FROM THE BOLTZMANN EQUATION
TO AN INCOMPRESSIBLE
NAVIER-STOKES-FOURIER SYSTEM

C. DAVID LEVERMORE AND NADER MASMOUDI

ABSTRACT. We establish a Navier-Stokes-Fourier limit for solu-
tions of the Boltzmann equation considered over any periodic spa-
tial domain of dimension two or more. We do this for a broad
class of collision kernels that relaxes the Grad small deflection cut-
off condition for hard potentials and includes for the first time the
case of soft potentials. Appropriately scaled families of DiPerna-
Lions renormalized solutions are shown to have fluctuations that
are compact. Every limit point is governed by a weak solution of
a Navier-Stokes-Fourier system for all time.

1. INTRODUCTION

We establish a Navier-Stokes-Fourier fluid dynamical limit for the
classical Boltzmann equation considered over any periodic spatial do-
main of dimension two or more. Here the Navier-Stokes-Fourier system
governs (p,u,#), the fluctuations of mass density, bulk velocity, and
temperature about their spatially homogeneous equilibrium values in
a Boussinesq regime. Specifically, after a suitable choice of units, these
fluctuations satisfy the incompressibility and Boussinesq relations

(1.1) V,-u=0, p+0=0;

while their evolution is determined by the motion and heat equations

(12) Ou+u-Vyu+ Vpp = vAu, u(z,0) = um(x) ,
DE2(0,0 4+ u-V,0) = kA0, 0(z,0) = 60" (z),

where v > 0 is the kinematic viscosity and £ > 0 is the thermal con-
ductivity.

This work completes the program laid out in [2, 3]. One of the cen-
tral goals of that program is to connect the DiPerna-Lions theory of
global renormalized solutions of the Boltzmann equation to the Leray
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theory of global weak solutions of the incompressible Navier-Stokes-
Fourier system (1.1-1.2). The main result of [3] for the Navier-Stokes
limit is to recover the motion equation for a discrete-time version of
the Boltzmann equation assuming the DiPerna-Lions solutions satisfy
the local conservation of momentum and with the aid of a mild com-
pactness assumption. This result falls short of the goal in a number of
aspects. First, the heat equation was not treated because the heat flux
terms could not be controlled. Second, local momentum conservation
was assumed because DiPerna-Lions solutions are not known to satisfy
the local conservation law of momentum (or energy) that one would
formally expect. Third, the discrete-time case was treated in order
to avoid having to control the time regularity of the acoustic modes.
Fourth, unnatural technical assumptions were made on the Boltzmann
collision kernel. Finally, a weak compactness assumption was required
to pass to the limit in certain nonlinear terms. The present work re-
moves all of these shortcomings. It builds upon the recent advances
found in [36], [19] and [24].

In [36] Lions and Masmoudi recover the Navier-Stokes motion equa-
tion with the aid of only the local conservation of momentum assump-
tion and the nonlinear weak compactness assumption that where made
in [3]. However, they do not recover the heat equation and they retain
the same unnatural technical assumptions made in [3] on the colli-
sion kernel. There were two key new ingredients in their work. First,
they were able to control the time regularity of the acoustic modes by
adapting an idea from [34]. Second, they were able to prove that the
contribution of the acoustic modes to the limiting motion equation is
just an extra gradient term that can be incorporated into the pressure
term. There are two reasons they do not recover the heat equation.
First, it is unknown whether or not DiPerna-Lions solutions satisfy lo-
cal energy conservation law. Second, even if local energy conservation
were assumed, the techniques they used to control the momentum flux
would fail to control the heat flux.

In [19] Golse and Levermore recover the Stokes-Fourier system (the
linearization of (1.1-1.2) about zero). There were two key new ingredi-
ents in their work. First, they control the local momentum and energy
conservation defects of the DiPerna-Lions solutions with dissipation
rate estimates that allowed them to recover these local conservation
laws in the limit. Second, they also control the heat flux with dissipa-
tion rate estimates. Because they treat the linear Stokes-Fourier case
in [19], they do not face the need either to control the acoustic modes
or for a compactness assumption, both of which are used to pass to the
limit in the nonlinear terms in [36].
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In the present work we recover the Navier-Stokes-Fourier system.
Our result goes beyond the results mentioned above by combining the
new ingredients from [36] and [19] with some new nonlinear estimates
and the new averaging lemma of [24]. More specifically, here we adapt
the control of the acoustic modes found in [36] and the dissipation rate
controls of both the heat flux and the conservation defects found in
[19]. Our new estimates allow us to treat a broader class of collision
kernels than was treated in either [36] or [19]. In particular, we treat
all hard potential cases and, for the first time in this program, soft
potential cases.

Here we do not use the fact proved in [37] that DiPerna-Lions renor-
malized solutions satisfy the formally expected local momentum con-
servation law up to the divergence of a nonnegative definite, matrix-
valued defect measure that is controlled by an entropy bound. There
are two reasons for this. First, unlike for the Stokes limit case treated in
[37], here the entropy bound does not give enough control of the defect
measure to allow us to conclude that it does not change the limiting
motion equation. Second, it is unknown whether or not DiPerna-Lions
solutions satisfy local energy conservation law up to the divergence of
a defect measure, or how to control such a measure should it exist.
In order to recover the heat equation we therefore develop estimates
that control the local energy conservation defects of DiPerna-Lions so-
lutions in the limit. These estimates do the same for the motion equa-
tion. This approach enables us to recover both the heat and motion
equation without imposing any regularity requirements on the limiting
Navier-Stokes-Fourier solution.

At the same time as this work was being carried out, Golse and
Saint-Raymond [23, 25] were able to recover the Navier-Stokes-Fourier
system without making any nonlinear weak compactness hypothesis.
In addition to building on the ideas in [36] and [19], their proof uses
the entropy dissipation rate to decompose the collision operator in a
new way and uses a new L' averaging lemma [24] (which has its origins
in [41, 42]) to prove the compactness assumption. Their result in [23,
25] is restricted to a narrow class of bounded Boltzmann kernels that
only includes the special case of Maxwell molecules with a Grad small
deflection cut-off from among all kernels that are classically derived
from an inter-particle potential. They have recently extended their
result to the case of hard spheres. The present work is complementary
in that it introduces estimates that apply to a broad class of cut-off
kernels and especially to soft potentials.

The next section and section 4 contain preliminary material regard-
ing the Boltzmann equation, including the formal scaling that leads
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from the Boltzmann equation to the Navier-Stokes-Fourier system as
well as the formal derivation. Section 3 contains some technical as-
sumptions about the collision kernel we consider. These assumptions
are satisfied by all classical collision kernels with cutoff. Section 5 re-
views the DiPerna-Lions theory of global solutions for the Boltzmann
equation [15] and the Leray theory of global solutions for the Navier-
Stokes-Fourier system. Section 6 presents precise statements of our
results and section 7 contains the proof of the main results modulo
four estimates: one that removes the local conservation defects, one
that controls the fluxes, one that controls the spatial regularity of the
fluctuations, and one that controls the time regularity of the acoustic
modes. Sections 8 through 13 establish these four estimates, thereby
completing our proof.
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2. BOLTZMANN EQUATION PRELIMINARIES

Our starting point is the Boltzmann equation. In this section we
collect the basic facts we will need about it. These will include its
nondimensionalization and its formal conservation and dissipation laws.

2.1. The Boltzmann Equation. Here we will introduce the Boltz-
mann equation only so far as to set our notation, which is essentially
that of [3]. More complete introductions to the Boltzmann equation
can be found in [11, 12, 17, 18].

The state of a fluid composed of identical point particles confined
to a spatial domain Q C RP is described at the kinetic level by a
mass density I over the single-particle phase space RP x Q. More
specifically, F'(v,z,t) dv dx gives the mass of the particles that occupy
any infinitesimal volume dv dx centered at the point (v,z) € RP x Q) at
the instant of time ¢ > 0. To remove complications due to boundaries,
we take €2 to be the periodic domain TP = RP /P, where L? C R is
any D-dimensional lattice.

If the particles interact only through a repulsive conservative inter-
particle force with finite range, then at low enough densities this range
will be much smaller than the inter-particle spacing. In that regime all
but binary collisions can be neglected when D > 2, and the evolution
of FF= F(v,z,t) is governed by the classical Boltzmann equation [12]:

(21) O F +v-V,F=B(F,F), F(v,2,0) = F™(v,2) > 0.

The Boltzmann collision operator B acts only on the v argument of F'.
It is formally given by

(22)  B(F.F) = / / (FIF — FyF) b(w, v — v) dwdoy
SD71><]RD

where v; ranges over R” endowed with its Lebesgue measure dv, while
w ranges over the unit sphere SP~! = {w € RP : |w| = 1} endowed
with its rotationally invariant measure dw. The F|, F', F}, and F ap-
pearing in the integrand designate F'(-, z,t) evaluated at the velocities
vi, V', vy, and v respectively, where the primed velocities are defined
by

(2.3) vy =v —ww- (v —v), V=v4ww (v —v),

for any given (w,vy,v) € SP~tx RP x RP. Quadratic operators like B
are extended by polarization to be bilinear and symmetric.

The unprimed and primed velocities are possible velocities for a pair
of particles either before and after, or after and before, they interact
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through an elastic binary collision. Conservation of momentum and
energy for particle pairs during collisions is expressed as
/|2

(2.4) vhv=v 4o, ol ol = P

Equation (2.3) represents the general nontrivial solution of these D + 1
equations for the 4D unknowns v}, v/, vy, and v in terms of the 3D — 1
parameters (w, vy, v).

The collision kernel b is positive almost everywhere. The Galilean
invariance of the collisional physics implies that b has the classical form

(2.5) b(w,v; —v) = v —v| X(|lw-n]|, vy —v]),

where n = (v;—v)/|v;—v| and X is the specific differential cross-section.
Technical conditions on b will be imposed in Section 3.

2.2. Nondimensionalized Form. We will work with the nondimen-
sionalized form of the Boltzmann equation that was used in [3]. That
form is motivated by the fact that the Navier-Stokes-Fourier system can
be formally derived from the Boltzmann equation through a scaling in
which the density F' is close to a spatially homogeneous Maxwellian
M = M(v) that has the same total mass, momentum, and energy as
the initial data F*. By an appropriate choice of a Galilean frame and
of mass, temperature and velocity units, it can be assumed that this
so-called absolute Maxwellian M has the form

1

(2.6) M(v) = e exp(—3[v]?).
This corresponds to the spatially homogeneous fluid state with its den-
sity and temperature equal to 1 and bulk velocity equal to 0. This
state is consistent with the form of the Navier-Stokes-Fourier system
given by (1.1-1.2).

It is natural to introduce the relative kinetic density, G = G(v, z, t),
defined by F' = MG. Recasting the initial-value problem (2.1) for G
yields

27)  cOG+vVG = 10(G,G),  Glo,x,0) = G(v, 7).
€

The positive, nondimensional parameter e is the Knudsen number,
which is the ratio of the mean-free-path to the macroscopic length
scale determined by setting the volume of TP to unity [3]. The colli-
sion operator is now given by

(2.8)  Q(G,G) = // (G1G' — G1G) b(w,v; — v) dw M;dvy .
SD—-1xRD
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Under the assumptions we will make in Section 3, the nondimensional
collision kernel b can be normalized so that

(2.9) /// b(w, vy —v)dw Mydvy Mdv = 1.
SP-IxRPxRP

Fluid dynamical regimes are those where the mean free path is small
compared to the macroscopic length scales — i.e. where the Knudsen
number € is small. The long-time scaling in (2.7) is consistent with a
formal derivation of either the Stokes-Fourier or Navier-Stokes-Fourier

systems [2].
This nondimensionalization has the normalizations
(2.10) Mdv=1, / de =1,
RD TD

associated with the domains R” and TP respectively, (2.9) associated
with the collision kernel b, and

// G"™ Mdvdzr =1, // vG" Mdvdzr =0,
RDXTD RDOXTD
// PG Mdvde =2
RDXTD

associated with the initial data G™.
Because Mdv is a positive unit measure on R?, we denote by (£)
the average over this measure of any integrable function £ = £(v):

(2.12) € = | &) Mdo.

Because dy = b(w, v1 — v) dw M;idv; Mdo is a positive unit measure on
SP=1x RP x RP, we denote by (E) the average over this measure of
any integrable function = = Z(w, vy, v):

s @ Fenn

The collisional measure dy is invariant under the transformations

(2.11)

(2.14) (w,v1,v) — (w,v,v1), (w,v1,v) — (w,v7,0).
These, and compositions of these, are called collisional symmetries.

2.3. Formal Conservation and Dissipation Laws. We now list
for later reference the basic conservation and entropy dissipation laws
that are formally satisfied by solutions of the Boltzmann equation.
Derivations of these laws in this nondimensional setting are outlined in
3], and can essentially be found in [11] (Sec. I1.6-7), [17] (Sec. 1.4), or
[18].
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First, if G solves the Boltzmann equation (2.7) then G satisfies local
conservation laws of mass, momentum, and energy:

e (G) +V,- (vG) =0,
(2.15) c(vG)+V,- (v@vG) =0,
€ (3|v|*G) + V- (v3|v|*G) = 0.

Integrating these over space and time while recalling the normalizations
(2.11) of G" yields the global conservation laws of mass, momentum,

and energy:
/T (G0 dr = /T (omydr=1,
(2.16) /T {0 G(1) dr = /T (G dr =0,

/TD@\UFG(t)) dz = /TD<%|U’2GM> dr=12.

Second, if G solves the Boltzmann equation (2.7) then G satisfies the
local entropy dissipation law

€8,((Glog(G) — G+1)) + V,- (v(Glog(G) — G + 1))

(2.17) 1/1 GG’
- _ _1 ! ! _ < .
c( 7108 e (GG —G1G) ) <0
Integrating this over space and time gives the global entropy equality
1 /[t .
(2.18) H(G(t)) + 6—2/ R(G(s))ds = H(G™),
0

where H(G) is the relative entropy functional

(2.19) H(G) = / {(Glog(G) = G+ 1)) da

and R(G) is the entropy dissipation rate functional

(2.20) R(G) = /T ) <<i log(%) (GG - GlG)>> dz.
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3. TECHNICAL ASSUMPTIONS ON THE COLLISION KERNEL

In this section we state all the additional assumptions that we make
about the collision kernel b. These assumptions are satisfied by many
classical collision kernels. For example, they are satisfied by the col-
lision kernel for hard spheres of mass m and radius r,, which has the
form

(2r,)P~1 ‘

(3.1) b(w,v; —v) = |w-(v] — V)| 5

They are also satisfied by all the classical collision kernels with a small
deflection cutoff that derive from a repulsive intermolecular potential
of the form ¢/r* with k > Qg—:. Specifically, these have the form
(3.2) b(w, vy — v) = b(w-n) vy —v|® with 8=1-22=L

where b(w-n) is positive almost everywhere, has even symmetry in w,
and satisfies the small deflection cutoff condition

(3.3) /SD_ll;(w-n) dw < 00.

