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Abstract. When an elastic filament spins in a viscous incompressible fluid it may undergo a
whirling instability, as studied asymptotically by Wolgemuth, Powers, and Goldstein [Phys. Rev.
Lett., 84 (2000), pp. 16–23]. We use the immersed boundary (IB) method to study the interaction
between the elastic filament and the surrounding viscous fluid as governed by the incompressible
Navier–Stokes equations. This allows the study of the whirling motion when the shape of the filament
is very different from the unperturbed straight state.
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1. Introduction. Dynamics of a rotationally forced filament with twist and
bend elasticity at zero Reynolds number has been studied in [1]. These authors
consider a slender elastic filament in a fluid of viscosity µ, rotated at one end with
the other end free, and assume that its centerline is inextensible. Analytical and
numerical methods reveal two dynamical regimes of motion depending on the rotation
rate: twirling, in which the straight but twisted rod rotates about its centerline,
and whirling, in which the centerline of the rod writhes and crankshafts around the
rotation axis in a steady state. A critical frequency, ωc, separates whirling from
twirling. In this paper, we present simulations of the same physical situation by the
immersed boundary (IB) method. The IB method is useful for biofluid mechanical
problems to simulate fluid-structure interaction in a viscous incompressible fluid. No
approximations such as slender body theory [2] or small deformation are needed when
the IB method is used. The IB method was developed to study flow patterns around
heart valves [3, 4, 5] and has been applied to many problems of computational fluid
dynamics [6, 7, 8, 9, 10, 11].

The computational model we are dealing with here is an elastic and neutrally
buoyant filament having microarchitecture motivated by bacterial flagella [12, 13]. It
is composed of inner and outer layers with motors on the outer layer at the bottom.
We assume that the fluid is governed by the Navier–Stokes equations [14, 15, 16] at a
very low but nonzero Reynolds number.

As in [1], we find a critical rotation frequency ωc, below which the straight state
of the filament is stable. When the rotation rate of the filament is above ωc, however,
we find a new phenomenon, which we call overwhirling. Overwhirling is the motion in
which the tip of filament “falls down” and rotates around its rotation axis in a steady
state. We notice that the behavior of filament is very sensitive to the spinning rate
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near the critical frequency. Unlike [1], we never find stable filament configurations that
are close to the straight state when ω > ωc. The bifurcation appears to be subcritical
[17].

2. Equations of motion. The purpose of this section is to describe the equa-
tions of motion. We regard the fluid as incompressible and viscous, and the filament
as an elastic structure immersed in this fluid. The notation used here will be defined
after the equations have been stated.

Immersed boundary equations (Lagrangian form):

Fe = − δE

δX
,(2.1)

Fmot = cTmot,(2.2)

F = Fe + Fmot.(2.3)

Fluid equations (Eulerian form):

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p + µ∇2u + f ,(2.4)

∇ · u = 0.(2.5)

Interaction equations:

f(x, t) =

∫
F(q, r, s, t) δ(x − X(q, r, s, t))dqdrds,(2.6)

∂X(q, r, s, t)

∂t
= u(X(q, r, s, t))(2.7)

=

∫
u(x, t) δ(x − X(q, r, s, t))dx.(2.8)

The IB equations involve several unknown functions of (q, r, s, t), where (q, r, s)
are moving curvilinear coordinates and t is the time. These unknown functions are
X(q, r, s, t), which describes the motion of the IB and its configuration at any time;
Fe(q, r, s, t), which is the elastic force density (with respect to dqdrds) derived from X
in the manner described by (2.1) and in more detail below; and Fmot(q, r, s, t), which
is the motor force density acting in the tangential direction Tmot(q, r, s, t) near the
bottom of the filament only.

