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Abstract

The collision of billiard balls is influenced by their spin. This influence is a conse-
quence of friction that acts during the very brief time that the balls are in contact.
Here we use the Coulomb friction law, which is especially convenient because it
does not require knowledge of the area of contact. In center-of-mass coordinates,
we solve the general problem of the collision of identical billiard balls in 3D.
When sliding friction is the only dissipative mechanism, we are able to express
the outgoing state of the balls unambiguously in terms of their incoming state.
When there is additional dissipation associated with compression of the balls dur-
ing the collision, there is a one-parameter family of solutions depending on the
extent of this additional dissipation.

Formulation in Center-of-Mass Coordinates

We consider two identical billiard balls, denoted A and B, each with mass m,
radius r, and scalar moment of inertia amr2, where « is a dimensionless constant
that depends on the radial mass distribution. The coefficient of sliding friction
between the two balls will be denoted .

At the moment of collision, the surfaces of the two balls are tangent to each other,
and the point of contact is the center of mass of the system, since the balls are
identical. We choose our frame of reference and our coordinate system within
that frame so that the center of mass of the system is fixed at the origin. We also
choose the z axis so that it goes through the centers of both balls at the moment of
collision, with the center of ball A at x = —r and the center of ball B at x = +r.
The common tangent plane to the spherical surfaces of the two balls at the point
of contact at the moment of collision is the plane x = 0.

Since the center of mass of the system is at rest and the balls are identical, the
velocity of ball B is minus the velocity of ball A, and this is true at all times,
before, during, and after the collision.



We denote the velocity of ball A by U = (U, V, W), and then the velocity of ball
B is —U. The angular velocities of the two balls are denoted Q" = (Q2, Q8 Q2)

and Q° = (QF, Q8 0F).

Equations of Motion During the Collision

We envision the collision as taking place during a short time interval (0, 7). This
time interval is so brief, and the balls are so nearly rigid, that the geometric ar-
rangement of the balls (two spherical balls that touch at the origin with their cen-
ters at £7 on the x axis) can be thought of as remaining constant during the col-
lision. The velocities and angular velocities of the two balls are changing rapidly,
however, during (0, 7), and we shall derive differential equations that govern how
they change.

Let f(t) > 0,t € (0,7) be the magnitude of the normal force of one ball on the
other during the collision. This force is applied at the point of contact (i.e., at the
origin) in the negative x direction to ball A and in the positive z direction to ball
B. Note that this force does not result in any torque about the center of either ball.

According to Coulomb’s law of sliding friction, the magnitude of the frictional
force of either ball on the other is 4. f (£). This force acts at the origin in a direction
that is tangent to the plane z = 0. To find the specific dirction within this plane
in which the frictional force acts, we need to evaluate the relative velocity of the
material surfaces of the two spherical balls at the point of contact.

The velocity of a material point on the surface of ball B that happens to be at the
origin at any time during the collision is given by

U+ (9° x (-rey)) (1)

where e, is a unit vector in the positive x direction, since (—rey) is the vector
from the center of ball B to the origin. Similarly, the velocity of a material point
on the surface of ball A that happens to be at the origin at any time during the
collision is given by

U + (2% x (rey)) . )

Subtracting (2) from (1) and projecting the result onto the plane x = 0 we get the
tangential velocity of the surface of ball B relative to that of the surface of ball A



as follows:
—2(0,V,IW) —r(Q x &) = —(0,2V +rQ,, 2W — rQy), 3)
where we have made the definition
Q=0"+0" 4)

and of course the components of §2 are (), €}y, 2,.

It will be useful to rewrite the vector (3) in polar form. To do this, we let S > 0
and 6 be implicitly defined by

2V 4+1rQ), = Scosb, (5)
2W —rQy = Ssinb. (6)

and then let the unit vector e be defined by
e = (0,cos6,sinf) (7)

Then the relative velocity defined by (3) becomes —Se, in which S is the sliding
speed and —e is a unit vector in the direction of sliding of the surface of ball B
relative to that of ball A at the point of contact. Therefore, the frictional force of
ball B on ball A during the collision is 1. f (t)(—e). Combining this with the normal
force, we get the following equation of motion for U(¢) during the collision:

mE = ~f(tes — ni(e. ®)

We shall see later that the unit vector e, and the angle ¢ on which it depends, are
constants of the motion, but for now we allow for the possibility that they depend
on time. The sliding speed S of one ball on the other is not constant, and its time
dependence will be determined below.