The condition k > Qg—: is equivalent to > —D, which insures that
b(w,v; — v) is locally integrable with respect to v; — v. The cases
6 >0, =0, and § < 0 correspond respectively to the so-called
“hard”, “Maxwell”, and “soft” potential cases.

The works of Golse and Saint-Raymond cover the case of Maxwell
potentials with a Grad small deflection cutoff [25], and the case of
hard spheres [26]. Their machinery allows the treatment of the case
of all hard potentials with a Grad small deflection cutoff. The Grad
small deflection cutoff is much more restrictive than the cutoff (3.3)
which merely guarantees the local integrability of b. Our work therefore
relaxes their small deflection cutoff condition for hard potentials and
treats for the first time the case of soft potentials.

We have already stated that the collision kernel b is positive almost
everywhere and has the form (2.5) — assumptions clearly met by the
hard sphere and inverse power kernels given by (3.1) and (3.2). Our
additional assumptions on b are technical in nature — that is, they are
required by our mathematical argument. We therefore examine which
commonly studied physical collision kernels satisfy these assumptions.
We also give some consequences of these assumptions that will play an
important role in what follows.
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3.1. DiPerna-Lions Assumption. Our first assumption is that the
collision kernel b satisfies the requirements of the DiPerna-Lions the-
ory. That theory requires that b be locally integrable with respect to
dw Midv; Mdw, and that it moreover satisfies

1 _
lim ——— [ b(vy —v)dv; =0,
(34) U|—>001+|U|2/};‘{ ( 1 ) 1

for every compact K C R” |

where b is defined by

(3.5) b(v; —v) = /Sle(w,vl —v)dw.

Galilean symmetry (2.5) implies that b is a function of |v; — v| only.

Condition (3.4) is met by the hard sphere kernel (3.1) because in
that case b(v; — v) is proportional to |v; — v| and therefore grows like
|v| as |v| — oo. It is also met by the inverse power kernels (3.2) because
in that case b(v; — v) grows like |v|? as |v| — oc.

It is an immediate consequence of the DiPerna-Lions assumption that
the measure b(w,v; — v) dw Mydv; Mdv is finite. The nondimensional
kernel b can therefore be chosen to satisfy the normalization (2.9).

3.2. Attenuation Assumption. A major role in what follows will be
played by the attenuation coefficient a, which is defined by

(3.6) a(v) = / b(vy — v) Mydv, = // b(w,v; —v)dw Mydu; .
RD SD—1y3RD

A few facts about a are readily evident from what we have already
assumed. First, a must be positive and locally integrable. Because
(3.4) holds, one can show that

a(v)

. li =

Next, the normalization (2.9) implies that a satisfies

(3.8) / o Mdv =1,
RD

Finally, Galilean symmetry (2.5) implies that a is a function of |v| only.
Our second assumption regarding the collision kernel b is that a sat-
isfies a lower bound of the form

(3.9) Co(1+1v])" <afv),

for some constants C, > 0 and o € R.
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Condition (3.9) is met by the hard sphere kernel (3.1), for which
(3.9) is satisfied with av = 1, and by all the inverse power kernels (3.2),
for which (3.9) is satisfied with o = 3.

An immediate consequence of the attenuation assumption (3.9) is
that 2& € LP(aMdv) for every p € [1,00) whenever |£(v)| is bounded
above by a polynomial in |v|.

3.3. Loss Operator Assumption. Another major role in what fol-
lows will be played by the linearized collision operator £, which is
defined formally by

(3.10) ﬁgz—aguﬂmzz// (G+91—7d — 3,) bdw Mydu, .
SD—1yRD
One has the decomposition
1
(3.11) a£:I+IC——21C+,
where the integral operators K~ and KT are formally defined by

1
(3.12) K g= / g1 b(vy —v) Mydoy

(3.13) g=— // (7' + g1) b(w, v —v) dw M;do, .
SD—14RD

We refer to K~ as the loss operator and K as the gain operator. For
every p € [1,00] it can be easily shown that

{ K* : LP(aMdv) — LP(aMdv)

3.14
(3.14) are bounded with ||| < 1.

The operator £ is therefore bounded from LP(aMdv) into itself for
every p € [1,00] with [|2£] < 4.
Our third assumption regarding the collision kernel b is that there
exists s € (1,00] and Cj, € (0,00) such that
b(v; — )

(3.15) (/RD a(vr) a(v)

We remark that this bound is independent of v. We may therefore take
C}, to be the supremum over v of the left-hand side of (3.15).
Condition (3.15) is met by the hard sphere kernel (3.1) and by the
inverse power kernels (3.2). We remark that for hard and Maxwell
potentials (2(D — 1) < k) condition (3.15) is satisfied with s = oo,

1
S S

CL(Ul) Mld’l)l) S Ob .




12 C.D. LEVERMORE AND N. MASMOUDI

taking the form
(3.16)

This is very similar to the bound assumed in [19]. For soft potentials

(257 < k < 2(D — 1)) condition (3.15) is satisfied for every s in the

interval 1 < s < D/(@—l). The case s € (1,00) in (3.15) therefore
allows these soft potentials to be considered.

Our third assumption (3.15) has several immediate implications for
the loss operator X~, which we now express formally as
(317) K:_g = K_<U1,U) §1 alMldvl >

RD

where the kernel K~ is given by
_ b(vy — v)
3.18 K = —".
1) ) = (o)

It is clear that K~ is symmetric (K~ (vy,v) = K~ (v,v1)) and positive
almost everywhere. An interpolation argument shows that whenever
there exist p,q,r,t € [1, 00| such that r <t and

(3.19) (O = (/ </ |K~ (vg,0)|" alMldm) ' aMdv) < 00,
RO \JRD

(3.20) %+%+%—1+%, p*,q €[],
then
(3.21) {lC_ : LP(aMdv) — Li(aMdv)

is bounded with ||™|| < C, .

Moreover, whenever r and ¢ in (3.19) are both finite then
(3.22) K~ : LP(aMdv) — L%(aMdv) is compact.

Here 1 + L = 1. Notice that assertion (3.22) follows from assertion
(3.21) because when [r, ] C [1, 00) the expression for C,; given in (3.19)
defines the norm for a Banach space of kernels in which finite-rank
kernels are dense.

Because aMdv is a unit measure, the assumed bound (3.15) clearly
implies that (3.19) holds with C,; < Cj, for every r € [1,s] and ¢ €
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[1,00]. Three immediate consequences of this are

593 K~ : LP(aMdv) — LP(aMdv)
(3:23) is compact for every p € (1,00),
(3.24) K~ : LP(aMdv) — LP (aMdv)
' is bounded with ||K™|| < G, for every p* € [1,2s],
K~ : LP(aMdv) — L (aMdv
(3.25) ' ( ) = L7 ( )
is compact for every p* € [1,2s).

The first of these follows from (3.22) by setting ¢ = p in (3.20) and
choosing r € (1, s| such that p, p* € [r,r*] and then setting ¢t = r*. The
second follows from (3.21) by setting ¢ = p* in (3.20) and observing
that as r ranges over [1, s] while ¢ ranges over [1, 00] then p* given by
1% = 3( 4 1) will range over [1,2s]. The last follows from (3.22) by
excluding the cases r = oo and t = oo from the preceding consideration.
3.4. Gain Operator Assumption. Our fourth assumption regarding
the collision kernel b is that

(3.26) K*: L*(aMdv) — L*(aMdv) is compact .

This condition is met by the hard sphere kernel (3.1) and by the cutoff
inverse power kernels (3.2) that derive from a repulsive intermolecular
potential of the form ¢/r*. For D = 3 this fact was demonstrated by
Hilbert [28] for hard spheres, by Grad [27] for hard potentials (k > 4)
with a Grad small deflection cutoff, and by Golse and Poupaud [22]
for soft potentials with £ > 2 with a Grad small deflection cutoff. For
general D this fact has recently been demonstrated by Sun [43] for
kernels (3.2) that satisfy the small deflection cutoff (3.3). Even when
D = 3 this extends the result of Golse and Poupaud for soft potentials
with Grad cutoffs to k > 1.

An immediate consequence of our fourth assumption (3.26) on the
gain operator K1 is that
{ K*: LP(aMdv) — LP(aMdv)

3.27
(3:27) is compact for every p € (1,00);

This assertion follows from (3.14) and (3.26) by interpolation.
When our gain operator assumption (3.26) is combined with our loss
operator assumption (3.15), we conclude that

(3.28) lﬁ : LP(aMdv) — LP(aMdo)
: a

is Fredholm for every p € (1,00);



14 C.D. LEVERMORE AND N. MASMOUDI

This assertion follows from the decomposition %E =TZ+K —2K™* given
by (3.11) because the operators K~ and Kt are compact by (3.23) and
(3.27).

3.5. Fifth assumption. Our fifth assumption regarding b will only be
used in section 9 to yield some compactness. It is stated in (3.29) :

(3.29) by(v; —v) < C(1 +ag(v1))(1 + ag(v)) for everyv;,v € R,

where az(v) and by (v) are defined by
(3.30)

ay(v) = / b (vy — v) My dvy = // by (w,v; —v) dwM;dv,
]RD SD_lxRD

and
by (w,v) = b(w,v), for |v| >V

(331) bH(U),'U) — min{b(W,U)7 C} , for |U| S %7

for some constants C' and V. We point out that for soft potential by is
bounded and hence (3.29) holds. Also, (3.29) is a simple consequence
of (3.15) if s = co. This assumption is hence satisfied by all classical
collision kernel. It is only needed in section 9 (see also the remark in
subsection 3.7).

3.6. Null Spaces. Here we characterize the null space of the Fredholm
operator £ considered over LP(aMdv) for every p € (1,00). One can
use the collisional symmetries (2.14) to show that £ is formally sym-
metric and nonnegative definite with respect to the L?*(aMdv) inner
product. In particular, for every g € L?*(aMdv) one shows that

o L a2
(332) (9L9) =1(@+an -9 -3))=0.

It can be shown from this (see for example [11], Chapter IV.1) that the
null space of 1£: L?(aMdv) — L*(aMdv) is span{1,v,,--- ,v,, [v]*}.
Our first, third, and fourth assumptions combine to show moreover
that for every p € (1, 00)

1
the null space of —L : LP(aMdv) — LP(aMdv)
(3.33) a

is given by Null(£) = span{1,v,, -+ ,v,, |v|*}.

Indeed, because our first assumption (3.4) implies that Null(£) C
LP(aMdv) for every p € [1,00), it is clear that Null(£) is contained
in the null space of 1£: LP(aMdv) — LP(aMdv) for every p € [1,00).
Because LP(aMdv) C L*(aMdv) for every p € [2,00), and because
the null space of 2£ : L?(aMdv) — L?(aMdv) is given by Null(£), it
therefore follows that the null space of £ : LP(aMdv) — LP(aMdv)
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is also given by Null(£) for every p € [2,00). Now observe that the
adjoint of £ over LP(aMdv) is 1L over LP" (aMdv). Because by (3.28)
these operators are Fredholm, their null spaces must have the same di-
mension. In particular, when p € (1, 2] the dimension of the null space
must be equal to the dimension of Null(£). It therefore follows that
the null space of £ : LP(aMdv) — LP(aMdv) is also given by Null(L)
for every p € (1,2].

3.7. Coercivity. We will make use of some coercivity estimates the
operator L satisfies. If we let A\ > 0 be the smallest nonzero eigenvalue
of %E considered over L?(aMdv) then one has the coercivity estimate

(3.34) Ma(Pyrg)?) < (gLg) for every g € L*(aMdv).

Here P = 7 —P, and P, is the orthogonal projection from L?(aMdv)
onto Null(£), which is given by

1 .
Taop) @9
of? — {a o)

+ oy — fapopye (el — @kl g)

(3.35)

This follows from the Fredholm property (3.28), the fact that éﬁ is
symmetric, and the characterization of Null(£) given by (3.33).

One can show that for some ¢ > 0 the operator L satisfies the coer-
civity estimate

(3.36) ({a(P*+§)*) <(gLg) for every g € L*(aMdv).

Here P+ = Z — P and P is the orthogonal projection from L?(Mdv)
onto Null(£), which is given by

(3.37) Pg= (@) +v-(vg) + (310 = F) (P -1) 7).

Indeed, assumption (3.9) ensures that P and P+ are bounded as linear
operators from L?(aMdv) into itself. Because P+ = PPl we then
have that every g € L?(aMdv) satisfies

||PL§||L2(aMdv) - HPLPngLQ(aMdv) < HPLHLQ(ULMdv)Hpj_gHL2(aMdv) ’

where le HL?(aMdv)

follows from (3.34) that we may take ¢ = /\/HPlH;(
Remark We will also use the operator

denotes the operator norm of P+. It therefore

3.36).

aMdv) in (

1
(3.38) — Ly : L*lagMdv) — L*(agMdv)

ag
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where we denote
(3.39) Lyg=—-20x(1,3) = // (G+91—7 —g1) by dw Mydwy .
SD—1xRD

The null space and coercivity properties also hold for the operator
Ly if we take C' big enough in (3.31). Indeed, since L?*(aygMdv) =
L?*(aMdwv), we just have to observe that iﬁH goes to %E in the oper-
ator norm when C' goes to infinity.