In (2.1), δE/δX is the variational derivative of the elastic energy functional E[ ].
The variational derivative is implicitly defined as follows:

lim
ε→0

d

dε
E[X + εY] =

∫
δE

δX
(q, r, s, t) · Y(q, r, s, t)dqdrds.(2.9)

The fluid equations are the Navier–Stokes equations of a viscous incompressible
fluid. They involve several unknown functions of (x, t), where x = (x1, x2, x3) are
fixed Cartesian coordinates. These unknown functions are the fluid velocity vector
u(x, t), the fluid pressure p(x, t), and the applied force density f(x, t). The constant
parameters ρ and µ in the fluid equations are the fluid density and the fluid viscosity,
respectively.

We use the Navier–Stokes equations rather than the Stokes equations even though
the Reynolds number is essentially zero and inertial effects are entirely negligible in
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Fig. 1. Radial projection of the surface lattice of the filament.

this application. The nature of our numerical scheme is such that this does no harm
(see below).

Finally, the interaction equations connect the Lagrangian and Eulerian variables.
Both equations involve the three-dimensional Dirac delta function (not to be confused
with variational δ in (2.1) and (2.9)):

δ(x) = δ(x1)δ(x2)δ(x3),(2.10)

which expresses the local character of the interaction. The first of the interaction
equations describes the relationship between the two corresponding force densities
f(x, t)dx and F(q, r, s, t)dqdrds. Equations (2.7) and (2.8) are the no-slip condition of
a viscous fluid, which says that the boundary moves at the local fluid velocity. Each
of the interaction equations takes the form of an integral transformation in which the
kernel is δ(x − X(q, r, s, t)).

3. Computational structure of filament. Because this work is part of a
larger project modeling bacterial locomotion, we choose a filament structure that
mimics that of a real bacterial flagellum, except that here the unstressed configuration
of the flagellar axis is straight rather than helical. (Such straight flagella actually arise
as mutations [18, 19].)

A three-dimensional model for filament structure inspired by the bacterial flagellar
filament such as that of E. coli [12, 13] is a flexible cylindrical tube with two layers,
corresponding to the outer surface and inner surface of the hollow flagellum. It has a
filament diameter of 23 nm throughout the length and a hollow central channel with
a diameter of about 8.9 nm. There is a motor at the bottom.

We present a diagram showing the surface lattice of the filament (see Figure 1). Its
radial projection consists of the basic (one-start) helix and 11 protofilaments, which
are parallel to the filament axis. The term start denotes the number of helices which
can account for all of the subunits in the filament.

Each layer of the filament is composed of springs which have connections in eight
directions within each layer (solid lines in Figure 2), and there are also connections
between the outer and inner layer with pairs of P-P0, P-P1,. . . , P-P8, where P and P0
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Fig. 2. (a) Some part of radial projection of outer layer and (b) corresponding part of radial
projection of inner layer: Asterisks represent lattice points, P and P0 are corresponding boundary
points in the two layers, solid lines are all possible springs within each of the two layers starting from
points P and P0. Note that these springs connect the points P and P0 to their nearest neighbors in
the eight chosen directions within their own layers. For springs connecting one layer to another,
see Figure 3.
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Fig. 3. Different types of springs between outer and inner layer, showing all possible links
which start from one point on the outer layer.

are corresponding boundary points on the two layers and P1, P2,. . . , P8 are boundary
points near P0 in its layer (see Figure 3). In the motor part, we connect the points
on the inner layer to fixed points in the symmetry axis of the cylinder by stiff springs.
This has the effect that the motor end of the filament seems to be attached to a
substratum.

Figures 4 and 5 show all of the springs in the projection seen by looking along
the axis of the filament. Figure 4 shows the nonmotor part, whereas Figure 5 shows
the motor part. These springs that hold the motor in space do not interfere with the
free rotation of the motor part of the filament about its symmetry axis. Rotation of
the motor and hence of the whole filament is generated by a torque applied to the
motor part.

We need to model an elastic filament whose equilibrium configuration is that of a
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Fig. 4. Projection of the straight filament looking along its axis, nonmotor part.

