2(1 lul”)* > 1 \Vu — iuG|*+ inf | (1 m)? ). (7.7)

me[0,1] r ce

In order to gain the ability to localize the estimates in each ball, we must have that A\.(r, d)
is independent of 5 and that the homogeneity inequality A:(r,d) > A.(r/|d|, 1) holds. The
first of these requires us to set 7 =1 in the above, which precludes the special choice of 3
needed to make Proposition 6.4 work. The second requires us to throw away the d? terms
in favor of |d|. So, there is a tradeoff: the price we pay for localizing the estimates is a
loss of control of the L?° norm of the auxiliary function G. This choice leads to the lower
bound on circles

1 1 1
/ Tl 4 o (1 uf?)? > / Vu— G+ M(r/]d], 1), (7.8)
2 OB 22 4 OB

where ). is as defined in (7.1), but with the universal constant doubled, and G = dm? .

p*r
The bound on circles leads to bounds on annuli by integrating; indeed,

1 1 1

_/ Vul + (1 Ju)? > -/ YV — iG]

2 J B(ar1)\B(a,ro) 2e 4 JB(ar)\Baro) (7.9)
+ |d| (Ac(r1/ |d]) — Ac(ro/ |d])),

where now we take G(z) = #;_MT(JE).

Now, to achieve a bound of the form (7.2) but with the L? difference with iuG included,
we use Lemma 7.1 in the Jerrard construction. As above, we define the function G to vanish
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in the initial collection of balls obtained in Proposition 3.3 of [3]. Then we trivially modify
(7.2) to read (since G = 0 there)

1

1 .
5/ Vul® + 2_52(1 — [ul?)? > o5 T 1/ Vul?
BN B
i : (7.10)

We then take G to vanish in all of the non-annular regions of the balls constructed in
Proposition 4.1 of [3]. The estimates in these balls, like the original Sandier estimates,
discard the energy of the non-annular regions. We retain it and rewriteit asa [ |Vu — iuG!Z
term, which is possible since G = 0 there. Then, adding in the extra G term in the annular
regions, we arrive at the modification.

Proposition 7.2. There exists a o such that for any 0 < o < gqg there exists a collection
of disjoint balls { B;} with radii r; and degrees d; such that

1 2 1 212 1 / . 2, T
- \Y —(1— > = Vu — iuG|* + —A
2 /BZ.QQ | U| + 282< |u| ) — 4 BimQ | U (3% | + s 5(8)7

where s = min(r;/ |d;|) € [0/2,0]. In particular this implies that

1 2 1 272 1/ . 2 9
= Vul? + —(1— |u)? > Vu — iuG ) 1og (1 ).
s [ vl - G g (14 57
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