3.8. Pseudo-Inverse. We use a particular pseudo inverse of £ defined
as follows. The Fredholm property (3.28) implies that for every p €
(1, 00)
L: LP(aMdv) — LP(a*"PMdv) is bounded,
and that for every £ € LP(a'"?Mdv) there exists a unique £ € LP(aMdv)
such that R A
LE=PrE,  PE=0.
For every & € LP(a'PMdv) we define £71¢ = £ where ¢ is determined
above. This defines an operator £~! such that
L1 LP(aPMdv) — LP(aMdv) is bounded,

L7'L =P+  over LP(aMdv),

LL =Pt over LP(a'"PMdv),
and Null(£™') = Null(£). The operator £7! is the unique pseudo
inverse of £ with these properties.
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4. FORMAL DERIVATION OF THE NAVIER-STOKES-FOURIER
SYSTEM

The Navier-Stokes-Fourier system (1.1-1.2) can be formally derived
from the Boltzmann equation through a scaling in which the fluctua-
tions of the kinetic density F' about the absolute Maxwellian M are
scaled to be on the order of €. More precisely, we consider families of
solutions G, to the scaled Boltzmann initial-value problem (2.7) that
are parametrized by the Knudsen number € and that have the form

(4.1) G"=1+4eg™, Ge=1+¢€g.,

One sees directly from the Boltzmann equation (2.7) satisfied by G
that the fluctuations g. satisfy

1
(42) eatgs + U'nge + E‘Cge - Q(ge, ge) .

We assume that g. — ¢ formally, where g € L°°(dt; L*(Mdvdz)), and
that all formally small terms vanish.

4.1. Step One. The first step shows that the limit ¢ is an infinitesimal
Maxwellian. Upon multiplying (4.2) by € and letting ¢ — 0, one finds
that £Lg = 0. Because Null(£) = span{1,v,,--- ,v,, |v|*} and because
the limit ¢ is assumed to belong to L*(dt; L*(Mdv dr)), we conclude
that g has the form of a so-called infinitesimal Maxwellian — namely,
that

(4.3) g=p+vu+ (3P -2)0,
for some (p,u,0) in L>®(dt; L?(da; Rx RP x R)).
4.2. Step Two. The second step shows that (p,u,#) satisfies the in-

compressibility and Boussinesq relations. Observe from (2.15) that the
fluctuations g, formally satisfy the local conservation laws

€0i(ge) + Vi (vge) =0,
(44) eat<vge>+vx'<v®vge> :Oa
e@t<%|v|zg€> + V- (U%|v|29€> =0.

By letting € — 0 in these equations and using the infinitesimal Maxwell-
ian form of g given by (4.3), one finds that

Veru=0, Vi(p+6)=0.

The first equation is the incompressibility relation, while the second
says p + 0 is a function of time only. Upon then letting ¢ — 0 in the
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global energy conservation law of (2.16), one thereby concludes that

p+9=/ (p+9)dx=%/ (3lv[*g)dz = 0.
TD TD

Hence, (p,u,0) satisfy the incompressibility and Boussinesq relations
(1.1). The Boussinesq relation implies that the infinitesimal Maxwell-
ian form (4.3) of ¢ reduces to

(4.5) g=vu+ (3v)* - 22)0,
for some (u,6) in L°°(dt; L*(da; RP x R)).

4.3. The Key Idea. The next three steps show that the evolution of
(u, 8) is governed by the motion and heat equations. The difficulty here
is that when the local conservation laws (4.4) are written so that the
time derivatives are order 1, the fluxes become order 1/e. This difficulty
is overcome by the following strategy [2]. Observe that the momentum
and a linear combination of the mass and energy local conservation
laws from (4.4) can be expressed as

1 1
at<v ge) + _vﬂﬂ' <Age> + _vm<%|v|2ge> = 0,
(4.6) ¢ <
o3I~ 22) ) + 19 (Ba) =0,

where the matrix-valued function A and the vector-valued function B

are defined by

(47) A@)=v@uv— WP, B) = Lo - 22,

As is common when studying incompressible fluid dynamical limits,
the momentum equation will be integrated against divergence-free test
functions. The last term in its flux will thereby be eliminated, and one
only has to pass to the limit in the flux terms of (4.6) that involve A
and B — namely, in the terms

(1.8 S(Ag), (B,

There is a chance that these terms have a limit because each entry of
A and B is in Null(£)* while g, converges to g, which is in Null(L).
The next two steps show that these terms indeed have a formal limit.

1

€

4.4. Step Tbree. The third step evaluates the limit for moments of
the form (L€ g.)/e for every & € L*(aMdv). Because L is formally
symmetric, one has

(4.9) (LEg.) = (§Lyge) .
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Upon multiplying (4.2) by ¢ and integrating, one sees that the fluctu-
ations g. formally satisfy the general moment equation

(110)  €aEa) + Ve g + 1 {ELg) = (€ Qo a))

Upon formally letting ¢ — 0 in this equation, one finds that, in the
sense of distributions,

(111) T (£Eg) — (£ Q(9.9) — (v Tag)

Because g has the infinitesimal Maxwellian form given by (4.5), one
can show [2] that

(4.12) (€ Q(g.9)) = HEL(gP) = LLEPH(g?),

where P+ =7 — P and P is the orthogonal projection from L*(Mdv)
onto Null(£), which is given by (3.37).

Given (4.12), one can again use the infinitesimal Maxwellian form
given by (4.5) to show moreover that (4.11) becomes

%(cége> — YLEA) u @ u+ (LEB)-ub + L{LEC) O

(4.13) A A
—(£A):Vu— (EB)-V,0.

where the matrix-valued function A and the vector-valued function B
are defined by (4.7), while the scalar-valued function C'is defined by

(4.14) C(v) = Hol* — 22|y 4 D(IZ+2) ‘

One has that C is in Null(£)*.

4.5. Step Four. The fourth step determines the limit of the flux terms
(4.8). Because each entry of A and B is in L?*(a~'Mdv), we let A €
L*(aMdv;RPP) and B € L*(aMdv;RP) be given by

(4.15) A=L"A, and B=L'B.

Because PA =0 and PB = 0, these are the unique solutions of
LA=A, PA=0,

(4.16) _ _
LB =B, PB=0.

Because each entry of A and B is in LP(a' P Mdv) for every p € (1, 0),
each entry of A and B is therefore in LP(aMdv) for every p € (1, 00).
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By lettmg ¢ in (4.13) be the entries of A and B and using the facts
A and A are even, B and B are odd, and (A C) = 0, one finds that

E<Agg>—>§<A®A>;(u<g>u)—<E®A>:Vggu
=u®@u— Sul’l —v(Vou+ (Vu)"),

(4.17) 1
E(ng> — (B®B)-u9 — <B®B>'Vx9

= LE20 — kV,0,
where kinematic Viscosity v and thermal conductivity x are given by

4.6. Step Five. The fifth step shows that the evolution of (u,6) is
governed by the motion and heat equations (1.2). The fluctuations g,
formally satisfy the local conservation laws (4.6). Hence, when letting
e — 0 in these equations, we use the infinitesimal Maxwellian form of g
given by (4.5) to evaluate the limiting densities while we use (4.17) to
evaluate the limiting fluxes. We find that (u, 6) satisfies the weak form
of the incompressible Navier-Stokes-Fourier dynamics (1.2). If we let II
denote the orthogonal projection from L?(dx; RP) onto divergence-free
vector fields, then by the formal continuity in time of the densities in
(4.6), one sees that

(419) (") = lim (M0 g") {(hslol® = 1))

provided we assume that the limit on the right-hand side exists in the
sense of distributions for some (u™,0") € L?(dz; RP x R).

4.7. Step Six. The sixth step determines the limit of the difference
of g. from its infinitesimal Maxwellian, Pg.. The Fredholm alternative
implies that for every ¢ € L?(a~!Mdv) there is a unique fe L*(aMdv)
that solves £& = PL¢ with PE = 0. Hence, for every € € L*(Mdwv) one
has

(EPge) = (9 PHE) = (9 LLTIE) = (9. LE)
One thereby sees from (4.13) that as € — 0 one has

%<£7’Lge> HLEA) :u®u+ (LEB)-uf + L(LEC) 0
(4.20) — (£ A):Vu — (£ B)-V,0
=LA :u@u+ (EB)ul+3(C) 6
— (£ A):Vu — (EB)-V,0.
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Hence, as € — 0 one has the distribution limit
1
~Prge —=1Au®u+ B-uf+iCH
(4.21) ¢ K K
— A:Vyu— B-V,0.
The right-hand side is exactly the first correction to the infinitesimal

Maxwellian that one obtains from the Chapman-Enskog expansion with
the incompressible Navier-Stokes-Fourier scaling.

4.8. Formal Navier-Stokes-Fourier Limit Theorem. The above
formal derivation can be stated more precisely as follows.

Theorem 4.1. (Formal Theorem) Let b be a collision kernel that sat-
i1sfies the assumptions of Section 3.

Let G, be a family of distribution solutions of the scaled Boltzmann
initial-value problem (2.7) with initial data G that satisfy the normal-
izations (2.11). Let G™ and G. have fluctuations g™ and g. given by
(4.1). Also:

(1) Assume that in the sense of distributions the family g™ satisfies
(422) i (o), (g ol = 1) g%) = (@, ™),
for some (u™,6™) € L*(dz; R” x R).
(2) Assume that for every g. and every € € L*(aMdv) the moment

equation (4.10) is also satisfied in the sense of distributions.

(3) Assume that g. converges in the sense of distributions as € — 0
to g € L>(dt; L*(Mdvdz)). Assume moreover that Lg. — Lg,

that for every & € L*(aMdv) the moments
(€90, (v€g), (£Q(ge9))

converge respectively to

€g), (g, (£Q(g,9),

and that every formally small term vanishes, all in the sense of
distributions as € — 0.

Then g is a local infinitesimal Mazwellian (4.5) where (u, ) is a weak
solution of the Navier-Stokes-Fourier system (1.1-1.2) with v and k
given by (4.18) and with initial data (u™,0™) given by (4.22). More-
over, the family Ptg. of the deviations of g. from the infinitesimal
Mazwellians satisfies the limit (4.21) in the sense of distributions.
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5. GLOBAL SOLUTIONS

In order to mathematically justify the formal fluid dynamical limit
described in the last section, we must make precise: (1) the notion of
solution for the Boltzmann equation, and (2) the notion of solution
for the Navier-Stokes-Fourier system. Ideally, these solutions should
be global while the bounds should be physically natural. We there-
fore work in the setting of DiPerna-Lions renormalized solutions for
the Boltzmann equation, and in the setting of Leray solutions for the
Navier-Stokes-Fourier system. These theories have the virtues of con-
sidering physically natural classes of initial data, and consequently, of
yielding global solutions.

5.1. DiPerna-Lions Solutions. DiPerna and Lions [15] proved the
global existence of a type of weak solution to the Boltzmann equation
over the whole space RP for any initial data satisfying natural physi-
cal bounds. As they pointed out, with only slight modifications their
theory can be extended to the periodic box T?. Their original theory
has been strengthened, most notably in [31] and [37]. Here we give a
version of their theory relevant to this paper.

The DiPerna-Lions theory does not yield solutions that are known to
solve the Boltzmann equation in the usual weak sense. Rather, it gives
the existence of a global weak solution to a class of formally equivalent
initial-value problems that are obtained by multiplying the Boltzmann
equation in (2.7) by I''(G), where I'" is the derivative of an admissible
function I:

(€0, +v-V,)I(G) = %F’(G)Q(G, ),
G(v,7,0) = G™(v,x) > 0.

(5.1)

A function I' : [0,00) — R is called admissible if it is continuously
differentiable and for some constant Cr < oo its derivative satisfies

’ OF
52) T < o

The solutions lie in C([0, c0); w-L'(Mdv dx)), where the prefix “w-
on a space indicates that the space is endowed with its weak topology.
We say that G > 0 is a weak solution of (5.1) provided that it is
initially equal to G, and that it satisfies (5.1) in the sense that for

for every Z > 0.
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every Y € L°°(dv; C1(TP)) and every [t1,t5] C [0, 00) it satisfies
; /TD<F(G(t2)) Yyde — e /TD<F(G(t1)) Y) da
(5.3) - /t2/TD<F(G) v-V,Y) dx dt

_ %/tltZ/TD<P’(G)Q(G, q) Y> drdt.

If G is a weak solution of (5.1) for one such I with IV > 0, and if G
satisfies certain bounds, then it is a weak solution of (5.1) for every
admissible I'. Such solutions are called renormalized solutions of the
Boltzmann equation (2.7).

Specifically, cast in our setting, the theory of renormalized solutions
yields the following.

Theorem 5.1. (DiPerna-Lions Renormalized Solutions) Let b satisfy
1

lim —— b(w,v; —v)dwdv; =0,

(5.4) fol—oo 1+ [v]? SD—1><K( 1) '

for every compact K C RP .

Given any initial data G in the entropy class
(5.5) E(Mdvdz) = {G"™ >0 : H(G™) < >},

there exists at least one G > 0 in C([0,00); w-L'(Mdvdz)) that for
every admissible function I' is a weak solution of (5.1). This solution
satisfies a weak form of the local conservation law of mass

(5.6) €0,(G) + Y, (vG) =0.

Moreover, there exists a matriz-valued distribution W such that W dx
is nonnegative definite measure and G and W satisfy a weak form of
the local conservation law of momentum

(5.7) €(vG)+ V- (vRVvG)+V,- W =0,
and for every t > 0, the global energy equality

(5.8) /TD@yUPG(t))dH/TDgtr(W(t))dx:/TD@yUFGm) dz

and the global entropy inequality
¢

(5.9)  H(G(t)) +/ %tr(W(t))danelz R(G(s))ds < H(G™).

TD 0
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DiPerna-Lions renormalized solutions are not known to satisfy many
properties that one would formally expect to be satisfied by solutions
of the Boltzmann equation. In particular, the theory does not assert
either the local conservation of momentum in (2.15), the global conser-
vation of energy in (2.16), the global entropy equality (2.18), or even
a local entropy inequality; nor does it assert the uniqueness of the so-
lution. Nevertheless, as shown in [25], it provides enough control to
establish a Navier-Stokes-Fourier limit theorem for bounded collision
kernels and, as shown here, to do so for a much larger class of collision
kernels.

5.2. Leray Solutions. The DiPerna-Lions theory has many similari-
ties with the Leray theory of global weak solutions of the initial-value
problem for Navier-Stokes type systems [29]. For the Navier-Stokes-
Fourier system (1.1-1.2) with mean zero initial data, we set the Leray
theory in the following Hilbert spaces of vector- and scalar-valued func-
tions:

HU:{wGL2(dx;RD) ; Vw-wzo,/wdx:()},
510, H, = {XELZ(dx;R) ; /de:()},

V;:{wEHU : /|Vmw|2dx<oo},

VSZ{XEHS : /|Vxx|2dx<oo}.