Fig. 5. Projection of the motor part. Points on the axis are fixed in space.

straight cylinder. This is done by putting the filament into such a straight cylindrical
configuration, and then setting the rest length (see next section) of each elastic link
equal to whatever length that link actually has in the chosen configuration. The effect
of this choice of rest lengths is that the chosen configuration will be one of minimum
(in fact, zero) energy, i.e., a state of mechanical equilibrium.

We do not, however, use the equilibrium configuration as the initial configuration
of the filament. The equilibrium configuration has axial symmetry, but our goal is to
study the stability of the axially symmetric motions, which undoubtedly exist for all
rotation rates. To do this, we need to use an initial condition which is at least slightly
perturbed away from axial symmetry, i.e., bent. The question will be whether the
bent state relaxes back towards a straight state, or whether the bend persists or even
grows, at different rotation rates.

We use a cubic box whose length is 20 times the diameter of the filament and
put our perturbed filament into this box. Figures 6 and 7 show side views of straight
and bent filament, respectively. When the filament is viewed from its nonmotor end,
it turns counterclockwise. Even though the direction of rotation could, in principle,
matter, since the helical architecture of the filament has a specific handedness, we have
checked that virtually identical results are obtained in practice when the direction of
rotation of the filament is reversed.

4. The immersed boundary (IB) method. The equations of motion are
solved by the IB method [5]. The algorithm for the numerical solution of (2.1)–(2.8)
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Fig. 6. Side view of straight filament whose diameter is D in the computational domain, a
periodic cube with period 20D.
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Fig. 7. Side view of the initial configuration for the computational experiments.

will be described in this section.
First, we discuss discretization. Let time proceed in steps of duration �t, and

use a superscript n as the time step index, so that un denotes the whole fluid velocity
field at time t = n�t, and similarly for all other variables.

The spatial discretization for Eulerian (fluid) variables is different from that of
the Lagrangian (IB) variables. For the fluid variables such as u, p, and f , we use a
fixed periodic cubic lattice of mesh width h and period m in all three space directions.
This lattice, denoted gh,m is formally defined as follows:

gh,m = {x : x = jh, j ∈ Z3
m},(4.1)

where

Zm = {0, 1, . . . ,m− 1}(4.2)

and arithmetic on Zm is understood to be modulo m.



2072 SOOKKYUNG LIM AND CHARLES S. PESKIN

Spatial discretization of the IB is accomplished by the discrete elastic structure
described in the previous section. Let the points of this structure be numbered in
some arbitrary order k = 1, 2, . . . ,K. Then Xn

k denotes the position at time step n of
the IB point whose label is k. Similarly, Fn

k is the force applied to the fluid by that
same boundary point, at that time step. Note that Fn

k is a force, not a force density.
Thus

Fn
k ∼ F(q, r, s, n�t)dqdrds.(4.3)

Because of this, we do not have any factors like �q�r�s in our algorithm or code.
The elastic part, (Fe)

n
k , of the discrete IB force can be calculated from the discrete

elastic energy E(X1, . . . ,XK) by differentiation:

(Fe)
n
k = − δE

δXk
(Xn

1 , . . . ,X
n
K).(4.4)

This vector equation is shorthand for

(Fe)
n
kα = − ∂E

∂Xkα
(Xn

1 , . . . ,X
n
K),(4.5)

where α = 1, 2, 3 is an index denoting the space direction.
To keep track of the topological structure of the discretized immersed elastic

boundary, it is useful to introduce the notion of a link table [4, 20]. Let the elastic
links that connect some of the pairs of boundary points (but not all possible pairs!)
be numbered in arbitrary order l = 1, 2, . . . , lmax. Let k1(l) and k2(l) be the indices of
the points that are connected by link l. (If k1(l) and k2(l) are interchanged, it makes
no difference.) Then link properties such as stiffness and rest length can be regarded
as functions of l, and the elastic forces ((Fe)

n
1 · · · (Fe)

n
K) can be much more efficiently

computed by an algorithm that loops over l than by an algorithm that loops over k.
The elastic energy function that we use in this work is as follows:

E(Xn) =
∑
l

S0

2
(‖Xn

k1(l)
− Xn

k2(l)
‖ − L0(l))

2.(4.6)

Thus each link l represents a linear (Hookean) spring with stiffness S0 (the same for
all links, for simplicity) and rest length L0(l). The method used to choose L0(l) was
described in the previous section.