We now turn our attention to the changes in the angular velocities of the two balls
during the collision. The torque applied by ball B to ball A about the center of
ball A is

(+rex) x (—enf(t)), 9)
and the torque applied by ball A to ball B about the center of ball B is
(—rex) x (+enf(t)). (10)
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Note the important fact that these torques are equal (not opposite). The forces
have opposite sign, but this is canceled by the opposite sign of the two vectors
from the centers of the balls to the point of contact, where the forces are applied.

It may seem worrisome, if these torques do not cancel each other, how can angular
momentum be conserved? Note, however, that the total angular momentum of the
system involves not only the spin angular momenta of the two balls, but also their
orbital angular momenta with respect to the center of mass of the whole system.
A formula for the total angular momentum will be given later, and it will be left
to the reader to verify that the incoming angular momentum and the outgoing
angular momentum are equal.

From the two equal torque expressions (9) and (10) we get the equations of motion
for Q* and Q°:

=amr‘—— = —urf(t) (e x e). (11)

From equation (11), we can see that the following are all constants of the motion
during the collision:
Qr —QF 04 OF (12)

By adding the two forms of equation (11) and then dividing both sides by ams?,

we get

i 2uf(t)

el s AN : 1

== o x eft) (13
We now have equation (8) for dU/dt and (13) for dQ2/dt. Since Q* — QP is a
constant of the motion during the collision, and since 2 = QL+ QB by definition,

we can always solve for Q* and QP separately if we know 2.



In components, equations (8) and (13) read as follows:

dU

- - _ 14
mo f(t), (14)
m% = —uf(t)cosb, (15)
m% = —puf(t)sinb, (16)

dS)y

= 17

pr 0, (I7)

a2 g (18)

dt amr

Q 2

diY, = — 2A0) cosf. (19)

dt amr

We can use these equations, together with equations (5-6), which implicitly define
S(t) and 6(t) to derive equations for dS/dt and df/dt. To do so, we differentiate
with respect to ¢ in (5-6) to obtain

d v dQ,
7 (Scosf) = 2% +r o
_ o) (1 + 1) cos b, (20)
m (8%
d, . . AW dQ,
E (S Sin 9) = ﬁ — ’T’W
- M(ljt >sm9 Q1)
(8]

To obtain the last line of (20), we used equations (15) and (19), and to obtain
the last line of (21) we used equations (16) and (18). By writing out (S cos f)
and : (S'sin 0) in the foregoing, we get a pair of equations that can be solved for
s/ dt and df/dt. The results are

ds__,pflt) (1+1), 22)
dt m «
do



Outgoing State in Terms of the Incoming State

With 6 constant, it is straightforward to integrate equations (14-19) over (0, 7)
with the following results:

U(r)—=U(0) = _EP’ (24)
V(r) - V() = —%PCOSH, (25)
W(r)—W(0) = —%Psin@, (26)
Ox(1) —Q(0) = 0, (27)
0, (r) = 0,(0) — ai’jrpsme, (28)
Q,(1) — Q,(0) = —(j;:rPcos@, (29)
where -
P = / f(t) dt (30)
0

The parameter P, with units of momentum, is called the impulse of the collision.
We shall see later to what extent P can be determined.