Let H=H & H, and V=V ¢ V.
Specifically, cast in our setting, the Leray theory yields the following.

Theorem 5.2. (Leray Solutions) Given any initial data (u™,6™) € H,
there exists at least one (u,0) € C([0,00);w-H) N L3(dt; V) that is
a weak solution of the Navier-Stokes-Fourier system (1.1-1.2) in the
sense that for every (w,x) € HN CYTP) and every [ty,ts] C [0, 00) it
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satisfies

/w-u(tg)d:c—/w-u(tl)dx—/tlt2/Vzw:(u®u)dxdt
o o [ ot
512 /X@(tz)dl‘—/X@(tl)dx—/tt2/VxX'(u9)d1'dt
5.12 !

to
= _DLHF;/ /Vz)(vx@dxdt.
t1

Moreover, for every t > 0, (u,0) satisfies the dissipation inequalities

t
613 [HuPdss [ [uVaPdeds < [ s,
0
t
(5.14) /%Iﬁ@)!?dﬂ/O/relvxf)!?dxdsg /%winﬁdx.

By arguing formally from the Navier-Stokes-Fourier system (1.1-
1.2), one would expect these inequalities to be equalities. However,
that is not asserted by the Leray theory. Also, as was the case for the
DiPerna-Lions theory, the Leray theory does not assert uniqueness of
the solution.

Because the role of the dissipation inequalities (5.13) and (5.14) is to
provide a-priori estimates, the existence theory also works if they are
replaced by the single dissipation inequality

t
/%m(t)m%\9(t>y2dx+//uyvxu|2+n\vxe\2dxds
(5.15) 0

It is this version of the Leray theory that we will obtain in the limit.
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6. MAIN RESULT

In this section we state our main result, but first we recall the notion
of entropic convergence, which is used in the statement of our main
theorem.

6.1. Entropic Convergence. The notion of entropic convergence, in-
troduced in [3], was used in earlier studies as a natural tool for ob-
taining strong convergence results for fluctuations about an absolute
Maxwellian [4, 5, 18, 19, 25, 30, 34, 35]. With it, the relative entropy
can be used to measure the distance of the fluctuations from their limit.

Definition 6.1. Let G, be a family in the entropy class E(Mdvdx)
given by (5.5) and let g. be the associated family of fluctuations given

by
Ge—1
(6.1) ge=———

The family g. is said to converge entropically at order € to some g €

L*(Mdvdx) if and only if
ge — g in w-L'(Mdvdz),

and

limlH(Ge):/ He*yda.
™D

e—0 62

(6.2)

Proposition 4.11 of [3] showed that entropic convergence is stronger
than norm convergence in L'(cMdvdx)), where 0 = 1 + |v]2.

6.2. Statement of the Main Theorem. Our main result is the fol-
lowing.

Theorem 6.1. (Main Theorem.) Let the collision kernel b satisfy
(3.7), (3.9), (3.15), (3.26), and (3.29).

Let (u™,0™) € H and let g™ be the local infinitesimal Mazwellian
given by
(6.3) 9" =vu"+ (Lo — Z2) o
Let G™ be any family in the entropy class E(Mdvdx) given by (5.5)

that satisfies the normalizations (2.11). Let g™ be the associated family
of fluctuations given by

(6.4) g =

Assume that the family g™ satisfies

Gin — 1

€

(6.5) g™ — g™ entropically at order ¢ as e — 0.
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Let G, be any family of DiPerna-Lions renormalized solutions of the
Boltzmann equation (2.7) that have G as initial values. Let g. be the
associated family of fluctuations given by (6.1).

Then the family g. is relatively compact in w-L}, .(dt; w-L' (o Mdv dzx)).

loc
Every limit point g of g. in w-L},.(dt;w-L'(c Mdvdz)) has the infini-
tesimal Mazwellian form

(6.6) g=vu+ (3] - 22)0,

where (u,0) € C([0,00); w-H)NL?(dt; V) is a Leray solution with initial
data (u™,0"™) of the Navier-Stokes-Fourier system (1.1-1.2) with v and
K given by (4.18). More specifically, (u, @) satisfies the weak form of the
Navier-Stokes-Fourier system given by (5.11-5.12) and the dissipation
inequality (5.15).

Moreover, every subsequence g, of ge that converges to g as €, — 0
also satisfies

(6.7) (v ge,) = u in C([0,00); D'(T?;RP)),
(6.8) (53l = 1) go) — 0 in C([0,00);w-L' (dz; R)).

where 11 is the orthogonal projection from L?*(dz;RP) onto divergence-
free vector fields.

Remark. For every (u™, 0™) € H there are families G in the entropy
class E(Mdvdz) that satisfy the normalizations (2.11) such that the
associated family of fluctuations g™ converges to g™ entropically at
order € as € — 0. This follows from Proposition 3.4 of [5].

The above theorem still holds if we only have weak convergence ini-
tially

Corollary 6.1. Let the collision kernel b satisfy (3.7), (3.9), (3.15),

(3.26), and (3.29). Let G™ be any family in the entropy class E(Mdv dx)
given by (5.5) that satisfies the normalizations (2.11). Let g™ be the

associated family of fluctuations. Assume that

H(G,) <O,
(6.9) and
lim (I(v g"), {(5slvl” = 1) g™)) = (™, 0™),
for some (u™, 0™) € L?(dz; RP x R).
Let G, be any family of DiPerna-Lions renormalized solutions of the

Boltzmann equation (2.7) that have G as initial values. Let g. be the
associated family of fluctuations given by (6.1).
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Then, the same conclusions of the Main theorem hold a part from the
convergences (6.7) and (6.8) which only hold in w-L}, (dt; w-L'(c Mdv dz))

loc

Moreover, the right hand side of the dissipation inequality (5.15)
should be replaced by C'.
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7. PROOF OF MAIN THEOREM

Our proof of the Main Theorem (Theorem 6.1) closely follows that
of the Formal Theorem (Theorem 4.1). That proof has six steps:

(1) showing that limiting fluctuations are infinitesimal Maxwellians,

(2) establishing the incompressibility and Boussinesq relations (1.1),

(3) evaluating the limit for moments of the form (L& g.) /e for every
¢ € Dom(£) NNull(£)*,

(4) determining the limit of the flux terms in (4.6) that involve A
and B,

(5) showing that the limiting dynamics is governed by the Navier-
Stokes-Fourier motion and heat equations (1.2),

(6) determining the limit of the deviation of g, from its infinitesimal
Maxwellian.

The analogs of the steps 2-5 are not easy to realize because DiPerna-
Lions solutions are not known to satisfy most of the conservation laws
that were used extensively in the proof of the Formal Theorem. We
therefore have to recover these conservation laws in the limit. This is
done by taking the velocity moments of the renormalized Boltzmann
equation with respect to v and |v|*> and showing that the resulting
conservation defects vanish as ¢ — 0. The most difficult aspect of
the proof is to gain enough control of the fluctuations so that in the
analogs of steps 3 and 4 we can justify passing to the limit in the
nonlinear terms.

In order to clarify the structure the proof, we defer the proofs of
many technical details to later sections.

7.1. Fluctuations. Assertion (a) of the Fluctuations Lemma 8.1 will
state the family g, is relatively compact in w-L}, (dt; w-L' (o Mdv dx)).
We will show that every limit point of the family g. is governed by a
Leray solution of the Navier-Stokes system.

Consider any convergent subsequence of the family g, still abusively
denoted g.. Let g be the w-L}, (dt; w-L'(c Mdvdx)) limit point of the
sequence g.. Assertion (f) of the Fluctuations Lemma 8.1 will state

that ¢ is an infinitesimal Maxwellian given by
(7.1) g=p+vu+ (L] —-2)9,

for some (p,u,0) € L>®(dt; L*(dz;Rx RPx R)). By the analogs of
steps 2 through 5 in the formal derivation, we will show that (p,u,0)
is a Leray solution of the Navier-Stokes-Fourier system (1.1-1.2) with
initial data (u™, ™).
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7.2. Nonlinear Compactness by Averaging. Key to our proof is
the fact the sequence g, satisfies

2

(7.2) i—e is relatively compact in w-L}, (dt; w-L'(aMdvdz)),
where n, =1+ %e ge. We establish this fact in Section 9 by employing
the L' velocity averaging theorem of Golse and Saint-Raymond [24].
They used this averaging theory to prove analogous compactness results
while establishing Navier-Stokes-Fourier limits for collision kernels with
a Grad cutoff that derive from Maxwell [25] and hard potentials [26].

7.3. Approximate Local Conservation Laws. In order to prove
our main theorem we have to pass to the limit in approximate lo-
cal conservation laws built from the renormalized Boltzmann equation
(5.1). We choose to use the normalization of that equation given by

Z —1
. Nz =———-—.
(7.3) (2) 1+ (Z - 1)
After dividing by €, equation (5.1) becomes
1
(7.4) €0ige +v-Vige = = I'(G,) Q(G.,G.),
where g. = I'(G,)/e. By introducing N, = 1 + €2¢g2, we can write
- Ye ) 2 1
7.5 R N () P
(7.5) G4 TG =y
When the moment of the renormalized Boltzmann equation (7.4) is
formally taken with respect to any ¢ € span{1,v,,---,v,,|v|?}, one
obtains
_ 1 _ 1

This fails to be a local conservation law because the so-called conser-
vation defect on the right-hand side is generally nonzero.

It can be shown from (5.3) that every DiPerna-Lions solution satisfies
(7.6) in the sense that for every x € C*(T?) and every [t1,t2] C [0, 00)
it satisfies

[xatar- [xcaw)a
(7.7) z/j/%%x%vcw dzdt
+ /tf/ X% (¢CT(Ge) qe) dadt.
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This is the sense in which we understand (7.6) is satisfied. Approximate
global conservation laws are obtained by setting y = 1 above.

The fact that the conservation defect term on the right-hand side of
(7.7) vanishes as € — 0 follows from the fact x is bounded, the fact ¢
is a collision invariant, and the compactness result (7.2). Specifically,
we show that

(7.8) % (CT'(G)a) — 0 in LL(dt; L(de)) as e — 0.

This fact is established by Theorem 10.1, which is stated and proved
in Section 10.

7.4. Approximate Dynamical Equations. The difficulty in passing
to the limit in (7.6) is that the fluxes are order 1/e. This difficulty is
overcome by following the same strategy as in our formal derivation.
First, we pass to the limit when ( = v, for i = 1,..., D or when ¢ =
(3]v]* — 22). In other words, we pass to the limit in the approximate

2
motion and heat equations

(19 Awd) + 1V (AG) + L V(B = L (TG g,
(7.10)
O — 52) 8 + < %o (Ba) = = ((lel? - BTG a).

Also as in the formal derivation, the approximate momentum equation
(7.9) will be integrated against divergence-free test functions. The last
term in its flux will thereby be eliminated, and we only have to pass
to the limit in the flux terms above that involve A and B — namely,
in the terms

(r.11) S, (Ba).

Recall that A = LA and B = £B where A and B are defined by (4.15)
and that each entry of A and B is in LP(aMdv) for every p € [1,00).

7.4.1. Compactness of the Flux Terms. Let s € (1,00] be from the
assumed bound (3.15) on b. Let p = 2 + -, so that p = 2 when

s—17

s = o0 Let & e LP(aMdv) such that PE =0 and set &€ = LE. We
claim that the sequence of moments

1
(7.12)  ={(£g.) is relatively compact in w-L},.(dt; w-L'(dx)).
€
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Because each entry of the flux terms (7.11) has this form, it follows
that

1 1
(7.13) the entries of - (A ge) and - (B g.) are

relatively compact in w-L}, (d¢; w-L* (dx)).
The claim (7.12) is proved as follows. First, observe that
Next, introduce the symmetrically normalized collision integrand g. by

Ge . l GélGé - GelGe

7.15 T S ,
(7.15) 9= N/ N'NAN. & N/,N'N,N.

and define T, by
L, . . .
(7.16) = (G + 9 = 90— Ga) = Gadi — Gade — G+ T

Upon placing (7.16) into the right-hand side of (7.14), the moments
(7.12) decompose as

(117) <€) = (€~ gaa) - (€a) + (ET).

The first term in this decomposition is quadratic in g., the second is
linear in ., while the last is a remainder. We control each of these
terms separately.

The compactness result (7.2) combined with Lemma 11.2 implies

<<(f’ — ) Ga1Ge) is relatively compact in w-L}, (dt; w-L'(dz)).

loc

This controls the quadratic term in (7.17).
Assertion (c) of the Fluctuations Lemma 8.2 implies that as € — 0
one has

(7.18)  (£d.) — (€A):Vou+ (£ B)-V,0 inw-L?

2 (dt;w-L*(dx)) .
This controls the linear term in (7.17). In particular, we see that as

¢ — 0 one has

<<ﬁcj€>> — v [qu + (qu)T] in w-L?

loc

<<§ Ge) — £ V0 in w-L?

loc

(dt; w-L2(da; RPDY) |
(dt; w-L?(dz; RP))

where v and k are given by (4.18).
The compactness result (7.2) combined with Lemma 11.2 and the
Remainder Theorem 12.1 implies that

(7.19) <<5T5>> — 0 in L} (d¢; L' (dz)) as e — 0.
This controls the last term in (7.17), thereby proving claim (7.12).
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7.4.2. Convergence of the Density Terms. The densities term corre-
sponding to (7.9) and (7.10) are

(7.20) M(vg) and ((3lol* — 282)G) .

Here II is the Leray projection onto divergence-free vector fields in
L*(dz; RP). The sequences (7.20) are convergent in w-L?, (dt; w-L?(dx)).
We use the Arzela-Ascoli Theorem to establish that these sequences

are convergent in C'([0, 00); w-L*(dx)). Indeed, it is easy to show that
(G2(t)) < 3C™ for every t > 0.