In addition to the elastic force (Fe)
n
k which is derived from E in the manner

described above, we also apply another force Fmot to the outer layer of the motor
part of the filament. Naturally, this force will vanish at all the boundary points
except for motor points, where it is given by

(Fmot)
n
k = c(Tmot)

n
k ,(4.7)

where Tn
mot is the unit tangent vector of the outer layer of the motor part at time

step n. Therefore the total force Fn at time step n is the sum of elastic spring forces
and motor forces, i.e.,

Fn
k = (Fe)

n
k + (Fmot)

n
k .(4.8)

Once the total force Fn
k is known, the next step of the IB algorithm is to apply

these forces to the computational grid of the fluid:

fn(x) =
∑
k

Fn
kδh(x − Xn

k ),(4.9)
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where x ∈ gh,m and δh is a smoothed approximation to the three-dimensional Dirac
δ-function and is of the form

δh(x) =
1

h3
φ
(x1

h

)
φ
(x2

h

)
φ
(x3

h

)
,(4.10)

where x = (x1, x2, x3) and the function φ is given by

φ(r) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

3 − 2|r| +
√

1 + 4|r| − 4r2

8
if |r| ≤ 1,

5 − 2|r| −
√

−7 + 12|r| − 4r2

8
if 1 ≤ |r| ≤ 2,

0 if |r| ≥ 2.

The next step is to solve the following system of equations for (un+1, pn+1):

ρ

(
un+1 − un

�t
+

3∑
α=1

un
αD

±
αun

)
+ D0pn+1 = µ

3∑
α=1

D+
αD

−
αun+1 + fn,(4.11)

D0 · un+1 = 0.(4.12)

Here, D0 is the central-difference approximation to ∇ defined by D0 = (D0
1, D

0
2,

D0
3). The forward D+, the backward D−, and centered D0 difference operator are

defined in the standard way. Thus D0p approximates ∇p and D0 · u approximates
∇·u. The expression

∑3
α=1 D

+
αD

−
α , which appears in the viscous term, is a difference

approximation to the Laplace operator, and the expression
∑3

α=1 uαD
±
α , where

uαD
±
α =

{
uαD

+
α , uα < 0,

uαD
−
α , uα > 0,

is an upwind difference approximation to u · ∇.
Now we use the fast Fourier transform (FFT) algorithm [21] to solve (4.11)–(4.12)

for the unknowns (un+1, pn+1). Note that these are linear equations (nonlinear terms
involve known quantities at time level n only) with constant coefficients on a periodic
domain.

Once un+1(x) has been determined, the boundary points are moved at the local
fluid velocity in this new velocity field. This is done by the following interpolation
scheme:

Xn+1
k − Xn

k

�t
=

∑
x

un+1(x)δh(x − Xn
k )h3,(4.13)

where
∑

x denotes the sum over the computational lattice x ∈ gh,m.
In summary, the IB method proceeds as follows: at the beginning of each time

step n we have the fluid velocity field un and the configuration of the IB Xn. In order
to update these values to the next time step we

• compute the elastic force Fn
e from the boundary configuration, and add the

motor force Fn
mot to obtain Fn;

• spread the boundary force to the grid to determine the Eulerian force fn

acting on the fluid;
• solve the discretized Navier–Stokes equations for un+1 and pn+1;
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Fig. 8. (a) Energy vs. twist density. (b) Energy vs. curvature.

• interpolate the new fluid velocity field to the IB points and move the bound-
ary at this local fluid velocity.