Now recall that Q = Q* + QP and also that Q* — QB is constant. Because of
these relationships, equations (27-29) imply

(1) - 2*0) = 0, GD
AB AB _ _H '
Q) (1) — Q) 0) = amrp sin 6, (32)
QMB(T) —QMB(0) = — P peos 0, (33)
amr

Equations (24-26) and (31-33) determine the outgoing state of the system in
terms of the incoming state provided that the two parameters ¢ and P are known.
In fact, the parameter 6 is itself determined by the incoming state. To see this,
evaluate equations (5-6) at ¢ = 0. This gives

2V (0) +rQ,(0) = S(0)cosb, (34)
2W(0) —rQy(0) = S(0)sinb, (35)



in which S(0) > 0. This uniquely defines S(0) and 6 (except of course that one
can always add any multiple of 27 to ) in terms of the incoming state of the
system. Note that we could alternatively have obtained an equation for # in terms
of the outgoing state by evaluating equations (5-6) at £ = 7. We leave it as an
exercise for the reader to show that the same result is obtained either way. The
proof of this requires the use of equation (22) to relate S(7) to S(0).

Another good exercise for the reader is to verify that the incoming and outgo-
ing angular momenta are the same. During the collision, the angular momentum
of the whole system with respect to its center of mass is given by

L = amr’Q* + amr?QB + ((—re,) x (mU)) + ((re,) x (m(=0U))), (36)

and this vector should be the same at¢ = Qasatt = 7.

Conservation of Energy
and Evaluation of the Impulse of the Collision

Because we are working in center-of-mass coordinates and the balls are identical,
their translational kinetic energies are the same as each other at all times, but their
rotational kinetic energies may be different. Thus, the kinetic energy of the whole
system is given by

1 1 1
Ex = 2§m||U||2 + §ozmr2HQAH2 + §ozmr2||QBH2

1 1 1
= 2§m||U||2 + Zamr2||QA + Q5|12 + ZamrzﬂﬂA - QF12 (37

It is useful to express the kinetic energy in the second way because Q* — QP is
a constant of the motion, so the term involving Q* — QP does not change during
the collision. Also, we have already determined how the quantity Q = Q* + QP
varies during the collision, see equations (27-29).

The heat generated by the collision is given by

= m([UO)F - U@)]*) + iamrz () = lI2n)1*) . (38)
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From equations (24-29) we have the following:

2
U*(r) = UZ(O)—QU(O)§+<§) , (39)
2
V2r) = v(0) —2v ()Pl e (5) cos? 0, (40)
m m
. 2
W2r) = W20) — 2w (o) sml L e <£) sin? 0, 1)
m m
%) = 9(0), (42)
pPsing 4% (P\* |
Q1) = QF(0) + 49(0) ———t (E) sin’ 6, (43)

2 2
Q2r) = 02(0) — 40,0yt n (5) cos0.  (44)

amr ar? \'m
Substituting these results into equation (38) for H, we get
H = 2U(0)P
+ p(2V(0) + r€,(0)) P cos 6
+ p(2W(0) — &Yy 0))P sin @

(e (el

This can be written more succinctly in terms of S(0) by making use of equations
(34-35) together with the identity that cos? # + sin? # = 1. The result is

H = (2U(0) + pS(0)) P — (1 + 1 (1 - é)) %2 (46)

Note that 1 is the total amount of heat that is generated by the collision. The
amount of heat that is generated specifically by the sliding friction will be denoted
Hg; and is given by

(45)

SW

Ha= [ uf@sa @)

since pf(t) is the magnitude of the frictional force, and S(¢) is the speed with
which the surface of one ball is sliding over the surface of the other at the point of
contact. To evaluate Hg;, we use equation (22) for d.S/dt, from which we obtain

() = 5(0) ~ 2 (1 + é) /O ey (48)
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Substution of this formula for the relative sliding speed S(t) into equation (47)
yields the following formula for Hgg:

He = pS(0) /OTf(t) g — 22 (1+$) /OTf(t) /Otf(t’) d di

m
212 1N1 (7 d ! ?
= uSO)P——(1+—) = — ') dt’ dt
uS(0) m(+a>2/0dt<</of() )
1\ P2
:;£@P—ﬁ<k%0—a (49)
a) m
Combining this with (46) we get the simple result that
P2
H— Hg =2U(0)P — ot (50)

Note that all of the terms involving the friction coefficient i have cancelled out.