It then follows from the Cauchy-Schwarz inequality that the sequences
(7.20) are equibounded. That they are also equicontinuous follows from
the weak forms (7.7) of the approximate motion and heat equations
(7.9-7.10) upon noting that the flux terms are relatively compact in
w-L},.(dt; w-L*(dx)) by (7.13) while the conservation defects vanish
by (7.8). The Arzela-Ascoli Theorem then implies that the sequences
(7.20) are relatively compact in C([0, 00); w-L?*(dx)). Because they are
convergent in the weaker topology of w-L? (dt;w-L*(dz)), they must
be convergent in C([0,00);w-L*(dx)). We thereby conclude that as
e — 0 one has

(v g.) — u in C([0, 00); w-L*(dz; RP)),

T2 3o~ 22)50 — 220 i (0,00 w-12(0w).

7.5. Recovering the Strong Boussinesq Relation. By assertion
(b) of the Fluctuations Lemma, ¢ is of the form of a local infinitesi-
mal Maxwellian (8.10) parametrized by its associated (fluctuation of)
velocity field u, macroscopic density p and temperature . Choosing
t; =0, ¢ = |v|* and x = 1 in (7.7) shows that

Jwbatenar— [oramar= [*[ LG o) asa.

By the Conservation Defect Theorem (Proposition 10.1 below), the
right-hand side of this equality vanishes with e uniformly as t, run
through any bounded interval of time. Further, the arguments in the
last three paragraphs show that the second term in the left-hand side
of this equality converges to

[togmyaz =0
because of (2.16). Hence, the sequence

/<|v|2§6) dz — 0 in Che([0, ).
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Because . — ¢ in C([0, 00); w-L*(Mdv dz)),

/(\v[2§€>dx — /<|v\2g> dz  in Cie([0, 00)) .

Hence,

(722) [@lPa)ae= [+ 0)0dz =0

for every t > 0.

We see from (7.22) that for every ¢ > 0 the function (p + 6)(-,t) is
an element of L?(dxz) that is orthogonal to the constants. On the other
hand, by (8.15), this function also satisfies

Ve(p+6)=0.
Then, a classical argument based on Fourier series shows that
(7.23) p+0=0 foralmost every (z,t) € T x [0,00).
By assertion (f) of the Fluctuations Lemma 8.1, this implies that g is
in fact of the form (6.6) as stated by the Main Theorem 6.1.

7.6. Convergence of the Quadratic Terms. Now, we concentrate
on the passage to the limit in the quadratic term in the decomposition
(7.17). This term has the equivalent forms

(7.24) (€ =€) gade) = (£(3n9. — Gadd)) = (£ Q. 3)) -
This passage to the limit is the most difficult part of the proof.

7.6.1. Approximation by Infinitesimal Mazxwellians. We decompose g,
into its infinitesimal Maxwellian Pg. and its deviation P*g, as

(7.25) Ge = Pjc + P*g. .

We now show that g. is approximated by its infinitesimal Maxwellian.
Specifically, we claim that

(7.26) Pt — 0 in L}

loc

(dt; L*(aMdvdz)) .
Indeed, multiply (7.16) by € g. and integrate to obtain
(727) <g€ Lg&) =€ <<§6 (gélgé - gdge)» — € <<§e QE>> +e <<§e Te>> .

We treat each term on the right-hand side above separately and show
they each vanish as e — 0.

First, because |ga g < g2 + g2, the compactness result (7.2) implies
Geage and gl g’ are relatively compact in w-L} (dt; w-L'(dpdzx)). The

loc
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fact € g. is bounded and vanishes almost everywhere as ¢ — 0 then
implies

(7.28) lim ¢ (9 (3119, — §arge) ) =0 in Ly, (dt; L' (dx)) .

Hence, the first term on the right-hand side of (7.27) vanishes as € — 0.

Next, assertions (d), (e) and (g) of the First Fluctuations Lemma
8.1 imply that g. = O(]log(e)|) in L>(dt; L*(aMdv dzx)) and that g, is
bounded in L (dt; L*(dudx)). Tt follows that

loc

(7.29) lim € (9ede) =0 in Lj (dt; L*(dz)).

The second term on the right-hand side of (7.27) thereby vanishes as
e — 0.

Finally, because € g. is bounded, the compactness result (7.2) com-
bined with Lemma 11.2 and the Remainder Theorem 12.1 implies that

(7.30) lim e {geT.) =0 in L} (dt; L'(dz)).

loc

The third term on the right-hand side of (7.27) thereby vanishes as
e — 0.

Upon combining (7.28-7.30) with (7.27), we conclude that
lir% (g Lg.) =0 in L}, (dt; L*(dx)) .

loc
The coercivity bound (3.36) then immediately implies

lim (a (P+g.)*) =0 in L} (dt; L}(dz)),

0 loc

which establishes claim (7.26).

7.6.2. Quadratic Approximation by Infinitesimal Maxwellians. When
decomposition (7.25) is placed into the quadratic term (7.24), it yields

(€ Q(Ge. §o)) = (£ Q(PGe, PG.)) + 2 (€ Q(PG., P*Gc))
+ (£ Q(P G, P1ge)) -
Here we show the last two terms above vanish as € — 0.

Recall that the collision kernel b satisfies assumption (3.15) for some
Cy < ooand s € (1,00 Let p =2+ -1 sop =2 when s = oo.

s—17
Lemma 11.1 of Section 11 then combines with (7.24) to yield the basic
quadratic estimate

(732)  [(€Q@.M)| <26 (algP)
where . + - =1 and g, h e L2(aMdv).

(7.31)

(@g?)z (ah?)?

3=
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It follows from (7.26) and the basic estimate (7.32) that
(£ QP Pg)) — 0
(£ QP 3. P 3)) — 0}

So all that remains to be done is to pass to the limit in the first term
on the right-hand side of (7.31) — the one that is quadratic in Pg..

7.6.3. Passing to the Limit. The infinitesimal Maxwellian Pg, has the
form

(7.33) Pi. = pe +v-ie + (3> = 2o,
where pe, u., and 6. are defined by
(7.34) Pe = (Ge) e = (v Ge) , ée = <<%|v‘2 —1)ge) -

Because Pg. is an infinitesimal Maxwellian, we can use the identity
(4.12) to express the first term on the right-hand side of (7.31) as

2 - L2
5 (£QPIPa)) = 5(EPH(Pa.))

= %<€A> : (ﬂe ® ﬂe) + <€ B>-ﬂ696 + %<§C> 062 )
where C'is defined by (4.14). We thereby have reduced the problem to
passing to the limit in the terms
(7.36) e @, G,  02.

We are unable to pass to the limit in the above terms in full gener-
ality. Rather, the Quadratic Limit Theorem 13.1 of Section 13 yields
that

m IV, - (@ ® @) = 1V, (u® u)
0 ~ in w-Lj,,
lim V- (0c tie) = Vo (60)

: 1
in L,

(dt; LY (dx)) .

(7.3

(dt; D'(T?)),

where II is the Leray projection onto divergence-free vector fields in
L?(dx; RP). Tt follows that

lim 11V, (A Q(Pg., Pg.)) = [1V,- (u® u)
0 (dt; D'(TD)).

: 1
in w-L;,,

lim V.- (B Q(Pge, Pg)) = 232V, (6u)

We thereby obtain the limiting fluxes for the Navier-Stokes-Fourier
motion and heat equations. U
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8. CONTROL OF THE FLUCTUATIONS

In order to establish fluid dynamical equations from the Boltzmann
equation for regimes near an absolute Maxwellian M, one must con-
trol the fluctuations of the relative kinetic density G about 1 with the
DiPerna-Lions entropy inequality (5.9) and with the weak form of the
Boltzmann equation (5.3). In this section we collect some such esti-
mates from [3] and [19] that help in this task.

8.1. Controls from the Entropy Inequality. From (6.2) of the Def-
inition 6.1 of entropic convergence, it follows that G satisfies the en-
tropy bound

(8.1) H(G™) < C™e*,  for some O™ < .

The DiPerna-Lions entropy inequality (5.9) then implies that the family
G, of DiPerna-Lions renormalized solutions satisfies the bound

(82)  H(G.(1) + 612 / t R(G.(s))ds < H(G™) < Cine?.

In this subsection we give controls on the fluctuations that follow only
from the fact that G, satisfies (8.2).

The relative entropy functional H given by (2.19) has an integrand
that is a nonnegative strictly convex function of G' with a minimum
value of 0 at G = 1. It thereby provides a natural measure of the
proximity of G to that equilibrium. For the families of fluctuations g™
and g, given by (6.4) and (6.1), one easily sees that H asymptotically
behaves like half the square of the L?(Mdv)-norm of these fluctuations
as € — 0. Hence, the bound (8.2) is consistent with these fluctuations
being order one.

Just as the relative entropy H controls the fluctuations g., the dis-

sipation rate R given by (2.20) controls the scaled collision integrands
defined by

élG/e - GdGe

€2

(8.3) Ge =

Once again, the bound (8.2) is consistent with these scaled integrands
being order one.
The following shows that more is true.

Lemma 8.1. (First Fluctuations Lemma) Let b be a collision kernel
that satisfies conditions (3.7), (3.9), and (3.15).

Let G > 0 be a family of functions in C(|0,00); w-L'(Mdv dz) that
satisfies the bound (8.2) with G™ = G.(0) for some C'"™ < oo. Let g™,
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ge, and q. be given by (6.4), (6.1) and (8.3). Define n. by
(8.4) ne=2+1Gc=1+3eg..

Then, adopting the notation o = 1 + |v|?, we have the following.

(a) The family g, is bounded in L°°(dt; L*(oc Mdv dx)),
relatively compact in w-L;, (dt; w-L'(c Mdv dz)),
and relatively compact in w-L'(c Mdv dz) pointwise overt > 0.

(b) The family q./+/nc is relatively compact in
w-L} (dt;w-L' (odpdz)).

loc
(c) If g™ is a w-L' (o Mdv dx) limit point of the family g™ as e — 0
then g™ € L*(Mdv dz) and one has

) 1 ) )
(8.5) 1 / (g"?) dz < liminf —H(G™) < O™
TD

e—0 62

(d) If g is a w-L} (dt; w-LY (o Mdv dx)) limit point of the family
ge and q 1s jointly a w-Li, (dt;w-L*(odudz)) limit point of the
family q./\/nc as € — 0 then g € L>(dt; L*(Mdvdz)), ¢ €
L*(dudx dt), and q inherits the symmetries of q.. Moreover,

for almost every t > 0 one has

86 5[ (607 de < lmint SH(G.0) < O,
while for every t > 0 one has
t 1 t )
(8.7) }l// (g(s)*) dzds < lim i&lf — [ R(G(s))ds < C™.
0.JTP v € Jo

(e) The family g. satisfies the nonlinear estimates

2
(8.8) g—e(t) is bounded in L'(Mdvdz) uniformly over t >0,

€

2
(8.9) ai—e = O(|log(e)|) in L(dt; L' (Mdv dz)) as e — 0.

€

(f) Let g be as in (d) above. Then g has the form of an infinitesimal
Mazwellian,

(8.10) g=p+vut (3’ =20,

or some (p,u,0) € L>®(dt; L?(dz; Rx RP x R).
f (p
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(g) The family q. satisfies the nonlinear estimates

2
(8.11) # is bounded in L'(dudz dt),

nLninen,

2
(8.12) O'm = O(|log(e)|) in L} (dt; L*(dudz)) as e — 0.

Assertion (a) is essentially Proposition 3.1 (1) of [3]. Assertion (b)
is Proposition 3.4 (1) of [3]. Assertion (c) is essentially contained in
Proposition 3.1 (2) of [3]. Assertion (d) consolidates Proposition 3.1 (2)
and Proposition 3.4 (2) of [3]. Assertion (e) consolidates Proposition
3.2 (3) and Proposition 3.3 of [3]. Estimate (8.9) is the key nonlin-
ear estimate from [3]. Assertion (f) is Proposition 3.8 of [3]. It is a
consequence of assertions (a), (b) and (e). Assertion (g) consolidates
Lemmas 10.1 and 9.3 of [19].

8.2. Controls from the Boltzmann Equation. The following are
amplifications of Proposition 8.1 that result because G, are renormal-
ized solutions of the Boltzmann equation.

Lemma 8.2. (Second Fluctuations Lemma) Let b be a collision kernel
that satisfies assumptions (3.7), (3.9), (3.15), and (3.26).

Let G, > 0 be a family of renormalized solutions of the scaled initial-
value problem (2.7) with initial data G™ that satisfy the entropy bound
(8.1) for some C'™ < co. Let g. and q. be the corresponding fluctuations
(6.1) and scaled collision integrands (8.3). Let n. be given by (8.4).

(a) For every [t1,t3] C [0,00) and every & = &(v) such that |£|/o is
bounded, the family g., uniformly in €, satisfies
(8.13)

//TD< 6>l’—y,) <§z—i>(x,t)‘dxdt_>o sy — 0.

) Let g be a w-L}, (dt; w-L'(c Mdv dz)) limit point of the family
ge and q be jointly a w-L}, (dt; w-L' (cdpdx)) limit point of the
family q./\/nc as € — 0. Then g € L>(dt; L*(Mdvdx)) and
q € L*(dudz dt) satisfy

(8.14) v-V,g = // qb(w,v; — v)dw M;doy ;
s

D—1yRD

(c) Let g and q be as in (b). Then g is an infinitesimal Mazwellian
of the form (8.10) where (p,u,0) € L>(dt; L*(dz))NL*(dt; H(dx))
satisfies

(8.15) Veru=0, Vi(p+6)=0,
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while q satisfies the relations
(8.16) <<21\q>> =v (qu - (qu)T) , <<§ q>> =k V,0,
and the inequality

t t
(8.17) /O/TDI/|Vzu|2—|—fi|V$9|2dde§%/O/TD<<q2>>dxds

for every t > 0, where A and B are given by (4.15) while v and
K are given by (4.18).

Assertion (a) follows from assertions (a) and (b) of the First Fluctu-
ations Lemma (Lemma 8.1) by an application of the L!-velocity av-
eraging result of [20]. Assertion (b) is essentially Proposition 4.1 of
[3]. Assertion (c) strengthens assertion (f) of Lemma 8.1. It consoli-
dates Propositions 4.2, 4.3, and 4.6 of [3]. The proofs of the last two
assertions each rest on the key nonlinear estimate (8.9).
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9. COMPACTNESS FROM AVERAGING
In this section, we want to prove the following Proposition

Proposition 9.1. Under the hypotheses of the main theorem 6.1, we
have
(9.1)

2
(1+ cc(v))‘qgﬂb—6 is relatively compact in w-Li, . (dt; w-L'(Mdv dx)).
Proof of Proposition 9.1. The Proposition is a simple consequence of

the following two lemmas.