The form of the IB method that we have just described is first order accurate in
space and time and has the numerical viscosity associated with upwind differences of
the nonlinear terms. This is not a problem at the low Reynolds number of the present
application, in which the nonlinear terms are negligible in any case. For improved
accuracy and reduced numerical viscosity, the IB method described in [22, 23, 24] is
currently recommended.

5. “Measuring” the bending modulus and twist modulus. For compari-
son with the theory of [1] it is important to know the macroscopic bending modulus
A of our elastic filament. For completeness, we also evaluate the twist modulus C,
although it does not appear in the formula for the critical frequency derived in [1]. We
expect that A and C will both be proportional to the stiffness constant S0, but that
the constants of proportionality will depend in a complicated way on the structural
details of the filament. Instead of trying to evaluate these moduli analytically, we
resort to “measurement.”

An elastic filament is characterized by its bending modulus A and twist modulus
C as well as its radius af and length of filament Lf .

In this section we describe how to measure the bending modulus and twist mod-
ulus. In order to get both quantities we start with a straight filament standing at the
origin with the z-axis as the axis of the filament.

First, consider the simpler case of twist modulus. Let Ω be twist density and θ
be twist angle defined by θ = Ωz. Given twist density Ω, rotate the points (x, y, z) of
the straight filament about (0, 0, z) by the angle of θ = Ωz, i.e.,

(x, y, z) �→ (x cos(Ωz) − y sin(Ωz), x sin(Ωz) + y cos(Ωz), z),(5.1)

and then with this twisted but straight structure, evaluate the energy EΩ by (4.6).
Thus we have a set of pairs (Ω, EΩ) for the different values of twist density Ω, which
are shown in Figure 8(a) as dots. Since the energy corresponding to twist density Ω
is an integral over arclength along the filament centerline [25, 26, 27], and since Ω is
constant in our case,

EΩ =
C

2
Ω2Lf .(5.2)
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To find the best fit of this formula to the data points (Ω, EΩ), we use the method of
least squares to determine the twist modulus C.

Now consider the bending modulus A. First, we define a centerline for the bent
filament as the curve

α(s) = (0, R−R cos(s/R), R sin(s/R)), s ≥ 0, R > 0,(5.3)

where R is desired radius of curvature, so that κ = 1/R is the curvature. Next, we
introduce three vectors {t,n,b} which form a right-handed orthonormal triad at any
point s along the curve:

t =
α′(s)

|α′(s)|= (0, sin(s/R), cos(s/R)),(5.4)

n =
t′(s)

|t′(s)| = (0, cos(s/R),− sin(s/R)),(5.5)

b = t × n = (−1, 0, 0),(5.6)

where t is the tangent vector of α at s, n is the principal normal vector, and b is
the (constant) binormal vector. Now recall the straight filament. Each point (x, y, z)
of the straight filament has its own angle β obtained by projection of the point to
the xy-plane, where tanβ = y

x , and also its own distance from the axis given by

r =
√
x2 + y2. The way to get the bent filament of curvature κ = 1/R is as follows:

(x, y, z) �→ r(n cos(−β) + b sin(−β)) + (0, R−R cos(z/R), R sin(z/R)),(5.7)

where β = arctan(y/x) and r =
√
x2 + y2 and where n and b are given by (5.5) and

(5.6). Substituting the expressions for n and b, we get (x, y, z) �→ (x′, y′, z′), where

x′ = r sinβ,(5.8)

y′ = r cos(z/R) cosβ + R−R cos(z/R),(5.9)

z′ = −r sin(z/R) cosβ + R sin(z/R).(5.10)

Geometrically, each of these transformed points lies on the circle of radius r
around the bent centerline, and the plane including the circle is perpendicular to
the bent centerline. As in the case of evaluating the twist modulus, we apply the
deformation given by (5.8)–(5.10) to every point Xk of the model filament, starting
from its zero-energy configuration as constructed in section 3. As the curvature κ
varies, we evaluate the energy Eκ of the bent structure by (4.6) so that we may have
data points (κ,Eκ) (dots in Figure 8(b)). Since the energy for curvature κ is

Eκ =
A

2
κ2Lf ,(5.11)

we fit this formula to the data points (κ,Eκ) to get bending modulus A by using the
method of least squares.