Now we consider two different cases. In the first case, we assume that the only
dissipative mechanism is sliding friction. Then H = Hg and (50) becomes an
equation for P:

P2

0=2U(0)P — —. 51

m
The solution P = 0 would mean that there is no collision at all, so we reject this
and then the only possibility is

P =2mU(0). (52)

This is the expected result for an elastic collision. What is interesting here is that
the result is unchanged by the presence of sliding friction, even though kinetic
energy is then not conserved. With P given by (52), we have completely deter-
mined the outgoing state of two billiard balls in terms of their incoming state, see
equations (24-35).

In the second case, we assume that there is also dissipation associated with the
mechanism that generates the normal force f(t), which physically comes from
the slight compression of the balls when they are in contact. Without specifying
that mechanism, the most we can say is that we have the inequality

H > Hsfra (53)
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since the total heat generated is now the sum of two positive terms, one of which
is Hg., and the other is the heat generated during the compression and expansion
of the two balls. Applying this inequality to equation (50) we get
P2
0<2U0(0)P — —. (54)

m

Since P > 0, this is equivalent to
P < 2mU(0). (55)

On physical grounds, we also require mU(0) < P. Otherwise the outgoing value
of U would have the same sign as the incoming value, see (24), and this would
mean that the two balls go through each other, which is clearly impossible. Thus,
we may conclude that

mU(0) < P < 2mU(0). (56)

Within this range, we have a one-parameter family of possible outcomes. These
are the allowed values of P when there is dissipation associated with the com-
pression and expansion of the two balls during the collision. The borderline value
P = 2mU(0), which is not allowed by (56), is the value of P that was found
above for the case in which the only dissipative mechanism is sliding friction.

An important restriction on the foregoing analysis is that S(¢) should not become
negative during the collision. Recall that dS/dt < 0, see equation (42), and if
S(t) = 0atsometimet € (0, 7) then the surfaces of the two balls are momentarily
at rest with respect to each other at that time, and a new phenomenon, namely
static friction, comes into play. This makes our analysis inapplicable beyond such
a time. Thus, we should impose the restriction that S(7) > 0, and from (48) this
is equivalent to

2
0<S0) - £ (1 v —) P (57)
This needs to be checked in any particular case to see whether the above results

are applicable or not. Since P is not part of the given data but is restricted by (56),
we can adopt a worst-case point of view and impose the condition

2 1

0<S(0) -2 (1 + —) 2mU(0), (58)
m (6%

which implies (57) because of (56).
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Special Case of a Rolling Ball Striking a Ball at Rest

Here we consider the special case in which a billiard ball (A) that is rolling without
slipping on a table strikes another identical billiard ball (B) that is at rest on the
table. Let the plane of the table be z = —r so that when balls are on the table
their centers are in the plane z = 0. Let the ball that is initially at rest have its
center at the point (7,0, 0) prior to the collision. The ball that is initially rolling
has the lab-frame velocity of its center of mass equal to (u, v, 0). The rolling ball
has been aimed in such a way that it will strike the other ball when the center of
the rolling ball is at (—r, 0, 0). Thus, the point of contact is the lab-frame origin.
Since the moving ball is rolling without slipping its angular velocity vector prior
to the collision is given by

0% = (—v,u,0)/r, (59)
and of course Q® = 0 prior to the collision.

Now we change to center-of-mass coordinates with the two systems of coordinates
having their corresponding axes parallel, and also having origins that coincide at
the moment of collision. The incoming velocity of ball A in the center-of-mass
system is (u,v,0)/2 and the incoming velocity of ball B in the center-of-mass
system is —(u, v, 0) /2. The angular velocities are the same in the center-of-mass
system as in the laboratory frame.