Lemma 9.1. Under the hypotheses of the main theorem, for all R > 0,
we have
2
(9.2) 1{‘U|<R}g—6 is relatively compact in w-Li, (dt; w-L*(Mdvdz)) .
Ne
Lemma 9.2. Under the hypotheses of the main theorem,
2

g:
Ljol>ry—

=0.
LY((0,T);L' (14a(v)) Mdv dz))

(9.3) 1%520 sup
U

Now, we concentrate on the proof of the two lemmas. We start with
lemma 9.2.

Proof of Lemma 9.2. To explain the idea, we will start with the case
we assume that by (v) is bounded. We recall the definition of ag(v)
and by (v),

(9.4)

ay(v) = / by (v, — v) My do, = // by (w, vy —v) dw Mydoy ,
]RD SD_lxRD

where

bu(w,v) = blw,v), for |v| >V,

(9-5) by (w,v) = min{b(w,v),C}, for |v] < Vj.

Since by (v) is bounded, az(v) is also bounded. Moreover, because b
and by differ only on the set |v| < Vi, we deduce that ay(v) also satisfies
the same bound from below as a(v), namely that ay(v) > C,(1+ |v|)*
for some o € R. Actually, for this section we only need a weaker lower
bound ay(v) > c¢M(v)® for some 0 < o < 1. We define Ly and Qg
by replacing b by by in the definition of £ and Q. We also denote

VG. =1+ €e¢.. We notice that ¢2? and % behave in the same way for
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small and for large values of ¢, so it is enough to prove the estimates
2
for ¢2 instead of %=. We have

(9.6) Li¢. = €Qpulde, d) — 10n(VGe, VG,

and for almost every x and t, we have

1P~ bl s o) 2100y < CUPT b ) Lrrpe)
9.7) < [ cQu(vi00P" 6. M

—/ﬁgH(ﬁ, VG.) P, Mdv

since Ly satisfies the coercivity property (3.34). Now, we can estimate
each term in the following way
(9.8)

/QHWE’ VG)Pro Mdo < (// / (ng)?dw);
(///(m_@)zd/m);,

where duy = by (w, vy —v) dw Midv; Mdv and we can see that the sec-
ond term in the right-hand side is controlled by the entropy dissipation.

Recall that (vz — /y)* < §(z — y)log(z/y).
Moreover, using the assumption that by is bounded, we have

(9.9)
/ Ot (e d) P Mdu

< ( [Py d/m) 1/2< [ o + @aony duH) -

< O( / (PLgbg)QaH(v)Mdv) 1/2( / / (pa16e)*br (v — v) Mydu, Mdv) v

< 10l 32arany 1P Gell L2 (ass (o)1) -

Finally, we deduce that
(9.10)

C GG\ 1/2
1P <  ( 1o8( G ) (GLE'GiG) ) +Cell B

Integrating in = and ¢, we see that HPL@HL} (dt: L1 (da L2 (a (v) Mdv))) <
Ce.
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Now, take A > 1. We can write

L=y 92 = Ljosr lic> 4102 + LijusryL{G.<a} (0 Pde + 0P 00) -

Upon integrating this over RP? xT? x (0,7T), we observe that the
first term on the right-hand side can be estimated using the entropy
inequality and is of order @ in L>®(dt; LY(Mdvdx)). The second

term is bounded in L*(d¢; L'(dx; LY(Mdv)) for every 1 < g < 2 and
hence
(9.11)

/// 1{‘U|>R}1GE<A|¢5P¢5|dtddeU S (/ Mdv)1/3
(0,T)xTP xRDP {|v|>R}

where we took ¢ = 3/2. The third term is of order v/A in L'(dz dt; L?(ag Mdv))
since ||[1g.<a®e||re < ‘/TZ. Hence
(9.12)

1/2
/// 1{|v‘>R}1{G€<A}’¢6PJ‘¢€‘ Mdvdxdt < Cﬂ(/ Mladv) .
RDXTD x (0,T) {lv|>R}

where we have used that ag(v) > cM®* for some 0 < o < 1. Hence,
taking A big and then R big, we see that (9.3) holds. This completes
the proof of the lemma for the case when by (v) is bounded.

Next, we consider the general case, namely by (v; — v) < C(1 +
apg(v1))(1 + ay(v)) for every v and v;. As in the previous case we
consider the collision kernel by. It is easy to see that (9.7), and (9.8)
still hold. Besides, (9.9) should be replaced by
(9.13)

/ O, (6e, )P My

S C(/(PL¢€)2CLH(’U)M(1/U)1/2(//(¢61¢6)25H('U - Ul)MldledU)1/2
< CllPellZ2 (15 ag (o)) 310 1P Gell L2(ass (v p1av)
Moreover, for almost every x and ¢, we have

lécllz2(sannmman) < I9elz2ran) + 1PGell 2(anwnran) + 1P Gellz2(anypran
(9.14) < Clloell z2ara) + PGl 2 ag )nrav) -

Hence, we obtain

(9.15)
C leXel L 1/2
H’PLgbeHLQ(aH(v)Mdv) S;<<10g(G11G> (GlG — GlG)>>

+ CE[”¢6H%2(Mdv) + ||PL¢€||%2(aH(v)Mdv)} :
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This inequality gives us an estimate for ||P || 12(ap w)adw) only if we
know a priori that ||P~dc|| 12(ay (w)mdv) 1S DOt very big.
Let us introduce the macroscopic cut-off given by

(9.16) Ay = {(m,t)| /(Ge log(G.) — G + 1)Mdv < )\}

Using the following elementary inequality, 322 < (1+2)*log[(1+2)%] —
(1+2)%+ 1, we deduce that for every (z,t) € Ay, we have [¢? < &.
Moreover, g. = 2¢. + €¢?. Hence

0+ aw)) < g~ 2001+ a(w) < 221+ a(w)gd.

€
We recall the definition of h(z) = (1 + 2)log(1 + z) — 2. Using Young
inequality, we get for all o > 0

(1+ [v]?) a a

—_ —h(eg.) + sh" (———).
4 2 (cge) + €2 (a 4 )

By taking a = % and using the superquadratic homogeneity of h*, we

deduce that

017) gl e 1+ o)

A

1 VAL 1+ u]?)
9.18 Jvf? < —=h(eg) + ~——h*(——2).
018 ool € —shleg) + Yoh ()
Integrating in v, we deduce that
A
(9.19) lAA/|g€|(1+|U|2)Mdv < Cg.

Hence, for every (z,t) € Ay, we have

C/\1/4

€

1/2
(9:20)  [|P*@ell 22(aps () praw) < C</¢f(1+a(v))Mdv) <

Using this estimate in the right hand side of (9.15) and using that A is
small enough, we deduce that

(9.21) |14, P < Ce.

L} (dt; LY (da; L2 (ag (v)Mdv))) —

Now, we want to compute [ [rp [ 1fjojsmy (1 + a(v))¢dtdzMdo.
Let us use that

Lijopsry (14 a(v)d? =(1 — 1a,) Lgupsry (1 + a(v))¢?
+ 14, o>y (1 + a(v))@?.

We start by computing the integral of the first term. Notice first that,
by the entropy inequality, we deduce that for all ¢, [(1—14,)dzMdv <

0762. Using Young inequality, we get

(9.22)
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(1+a(v))
8

|:h<€ge> + (1 = 1a)lgosry " (

1
g(l — 1) p>ry e

<O./
_63

8
(1+\v\ ))}

€ (14 a(v )))}

(67 *
<= {h(ege) + (1= La) >rh ( ~Br

(1+[0*)

2
< Shfeq) + 22— 1, (HED)

Cpr [1 A (1+ [v]?)
< — |=hleg) + (1 — 14 )h" (——=
< S tea + 50 - 1 (D)
where Or = supj,>r IIL i‘fﬁ;l goes to zero when R goes to infinity and

we have taken o = SBTR and used the superquadratic homogeneity of

h*. Upon integrating over v and z, we get that for every t,

(9.23) tAD/u-4thMﬂﬂu+a@w¢and <j%§

On the other hand, we have

(9.24)

/1{|v|>R}(1+a(v))(P¢€)2 Mdvdx < C’Hgb&”%Q(Mdv) /{ | R}(1+|U|6) Mdv,
v|>

and

HIA/\ Pl?be 2HL1 (L (1+a(v)) Mdv)
(925) < HlA}‘PJ_(bE

1/4

< C)\—e = O\V/*,

€

By combining (9.23), (9.24) and (9.25), we complete the proof of the
lemma.

|14, P 0.

L (L2 (1+a(v) Mdv)l (v))Mdv)

O

Proof of Lemma 9.1. To prove the first statement, we will use the av-
eraging lemma of Golse and Saint-Raymond [24].

Let v be a C* cut-off function that satisfies v(s) =1 for 0 < s <1,
0 <7 <1and~(s) =0 for s > 2. Using the entropy inequality, we see
that for all § > 0, we have

92 g2 ( 6293> C
Je _Je y( 52T
nE nE nE

Loo(dt: L) (Mdvdz)) | log(9)]
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Indeed,

2 2 2.2 2
9. 9 (€4 g 1
e n_67<5n_€> S ety S gOleay)

€2!162

Hence, we only need to prove that 1{,<pthe = 1{‘U|<R}%7(5 ) is
equi-integrable.

Using the averaging lemma [24], we see that this is a consequence of
the fact that 1, <ry?. is equi-integrable in v (see the definition below)

and satisfies
Q<G€7GE) Je
an, v,

where 7, = 1;” [7(552‘12) - (5619;2 7/(5623)] and the right-hand side is
bounded in L}, (dt; L' (Mdvdz)).

loc
In the next two steps we prove that 1y« R}i_g is equi-integrable in v

and that the right-hand side of (9.26) is bounded in L}, (dt; L'(Mdv dz)).
Step 1: Let us recall the following definition.

(926) 68t¢6 + U‘Vx¢€ =

Definition 9.1. Take . a sequence of L*(Mdvdxzdt). The sequence

is said to be equi-integrable in v, if and only if for every § > 0 there
exists an 1 > 0 such that for every Q C RP xRP xR, Q has a compact
support in x,t and [, 1o Mdv <1 for every (z,t) € R x R, we have

/ || Mdvdx dt < C6.
0

In the sequel, we will denote such a domain 2 by
Q={(v,z,t)|(2,t) €Q, v €y},

where Q is bounded in R” x R and for every (z,t) € Q, [, Mdv <n.

We would like to prove that ||PJ_¢€||Llloc(dt;Ll(dz;LQ(aH(v)Mdv))) < Ce.
This will follow from the proof of lemma 9.2. Indeed, writing (9.22)
without the cutoff in R and choosing A = 1, we deduce that

| @ell L2((14+ag (v))dtderary < C. Hence, integrating (9.15) in x and ¢,
we see that |ProellLy (aurt (@ar2 (e, (vyman)) < Ce

We want to deduce from this that 1< R}gzﬁf is equi-integrable in v.
Take A > 1, we write

Ljo<ry @2 = L{uj<mle>a®? + Lju<ryla.<a(@Poe + o P o).

The first term on the right-hand side can be estimated using the entropy
inequality and is of order @ in L>°(dt; L'(Mdvdz)). The second term
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is bounded in L*®(dt; L'(dz; LY(Mdv)) for all 1 < ¢ < 2. The third
term is bounded by v/A in L'(dz dt; L>(Mdv)). Indeed,

VA
e.cadell= < —— and o<y P 0ell 1t ,r2arany < Ce.

To prove that 1{‘U‘<R}¢ is equi-integrable in v, we take a 9 > 0, then
we take A such that —— < 0 and 7 such that n < C9° and C\/_n1/2

d. Then, if Q satlsﬁes fRD loMdv < 7 for every (x,t) € TP x (0,7),
we have

// 1{|v|<R}1GE<A|¢€P¢€|Mdvda:dt
QJa,.,

(9.27) < C/(/ |¢673¢6|3/2Mdv)2/3(/ Mdv)l/?’dxdt
Q JQz Qg t

<Cnt? <.

(9.28)
// 1{|v\<R}1G€<A|¢5Pl¢e|Mdvdxdt
QJQu ¢

< C/(/ 1{U|<R}1G€<A|¢EIPJ_¢e|2MdU)1/2(/ Mdv)Y2dazdt
Q Q¢ Qut

<CcVAp? <.

Hence, we deduce that 1y, < R}qbz is equi-integrable in v and that

1{jol< R}% is equi-integrable in v since they have the same growth.
Step 2: Now, we want to prove that the right hand side of (9.26) is
bounded in L} (dt; L'(Mdvdz)). Using that

loc
G/elGé_Gegel = \/G/elG,e_\/G6G61)2+2(\/GélG/e_\/GeGel)\/GeGel )
we deduce that

€ at,ébe +v- V$,¢e

1
- _2//(\/G21G/6 - \/GeGel)deledvlﬁ%

(9.29) / (VGLGL — /G .Ga)bdwM,dv, \/_VE j’i
- \/GE VG €ge
—// (VGG — \/G.Gq) Y=L — VGa =1y qonde SV

Then, we use that ff(\/GélG’E—\/GeGd)% dwM,dv; € 'L} (dt; L' (Mdvdx))

and = € L*°(Mdvdzd?) to bound the first term on the right-hand side.
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For the second term, we also use that % € L*(Mdvdxdt). For the

third term, we use that f/‘%% € L*(Mdv dz dt).

O
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10. REMOVAL OF THE CONSERVATION DEFECTS

The conservation defects have the form

seriGaay = (¢ (e ) )

where ¢ € span{l,v,,...,v,,|v|*} and N, = 1 + ¢?g2. In order to es-
tablish momentum and energy conservation laws from the scaled Boltz-
mann equation we must show that these defects vanish as e — 0. This
is done with the following proposition.