Note that the units of κ and Ω are cm−1.
From the above procedure, we have

A = (6.1278 × 10−18 cm3)S0(5.12)

and

C = (3.9753 × 10−18 cm3)S0.(5.13)
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Table 1

Physical parameters.

Physical parameters

Fluid density, ρ 1g/cm3

Fluid viscosity, µ 0.01g/cm · s
Length of filament, Lf 278.2 nm

Radius of filament, af 11.5 nm

Reynolds number, Re =
ρ(2af )(afω)

µ
1 × 10−9

As is clear from (5.12) and (5.13), the bending modulus A and the twist modulus
C are not independent, since both are determined by the single parameter S0. The
relationship between them is a consequence of the particular structure, inspired by
that of bacterial flagella, that we have chosen. Even within the framework of this
particular structure, however, one could, if desired, alter the relationship between A
and C by choosing different stiffnesses for the different kinds of links in the model
filament.

In our experiment we choose the stiffness S0 = 1 × 10−4 dyne/cm; therefore the
bending modulus is 6.1278 × 10−22 dyne · cm2 and the twist modulus is 3.9753 ×
10−22dyne · cm2. Note that this choice is made for comparison with [1] and not to
model a real bacterial flagellum.

As pointed out by an anonymous reviewer, the methods of this section do not
address the issue of bend-twist coupling, i.e., whether there might be a term in the
elastic energy density of the form BκΩ. Such a term may indeed be present because
the helical architecture of our model filament has a definite handedness. As mentioned
above, however, we have tried spinning the filament in both directions to see whether
we can detect any difference in behavior related to the handedness of the filament,
and we cannot. This suggests that bend-twist coupling does not play a significant
role in the present study.

6. Results and discussion. Since the research described here was inspired by
[1], we summarize the main results of that paper for comparison with results reported
below. Let ω be the angular frequency of rotation of the filament about its centerline.
The principal result of [1] is the existence of a critical frequency ωc at which a change
in stability occurs. For ω < ωc, the motion known as “twirling” is stable. In twirling,
the centerline of the filament is straight and the filament (although twisted) rotates
as a rigid body about its centerline at the angular velocity ω < ωc. For ω > ωc, the
twirling motion is unstable and is replaced, according to [1], by a more complicated
motion known as “whirling.” In whirling, the centerline of the filament is bent, and
the centerline rotates around the symmetry axis of the whole system at an angular
frequency χ which is different from ω. The motion of the filament is therefore not that
of a rigid body. For ω−ωc small and positive, the prediction of [1] is that the filament
will be only slightly bent, the amplitude of the bend increasing with

√
ω − ωc.

According to [1] the critical frequency ωc and crankshafting frequency χc when
ω − ωc is small and positive are given approximately by

ωc � 0.563

(
af

Lf

)2
EY

µ
= 0.563

4

π

(
1

afLf

)2
A

µ
,(6.1)

χc � 20.9

(
af

Lf

)2

ωc.(6.2)
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Table 2

Motor frequency and dynamical motions.

motor frequency dynamical motion

1.6949 Hz twirling

2.7397 Hz twirling

2.7855 Hz twirling

2.8249 Hz overwhirling

2.9126 Hz overwhirling

3.4364 Hz overwhirling

In these formulae, af and Lf are radius and length of the filament, respectively,
EY is the Young’s modulus of the filament material, and µ is the dynamic viscosity
of the surrounding fluid. The constant A is the bending modulus of the filament (see
previous section), which is related to the other parameters by A = π

4 a
4
f EY.