We consider the case in which the only dissipative mechanism is sliding friction,
so that
P =2m(u/2) = mu. (60)

The parameters S(0) and 6 are evaluated from equations (5-6) which in the present
case become

v = 5(0)cosf (61)
—u = S(0)sind (62)

Thus, S(0), which by definition is the speed with which the surface of one ball
is sliding over the other as the collision is initiated, turns out to be equal to the
lab-frame speed of the rolling ball. We denote this speed by s in the following, so

that
S(0) = s =Vu?+ 02 (63)
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Then

cosf = (64)

» | S

(65)

sinf =

|
C”‘:

We now have everything we need to evaluate the outgoing states of the two balls.
The center-of-mass outgoing velocity of ball A (which is minus the center-of-mass
outgoing velocity of ball B) is obtained from equations (24-26):

U(r) = g—u, (66)

V() = 5 -n— 67)
u2

W) = (68)

To get the lab-frame outgoing velocities for ball A from these results, we simply
add the vector (u/2,v/2,0). Thus, the lab-frame outgoing velocity of ball A is

(0,v — puv/s, pu®/s) (69)

To get the outgoing velocity of ball B, we first change the sign of the results in (66-
68) to get the outgoing velocity of ball B in center-of-mass coordinates, and then
we add (u/2,v/2,0) to convert to lab-frame coordinates. The outgoing velocity
of ball B in lab-frame coordinates is

(u, puv /s, —pu?/s) (70)

Note that total linear momentum has been conserved, since it is equal to m(u, v, 0)
both before and after the collision. It is interesting that the outgoing velocities
include vertical components. The consequences of this will be discussed below.

We still need to evaluate the outgoing angular velocities of the two balls. Here,
there is no distinction between the lab frame and the center-of-mass frame. Also,
the change in angular velociy is the same for both balls, see equations (31-33).
In the present special case, these equations give the following change in angular

velocity: i
(O,——,——) . (71)



Since the incoming angular velocity of ball B is zero, the vector (71) is equal to
its outgoing velocity. For ball A, however, we must add the change (71) to the
incoming angular velocity of ball A, which is (—v,u,0)/r. Thus, the outgoing
angular velocity of ball A is

(_279 ~ &_ﬂ) 72)

Complications Associated with the Table

In the foregoing, we did not consider the influence of the table at all, except in
setting up the incoming conditions in which one of the balls is rolling without
slipping. There are three separate influences of the table that should be considered,
and we discuss them here.

The first question is whether friction with the table plays a role during the collision
itself. The table applies a normal force to either ball, and thus there is also a fric-
tional force whenever the contact point of a ball with the table is slipping. Prior to
the collision, the normal force on either ball is mg, so the frictional force, if any
slipping should occur, is uymg, where uyy is the coefficient of friction between
the ball and the table. Since the table is much softer than the ball, we assume that
the collision will be over before this force has time to change appreciably, and
therefore its consequences during the collision itself will be O(7) and therefore
neglibible in comparison to the impulse of the collision. Thus, we are need only
worry about the post-collisional influences of the table. This simplifies the matter
in two ways: First, it means that we can use the outgoing velocities and angular
velocities found above as initial conditions for the post-collision epoch; and sec-
ond, it means that we can consider separately the influence of the table on each of
the balls.

Recall that the outgoing velocities of both balls have a vertical component, with
ball A having upward velocity and ball B having downward velocity. This means
that ball B is immediately colliding with the table, and that ball A will leave the
table briefly and collide with the table on its way down. In either case, we have
the collision of a spinning ball with a table, and such a collision can be analyzed
in much the same manner as the collision between two balls. Since the table is
soft, it may be a realistic idealization to assume that the impulse of the collision
is as small as possible, so that no bounce occurs. In that case, ball B loses its
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vertical velocity immediately, and ball A loses its vertical velocity upon its first
return to the surface. These (inelastic) collisions with the surface also involve
changes in angular velocity and in the horizontal components of velocity that can
be calculated, but we omit the details.

Once the vertical velocity component has been eliminated, the situation for either
ball is that its center of mass is moving horizontally, and the ball has some angular
velocity as well. Unless the velocity and angular velocity are related in a very
particular way, there is slip between the ball and the table at their point of contact,
and by evaluating this slip and the associated frictional force we can obtain a
differential equation for the evolution of the velocity and angular velocity of the
ball. Note that both the velocity and the angular velocity are influenced by the
frictional force, and the overall effect after some finite (!) time is to bring the ball
into a state in which it is rolling without slipping.

The missing details of the foregoing are left, for now, as an exercise for the reader!
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