Proposition 10.1. (Conservation Defect Theorem.) Let b be a col-
lision kernel that salisfies the assumptions of Section 3. Let G, > 0
be a family of functions in C([0,00); w-L'(Mdvdz)) that satisfies the
entropy bound (8.2). Let g. and q. be given by (6.1) and (8.3). Let
N, =1+ €*g2. Assume that the family g. satisfies

2
(10.1)

is relatively compact in w-Li. (dt; w-L'(aMdv dz)).

loc

=

Then for n =1 and n =2 and for every ¢ € span{1,v,,...,v,, |v[*}
one has

1
(10.2) —<<C ]36 >> — 0 inw-L} (dt;w-L'(dz)) ase — 0.
€ i

10.1. Proof of the Conservation Defect Theorem. The case n =
1 is treated first. The proof simply exploits the collisional symmetries
(2.14) and the fact ¢ is a collision invariant to decompose the defect
into three parts, each of which is dominated by a function that is
then shown to vanish as € — 0. The case n = 2 proceeds similarly,
with each part being dominated by the same function that dominates
the corresponding part for the n = 1 case. The estimates on these
dominating functions are obtained from the entropy inequality (8.2)
through the bound on the dissipation rate and from the compactness
hypothesis (10.1).
For the case n = 1, begin with the elementary decomposition

) () et
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Because ( is a collision invariant, the collisional symmetries (2.14) can
be used to rewrite the second term on the right-hand side of (10.3) as

Qe 1 Qe
<<C N€1N€>> B §<<(C * gl) N61N€>>
We now observe that

N/ N! — NaN,
_1 eltVe eliVe
(10.5)

NLN! = NaN. = (g + 9.2 — 94 — 92) + €' (979 — 9597)
€ (90 + 9% = (9 + 90)%)

—26* (19 — garge) + €' (9797 — 9397)
=€qc (gl + 9. + g + 9e)

- 62 (gélgé - gdgé) Je )

(10.4)

where J, is given by

(106) Je =2 + € (gél + gé + Je1 + ge) - 62(92192 + 96195) .

Upon placing (10.5) into (10.4), using collisional symmetries and the
fact ¢ is a collision invariant, and placing the result into (10.3), we
obtain the decomposition

1 e \\ € 9521(]5 € (g1 + ge) qz
E<<C N>> = <<C N€1N€>> + <<C N N'N.N. >>
(10.7) e1Ve

¢ €9a9ede
N N/'NaN, )"

This decomposition is derived in the same spirit as was decomposition
(9.12) in [19]. The difference in the two arises because the role played
by N. =1+ €%g? here was played by n. =1 + %e ge there.

We now dominate the integrands of the three terms on the right-
hand side of (10.7). Because for every ¢ € span{l,v,,...,v,,|v|*} there
exists a constant C' < oo such that |¢| < Co where o(v) = 1+ |v|?, the
integrand of the first term is dominated by

€92 1q]
NelNe .

(10.8) o

Because
€ |gel + ge|

<2,
/N N!NgN,
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the integrand of the second term is dominated by

2
€q;

g .
VN, NN N,

|/

<8,
/N N!NgN,

the integrand of the third term is dominated by

(10.9)

Finally, because

/ /
(1010) O', E‘gelge| ‘QE| '
NellNe/NﬁlNe

Hence, the result (10.2) for the case n = 1 will follow once we establish
that the terms (10.8), (10.9), and (10.10) vanish as € — 0.

The term (10.9) can be treated easily. By the elementary inequality
(10.11) nianinane < 24/ Ny N!Ng N,

it follows directly from estimate (8.12) that

2
€q; N
o = O(e|log(e in L
NélNE,NelNe ( ’ g( )’) loc
The terms (10.8) and (10.10) require much more work. Lemmas 10.2
and 10.3 respectively will yield the limits

(dt; L'(dpdz)) as e — 0.

2
ege QG .
(1012) g m — 0 11 Llloc

! !
€ 9er9e de — 0 in Llloc
/N N!N4 N,

These lemmas are stated and proved in the next subsection, thereby
establishing the result (10.2) for the case n = 1.

The case n = 2 follows similarly. Begin with the elementary decom-
position

o (et = (o5t (o)) (ot )

Because ( is a collision invariant, the collisional symmetries (2.14) can
be used to rewrite the second term on the right-hand side of (10.14) as
(10.15)

(xtw) =0 wm)

NN’ — NaN, N',N' + NN,
:%<<(<+C1) TN NN ‘k>>'
eltVetVeltVe €14 Vet VeliVe

(dt; L' (dpdzx)) as e — 0,

(10.13) o

(dt; L'(dpdz)) as e — 0,
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Upon placing (10.5) into (10.15), using collisional symmetries and the
fact ¢ is a collision invariant, and placing the result into (10.14), we
obtain the decomposition

1/ . q €93 4e 1
- — ¢ =22 (g
. <<< N£>> <<< N * Y
(ger + ge) q2 1 1
10.16 ¢
( ) << NellN/ elN <N21Ne, - NelNe>>>

egelgeqti J 1 + 1
Sy T\ o))

where J, is given by (10.6). Because the factors in parentheses above
are each bounded by 2, by arguing as was done for the case n = 1, the
result for the case n = 2 will also follow upon establishing (10.12) and
(10.13). The proof of Proposition 10.1 will therefore be complete upon
proving Lemmas 10.2 and 10.3. U

10.2. Defect Limit Lemmas. The proofs of Lemmas 10.2 and 10.3
use the compactness hypothesis (10.1) of Proposition 10.1 through the
following lemma.

Lemma 10.1. Let b, g., and N, be as in Proposition 10.1. Let s* €
[1,00) be given by * + & =1 where s € (1,00] is from the assumed
bound (3.15) on b. Then for every w € L* (aMdv) one has that

w(vl>ge2

VvV N.

Proof. By hypothesis (10.1) we can pass to a subsequence such that

(10.17) is relatively compact in w-L}, (dt; w-L'(dp dz)) .

92
VN,

It is then straightforward to show that the corresponding subsequence

is convergent in w-L}, (dt; w-L'(aMdvdz)) .

w(vy) 962
VN,

Indeed, one simply uses the fact that for every Y € Lo (dt; L (du dx))

loc

/ / / y gﬁ du 9¢ aMdv
SP— 1><]RD><RD \/ \/

0o
loc

y(v,x,t) = — // Y (w,v1,v,2,t) w(vy) b(w, vy —v) dw Mydo; .
(I(U S§D—1xRD

is convergent in w-L; (dt; w-L'(dpdx)).

where y € L (dt L>*(aMdv da:)) is given almost everywhere by
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The L* bound on y follows because for almost every (v, z,t) one sees
from the Holder inequality and from the bound (3.15) on b that

ly(o, 2, 0] < IV [l / () %

< Wl (o) a(en) Mo )

(L]

< Y oo ]

a(vl) Mld’Ul

1

S

s

b(v; — )
a(vy)a(v)
Ls* (aMdv)Cb :
The compactness result (10.17) then follows. O

a(v;) Mldm)

The proofs of Lemmas 10.2 and 10.3 also crucially use the fact that
the entropy inequality (8.2) implies that the dissipation rate R satisfies
the bound -

14 R(Goydt < C™.
€ Jo
More specifically, following [3], these proofs use the definition of R

(2.20) and of ¢ (8.3) to re-express this bound as

(10.18) / /<<—7“< :qée) G€1G€>>dxdt <c,

where the function r is defined over z > —1 by
(10.19) r(z) = zlog(l + z2).

The function r is strictly convex over z > —1.

The proofs of Lemmas 10.2 and 10.3 are each based on a delicate use
of the classical Young inequality satisfied by r and its Legendre dual,
r* — namely, the inequality

pz <r*(p)+r(z), foreverypeRandz>—1.

Upon choosing
p:e2_y and z = lac
(0% ’ GdGe,
and noticing that r(|z]) < r(z) for every z > —1, for every positive «

and y one obtains

2
€Y €7°qe

10.2 <— G + GG, .

(10.20) ylad " ( «Q ) ale (GdG) eLe

This inequality will be the starting point for the proofs of Lemmas 10.2
and 10.3.
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These proofs also use the facts, recalled from [3], that 7* is superquad-
ratic in the sense

(10.21) r*(\p) < XN*r*(p), for every p >0 and A € [0,1],
and that r* has the exponential asymptotics 7*(p) ~ exp(p) as p — 0.

Lemma 10.2. Let b, g., q., and N, be as in Proposition 10.1. Then

2
Egel q€ . 1
== — 50 wmL
N N. loc

Proof. For the proof of this lemma we use inequality (10.20) with

(dt; L' (dpdx)) ase — 0.

o egl

 4s* NaN.

where s* € [1,00) is as in Lemma 10.1. We then apply the su-
perquadratic property (10.21) with

Y

3.2

€ gel o

A= and = ,
o NN, 4s*

where we note that A < 1 whenever ¢ < «. This leads to

2 2 4
0 €da ’qﬁ‘ 1 e 9e1 *( g >
< - — ) GaG.
4s* NaN. = a N2N2' \gg) 79
a €q
=2 ) G.G..
- 647"((;6106) :
Because GG, < 2y/ NN, while 1 < N, the first term on the right-
hand side above is bounded by
2€%95 94 ( o >
— = :
aNel \/Nel 48*
The first factor above is bounded by 2/a and tends to zero almost
everywhere as ¢ — 0. Because r*(p) ~ exp(p) as p — 00 one sees
that r*(0/4s*) € L* (aMdv). We can then use the compactness re-

sult (10.17) of Lemma 10.1 with w = r*(0/4s*) to conclude that the

remaining factors satisfy

94

VNa
The first term on the right-hand side of (10.22) will thereby converge to
zero in L}, (dt; L' (dudz)) as e — 0 by the Product Limit Theorem of
[3]. On the other hand, the dissipation bound (10.18) implies that the
integral of the second term on the right-hand side of (10.22) is bounded
by 4aC*™. The Lemma therefore follows from the arbitrariness of «.
U

(10.22)

loc

r* (%) is relatively compact in w-L} (dt; w-L'(dudz)).
s
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Lemma 10.3. Let b, g., q., and N, be as in Proposition 10.1. Then
Jadede .0 in L} (dt; L' (dpdx)) as e — 0.

g loc
/N!yN!N N,

Proof. For the proof of this lemma we use inequality (10.20) with

o elghgl]

VT4 NONINAN,
where s* € [l,00) is as in Lemma 10.1. We then apply the su-
perquadratic property (10.21) with

3 / /
A= €199 and p= 7 )
45*

a /N N'N N,

where we note that A < 1 whenever e < «. This leads to
/ 2,12 12 /

/ / . ]_
A < i (5 e
(10.23) e A
(6% €°qc
—_— Ge Ge'
+€4T(G€1Ge> 1

Because GG, < 2¢/ NN, while 1 < N, the first term on the right-
hand side above is bounded by

2€%g'? ﬁ . o’
aN! N 4s*
The first factor above is bounded by 2/« and tends to zero almost

everywhere as € — 0. The compactness result (10.17) of Lemma 10.1
with w = r*(0/4s*) implies that the remaining factors satisfy

/

/2 /
L. r*( 7 ) is relatively compact in w-L}, (dt; w-L'(dpdz)).
g\
The first term on the right-hand side of (10.23) will thereby converge to
zero in L}, (dt; L' (dudz)) as e — 0 by the Product Limit Theorem of
[3]. On the other hand, the dissipation bound (10.18) implies that the
integral of the second term on the right-hand side of (10.23) is bounded
by 4a C™. The Lemma therefore follows from the arbitrariness of a.

O
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11. BILINEAR ESTIMATES

Key tools in our work are the following two lemmas dedicated to
controlling terms that are quadratic in g.. The first lemma provides a
direct L' bound on such terms.

Lemma 11.1. Let the collision kernel b satisfy assumption (3.15) for
some Cy < 00 and s € (1,00]. Let p =2+ -, so p =2 when s = co.

s—17

Let = = Z(w,v1,v) be in LP(dp) and let § and h be in L*(aMdv).
Then Z gy h is in L*(dp) and satisfies the L' bound

(11.1) (Zg: k) < CF (IEPY? (0t (i)} |
where }D + }% =1 and g, denotes g(vy).
Proof. The Holder inequality yields

(11.2) <<‘E§1 ﬁ‘>> < <<’E|p>> <<‘g h‘p >>%

In order to bound the last factor on the left-hand side above, we first
observe that

(lgr )"
(11.3) / K= (01, 0) |G
g1 ) (A7)

where the integral operator IC and its kernel K~ are given by (3.17)
and (3.18).

Next, let r = }% € (1,2) and £ + &£ = 1. Observe that because
1+1=1+2L by (3.24) the operator K~ : L"(aMdv) — L™ (aMdv)
is bounded with ||K~|| < Cy. Use this fact after another application of
the Holder inequality to find

(a (K71g”") 1R = (a (k71317 [A7)
S HIC_’g’;‘ LT*(aMdv)H ‘h|;‘
< Gylag’)r (ah?)r

When the above bound is combined with (11.3) we obtain the key
bound

(11.4) (g B < Chlad® = (ah?) s

The L! bound (11.1) then follows when the above inequality is applied
to the last factor on the left-hand side of (11.2). U

)= / |61 2" b(vy — v) Mydoy Mdo

" ay Mydv; aMdv

L (aMdv)
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The next lemma provides w-L! compactness of certain terms qua-
dratic in fluctuations, provided those fluctuations satisfy a weaker com-
pactness hypothesis.

Lemma 11.2. Let the collision kernel b satisfy assumption (3.15) for

some Cy < 00 and s € (1,00]. Let p =2+ -, so p =2 when s = .

s—1’
Let = = Z(w,vy,v) be in LP(dp) and let §e = Ge(v,x,t) and he =

he(v,z,t) be families that are bounded in L2, (dt; L*(aMdvdx)). If the
family

(11.5) (ag?) is relatively compact in w-Li, (dt;w-L*(dz)),

loc

then the family

(11.6)  Ege he is relatively compact in w-Li. (dt;w-L'(dpdz)) .

loc
Here g1 denotes ge(vi,x,t).
Proof. To establish the w-L' compactness assertion (11.6) we must

show that the family = g iLe is equi-integrable. Begin with the classical
Young’s inequality, which for every n > 0 yields

=84 h iz ~ 7P
|‘—‘gel he‘ S ?'—" + gelhe’ .

pr P

Now let a > 0 be arbitrary and set n = (af;f)i /o above to obtain

. 1 PG, flep*

(11.7) = g0 | < — |27 (@ 32) + o |gahd”
par ‘ P* (qi2) s

(ag?) @

The last term on the right-hand side above is a bounded family in
L} .(dt; L*(dpdz)) because by the key bound (11.4) of Lemma 11.1

loc
one has

<<

G he” o o
ol D o cypageys=5 iy s
(ag2)

) ~ Chfag?)* (ah?)’