Inserting the numerical values used in this work (af = 1.15 × 10−6 cm, Lf =
2.782×10−5 cm, A = 6.1278×10−22 g · cm3/s2, µ = 0.01 g/(cm · s)) yields the following
predicted values for ωc and χc:

ωc = 62.0299/s= 9.8724 Hz,(6.3)

χc = 3.2020/s = 0.5096 Hz.(6.4)

(Recall that ω and χ are angular frequencies, which must be divided by 2π to get
frequencies in Hz = cycles per second.)

In our numerical experiments, we find a critical frequency ωc which is about 3.5
times smaller than the predicted value ωc above. For low turning rates ω < ωc, the
initially bent state of the filament comes back towards a straight state, and the fila-
ment rotates about its centerline as a rigid body; i.e., the twirling motion is stable as
in [1]. However, for ω > ωc, we find a new phenomenon which we call overwhirling.
In overwhirling, the bend of the filament increases dramatically to the extent that
the free end of the filament goes below the motor. Also, although we do see the
crankshafting phenomenon while the bend of the filament is small, the crankshafting
frequency increases as the bend increases, and it appears that the crankshafting fre-
quency χ may even approach the motor frequency ω once overwhirling becomes fully
developed. (We have not checked this carefully, since very long computer runs would
be required.) We never see the steady whirling motion when ω > ωc.

Table 2 shows the dynamical motion that results depending on the motor fre-
quency. (Here, the motor frequency is not an input variable but an output variable.
After we apply the motor force to the motor part we measure the actual angular
frequency of the motor. In order to be reasonable we choose the time interval after
the first few seconds and before big changes happen; see Figure 9.)

Note that the critical frequency lies between the rotation rates 2.7855 Hz and
2.8249 Hz, which differ by less than 2%. Since the twirling motion and the over-
whirling motion are completely different, this means the behavior of the filament is
very sensitive to the rotation rate near the critical frequency ωc.

Figure 10 shows the twirling motion. The first three snapshots (a)–(c) are side
views of the motion, showing that the bent filament becomes straight, and the follow-
ing six frames (d)–(i) are viewed from the nonmotor part looking along the symmetry
axis of the filament. Fluid markers are spread around the filament and leave the trails
showing their trajectories.
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Fig. 9. Measuring motor frequency.

Figure 11 shows the overwhirling motion. The free end of the filament lags behind
the part closer to the motor end; see the first six frames (a)–(f). Once the free end of
the filament “falls down,” the motion of the filament continues to be as shown in the
last three frames (g)–(i).

To determine the nature of the bifurcation that happens as the motor frequency
ω crosses the critical frequency ωc, we choose a particular torque such that the motor
frequency during twirling was 2.7397 Hz (see Table 2), which is slightly below the
critical frequency, and apply this torque to the filament with various initial bends. At
the chosen frequency, for small initial bend the filament straightens out into a twirling
motion, but for large enough initial bend, the filament goes into an overwhirling
motion. Since all parameters are the same except for the initial conditions, this
demonstrates bistability which is characteristic of a subcritical bifurcation [17]. In
[1] it is stated that the bifurcation is supercritical and hence that small-amplitude
whirling motions are stable for frequencies slightly above the critical frequency. In
our study, stable small-amplitude whirling motions are never seen.

One possible reason for the difference between our results and those of [1] is that [1]
uses a local model of fluid drag based on slender body theory applied to each segment
of the filament separately, without taking into account the interaction between two
different parts of the filament through the fluid. That interaction is, of course, included
in our simulations. Another possibility, however, suggested by Wolgemuth, is that the
discrepancies are most likely because the authors of [1] analyzed the weakly nonlinear
theory rather than the full nonlinear problem. Indeed, Wolgemuth has since done
fully nonlinear numerical computations concerning the model defined in [1] and has
found a stable steady state closely resembling our overwhirling state (unpublished).

One of the features of small-amplitude whirling reported in [1] is the pumping of
fluid in the axial direction. This happens because the filament takes on a slightly he-
lical configuration during whirling. Even though whirling does not persist indefinitely
in our simulations (it either relaxes to twirling or breaks down into overwhirling),
during the interval of time that the motion looks like whirling, we do indeed see the
pumping phenomenon, as shown in Figure 12. In this figure, which corresponds to the
bistable case described above, the initial bend of the filament is close to the critical
initial bend, so that whirling persists for a reasonable amount of time. During this
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Fig. 10. Twirling motion.

time, we see that fluid markers are moving up along the filament, which is pumping
fluid along its axis. Compare with Figure 10(a)–(c), which shows that fluid markers
rotate but stay around the filament.

In all of the studies described so far, the model filament is a network of linear
(Hookean) springs. One may wonder whether the results would change qualitatively
if nonlinear material properties were considered. In particular, one might think that
nonlinear material properties could, by opposing large deformations, stabilize the
whirling motion and prevent the sudden transition to overwhirling. To test this hy-
pothesis we considered two different length-tension relationships besides the linear
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Fig. 11. Overwhirling.

T = S0(L− L0) that was used in the studies reported above. These are

T1 = S0
λ

π
tan

(π
λ

(L− L0)
)

(6.5)

or

T2 = S0λ

(
exp

(
L− L0

λ

)
− 1

)
,(6.6)

where λ is an input parameter. Note that (dT1/dL)L=L0
= (dT2/dL)L=L0

= S0, so
that both of these nonlinear springs have the same resting stiffness as the linear spring.
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Fig. 12. (a) Initial configuration, (b) and (c) are snapshots at time t in seconds. Fluid markers
are spread around the filament and show their trajectories.

Table 3

Computational parameters.

Computational parameters

Fluid grid 64 × 64 × 64

Computational domain (cubic) 460 nm × 460 nm × 460 nm

Meshwidth, h 7.1875 nm

Duration, �t 5 × 10−6 sec

Stiffness, S0 0.0001 dyne/cm

For large λ, both of these springs become approximately linear, and their nonlinearities
get more pronounced as λ is made smaller. The nonlinear spring described by (6.5)
resists both extension and compression more strongly than a comparable linear spring,
whereas the nonlinear spring described by (6.6) resists extension more strongly but
compression less strongly than a comparable linear spring. Although these changes
in material properties can change an overwhirling case into a twirling case, they do
not stabilize the whirling motion, and the qualitative fact that we see only twirling
or overwhirling remains unchanged.

The computations reported here are very demanding. The principal numerical
parameters are summarized in Table 3. A typical computation required 3 × 106 time
steps at 1.26 cpu sec per time step, on an SGI origin 2000 computer, for a total of
43.75 days cpu time. Because of this, it was not practical to refine the computational
mesh beyond the 64 × 64 × 64 grid used to obtain the results reported here.

7. Summary and conclusion. This paper uses the immersed boundary (IB)
method to study the stability of a spinning elastic filament in a viscous fluid. A
structural model of the filament based on the microscopic architecture of bacterial
flagella is used. Macroscopic bending and twist moduli of this structure are determined
computationally for comparison with other studies such as [1] that are based on these
parameters. The coupled equations of motion of the spinning elastic filament and the
viscous fluid are formulated and solved by the IB method.

A surprising conclusion of our study is the existence of a sharp transition between
two drastically different motions: twirling and overwhirling. In twirling, the filament
configuration is straight, but in overwhirling it is bent through more than 180o. We
have seen this transition occur as a consequence of change in the spinning frequency
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of only 2%. Presumably, the transition is sharp and an arbitrarily small change in
frequency across the critical frequency would suffice. This large change in amplitude
as a consequence of a small change in a bifurcation parameter is the hallmark of a
subcritical bifurcation.

We have confirmed the subcritical nature of this bifurcation by demonstrating
another of its characteristic features: bistability at spinning frequencies just below
the critical frequency. At such a subcritical frequency, we have shown that small-
amplitude initial bends relax to twirling, whereas larger amplitude initial bends grow
into overwhirling. Thus twirling and overwhirling coexist as possible stable dynamical
states in an interval of subcritical spinning frequencies.
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