Because g, and h, are bounded families in L2 _(dt; L*(aMdv dz)), the

loc

last expression above is clearly bounded in L} .(dt; L'(dx)).

loc
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Next, we integrate inequality (11.7) over an arbitrary measurable set
QCSPIxRPx RPxTP x [0 T] and use (11.8) to obtain

// ‘Ef]elgg‘d,udxdt // =P (a§2) dudx dt
Q
p* -
+ 2 // { {(ag?) —(ah€2> dzxdt.
™ [T r

We now use this inequahty to argue that the left-hand side above can
be made arbitrarily small uniformly in € by picking the measure of 2
sufficiently small. To begin, because g. and h. are bounded families
in L? (dt; L*(aMdvdz)), the terms on the second line above can be
made arbitrarily small uniformly in € by a suitable choice of a. Next,
by hypothesis (11.5), (a §2) is equi-integrable with respect to dx dt over
TP x [0, T] while, because = € LP(du), |Z[P is integrable with respect
to du over SP71x RP x RP | one thereby sees that |=[P(a g2) is equi-
integrable with respect to dudz dt over SP~1x RP x RP x TP x [0, T].
The first term on the right-hand side above can therefore be made
arbitrarily small uniformly in e by picking the measure of €2 sufficiently
small. We conclude that the family = g he is equi-integrable with
respect to du dx dt, whereby the w-L' compactness assertion (11.6) is
established. U
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12. REMOVAL OF THE FLUX REMAINDERS

The flux remainders have the form

(€7e),

where £ is an entry of either A or B and where T, is defined by
qe 1

_(gél + gé - gel - §6) - (gélgé - gslge) .

121) T,=—— 12
(12.1) N N'N,N, €

In order to establish momentum and energy conservation laws from the
scaled Boltzmann equation we must show that these remainders vanish
as € — 0. This is done with the following proposition.

Proposition 12.1. Flux Remainder Theorem. Let b be a collision
kernel that satisfies the assumptions of Section 3. Let s € (1,00] be as
in the assumed bound (3.15) on'b. Letp=2+1/(s—1), so that p =2
when s = 00.

Let G. > 0 be a family of functions in C ([0, 00); w-L'(Mdvdz)) that
satisfies the entropy bound (8.2). Let g. and q. be given by (6.1) and
(8.3). Let N. = 1+€2g2, §. = g./Ne, and T. be given by (12.1). Assume
that the family g. satisfies

€

2
(12.2) <a ?V—e> is relatively compact in w-Li, (dt; w-L'(dx)).

Then for every = € LP(du) one has that T, given by (12.1) satisfies

(12.3) ET.—0 in L} (dt; L' (dudz)) ase — 0.

loc

Proof. The key to the argument is to find a decomposition of T, for
which each component can be bounded by one of the sequences

(12.4) |ge19e] 9019] A
VNaN NN ’ NG N{Na N ’

times a bounded sequence that vanishes almost everywhere as ¢ — 0.
Assertion (12.3) will then follow from the Product Limit Theorem of
[3] upon showing that |Z| times each of the sequences in (12.4) is rela-
tively compact in w-L}, (dt; w-L'(dz)). For the first two sequences in
(12.4) this relative compactness follows from assertion (11.6) of Lemma
11.2 and the compactness hypothesis (12.2). For the last sequence in
(12.4) this relative compactness follows directly from the fact that it is

bounded in L?(dpdz dt) by (8.11).
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We begin by decomposing T, given by (12.1) as
T — l G,elGé — GaGe . 1 gél gé Je1 Je
€ N/ N'N,4N. e \N, N! Ng N,
(12.5) (94 90 9a 9
N/, N!  Ng N,
= Tle - Tllﬁ + TQe - TQ/G + T3e - TB/,E )

where T}, Ts., and T3, are defined by

1 el Je el +ge
T = - Je _Ja9)
! € (N51 + Ng NelNe
T _1 9514‘96 _ gel+ge
*7 ¢ \UNaN. N,N'N4N.)’

T — Je19e N Je1Ye
7 \N4N. N,N'N,N.)’
and where T7_, T3 , and T3, are defined by simply exchanging the roles
of the primed and unprimed quantities in the respective definitions of
T167 T267 and T3e~

It is easy to obtain the desired bounds for T}, 77., Ts, and Tj.. For
T} we have

€ |gel + gé| |gel.96| _ |96196’ € |gel + gﬁ|
NelNe \/NelNe \/NelNe

|T16‘ =

The last factor above is a sequence that is bounded by 2 and that
vanishes almost everywhere as € — 0. For T3, we have

Ge19e 1
|T3e‘ = | | 1-— ; , .

N N, N/ N!
The last factor above is a sequence that is bounded by 1 and that
vanishes almost everywhere as € — 0. The bounds for 7], and T3, are
obtained by simply exchanging the roles of the primed and unprimed

quantities in the respective bounds of T3, and T5..
To treat Ty and T3, we need the further decompositions

_e(ga+90) (93 +9.° + €(909:)°)
N/, N'N.N.

e (g4 +9.) (93 + 92 + €(ga9.)°)
N/, N'N.N.

15, = Tye — T5c + The
(12.6)

[
T2€ -

= Téie - Tée + Tée7
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where Ty, Ts., and Tg, are defined by

_e(ga+9o) (gl +90)?

The = :
! N!,N'N_N.,
7 €Ga+90) (2949.)
> N/ N'N4N,
7 _ €l9a + 90 (9090)°
o N/N'NyN,

and where T}, Tf_, and T, are defined by simply exchanging the roles
of the primed and unprimed quantities in the respective definitions of
T467 T567 and Tﬁe-

It is easy to obtain the desired bounds for 75, T%., T4, and T¢,. For
T, we have

ITo| = €lga + gel 12909 _ 19496l €219 + gl
> N’,N'N, N, NN/ NgN.

The last factor above is a sequence that is bounded by 2 and that
vanishes almost everywhere as e — 0. For T, we have

Ty | = 1909l (1909 €lga + g
" \/NellNe/ \/NellNel Na N .

The factor in parenthesis above is a sequence that is bounded by 1
and that vanishes almost everywhere as e — 0. The bounds for 77,
and T¢, are obtained by simply exchanging the roles of the primed and
unprimed quantities in the respective bounds of Ts, and Tg,.

The trick now is to not treat Ty and T, separately. Rather, we use
the decomposition

, €(ga +9c) (90 +90) (9o + 9 — ga — ge)
T4€ - T4e - N7
(12.7) N!,N!N4 N,
= Tre + Tge — Tgle s
where 17, and Tg, are defined by
_ €(ga+9) (9 + 90 ac
NellNe/NelNe ’
— 62(961 + ge) (gél + gé) Je19e
NllNe/NelNe ’

€

T7e

TSe

and where T}, is defined by simply exchanging the roles of the primed
and unprimed quantities in the definition of T,.
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Finally, it is easy to obtain the desired bounds for 77, Tg., and T, .
For T-, we have

|| lga + gel gl + 9t
\/NellNe,N 1N, \/N’ N!NgN,
The last factor above is a sequence that is bounded by 4 and that
vanishes almost everywhere as € — 0. For Ty, we have

|gelge| 6|gel +ge| €|g21 +g<,5|
\/NelNe \/NelNe Ne,lNe/ .

The factor in parenthesis above is a sequence that is bounded by 2
and that vanishes almost everywhere as € — 0. The bound for 7§, is
obtained by simply exchanging the roles of the primed and unprimed

quantities in the bound of Tg..
We therefore obtain from (12.5), (12.6), and (12.7) the decomposition

Te = Tle - Tl/e +T3e - Tée - T5e +T5§5 +T6E - Tée +T7e +T8€ - T8/67

with the desired bounds on each component. This proves the Proposi-
tion.

’T7€‘ =

‘86’:

D
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13. QUADRATIC LIMITS

In order to establish our main result, Theorem 6.1, we have to prove
some compactness of our sequence g.. More specifically, we need to
pass to the limit in certain of the quadratic terms containing

(13.1) G @ ., 0., 62

€

Recall that we have the weak limits

loc
€ —

Ue — U
(13.2) J } in w-L2 (dt; w-L*(dz)) as e — 0.
These limits have to be strengthened in order to pass to the limit in
any of the quadratic terms (13.1). We follow [36], which adapted to
the kinetic setting an idea introduced in [34] to pass to an incompress-
ible Navier-Stokes-Fourier limit from the compressible Navier-Stokes-
Fourier system. The main result of this section is the following.

Proposition 13.1. Quadratic Limits Theorem.

lim IV, - (ﬂe ® ﬂe) =1V, (u® u)

(13.3) in w-Ly,.(dt; D'(T?)),

lim V,- (0 @) = V- (Qu) foe

where 11 1s the Leray projection onto divergence-free vector fields in
L*(dz; RP).

Proof. We employ a mollifier over the periodic space variable. Recall
that TP = RP/LP, where L? C R” is some D-dimensional lattice.
Let j € C*(RP) be such that j > 0, Jgp j(z)dz =1, and j(x) = 0 for
|z| > 1. We then define j° € C>(TP) by

j‘;(x>=5%2j(x}l).

lelLP

In this section all convolutions are taken only in the z variable.
Define @ = j° * @i, and 62 = j° x .. It will follow from Proposition
13.2 that

lim @° = 4,
(13.4) i__)O P _ g in L7 (dt; L*(dz)) uniformly in €.
im 0° = 0,

6—0
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It will follow from Proposition 13.3 that for every o > 0
(13.5)
m IV, (@) @ i) =1V, (u’ @ u’)
- - in w-L} (dt; D'(TP)),
lim va: (Qg ﬂf) — Vx (66 ué) loc( ( ))
e—0
where u’ = j° * u and v’ = j° * u.
By first using the uniformity of the L? limits in (13.4) to commute
limits and then using the limits (13.5), we obtain
Hm IV, - (G ® @) = limlim [V, - (@) ® @)
e—0 e—06—0

= lim lim 11V, - (& ® @)
50 e—0

= limIIV,- (u5 ® u‘s)
6—0

=1V, (u®u) inw-L} (dt;D'(TP)),

loc
and ) i
iy Vo () = iy iy B (07
= limlim V- (0° @)
6—0e—0

=lim V,- (95 u5)
6—0
=V, (u) inw-L}

loc(dt; D,<TD)) :
This proves assertion (13.3) and thereby establishes the proposition
modulo the proofs of Propositions 13.2 and 13.3, which are given in

the subsequent subsections.
O

13.1. Uniformity of Mollification Limits. Now define §° = j° * g,
and ¢° = j%x¢. By basic properties of mollifiers we know that for every
¢ € L*(Mdv) one has the L? limits

lim (€ g7) = (£ 3e)
. 5 in L120c
lim(£¢%) = (€ 9)

The main result of this subsection is the following assertion that for
certain £ the first mollification limit above is uniform in e.

(13.6) (dt; L*(dx)) .

Proposition 13.2. For every ¢ € span{l,v,,...,v,,|v|*} one has

(13.7) (lgh%@ @) =1(Cg.) in L} (dt; L2(dx)) uniformly in e.
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Proof. Assertion (a) of Lemma 8.2, which is a consequence of velocity
averaging, implies that for every T € (0, 00) one has

lim // [(Cge)(z —y,t) = (CGe)(z,t)| dzdt =0 uniformly in e.
TPx[0,1]

y—0

Because

I Jea) - ol ava
TP x[0,T]

~6 - Y, € d d d
S///TDXTDX[M[]@QW y,t) — (Cge)(, )| 5°(y) dy dz dt

it therefore follows that
13.8 lim(¢ §°) = (€ §.) in L} (dt; L' (dz)) uniformly in €.
550 € loc

This is the L' analog of assertion (13.7).
In order to replace L' by L? in (13.8) we now use the fact that (a g2)
is relatively compact in w-L}, (dt; w-L'(dz)) to establish the fact that

(13.9) (C3°)* s relatively compact in w-Lj,,(dt; w-L'(dz)).

Indeed, for almost every (x,t) one has the pointwise bound

(€3 (x,) / (CGe) (Wi, t) (Cged(ya, t) 3 (x — 1) 3 (@ — y2) dyy dys

TDPxTD

< // 5(C 3 (1, )5 (& — y1) 7 (x — y2) dyy dyo

i // 5(C90)% (Y2, 1)7° (2 — 1) 1° (% — 2) dyn dyo
= 7 () (1
< <1<>3 (a2 1),

Because the family (a §2) is relatively compact in w-L}, (dt; w-L'(dz)),
if follows easily that the doubly indexed family j° * (a §2) is as well,
whereby the above inequality implies that (13.9) holds.
Assertion (13.7) follows from (13.8) and (13.9) upon applying the
following lemma to the doubly indexed family (¢ §°) — (¢ gc).
U

The above proof of Proposition 13.2 required the following lemma.
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Lemma 13.1. Let ¥° be a family in L2 (dt; C=(TP)) doubly indexed
by e >0 and & > 0 such that

(13.10) (W2)? s relatively compact in w-Lj, (dt; w-L'(dz)),

€ loc

(13.11) }Si_% Y0 =0 in L) (dt; L (dx)) uniformly in €.
Then
(13.12) (lsig(l) Y0 =0 in L2 (dt; L*(dx)) uniformly in €.

Proof. Let T € (0,00). Because the family (1/?)? is relatively compact
in w-L},.(dt; w-L*(dx)) one has that

1
M—sup{(// ]wffdxdt) }<oo.
TP x[0,T7

For every A > 0 define
Q) = {(z,t) e T x [0,T] : |92 (z,t)| > A}.
The Chebychev inequality then yields
M2
meas{Q(\)} < SV

Now let 7 > 0 be arbitrary. Because (¢0°)? is relatively compact in
w-L}, .(dt; w-L*(dx)), by the above inequality we may pick A large
enough to insure that

// ’¢f’2dxdt< T for every € and ¢.
(N 2

The assumed uniform L!-limit (13.11) implies we may pick d, > 0 small
enough to insure that § < d, implies

// ‘¢f‘d$dt< T for every €.
TD x[0,T] 2\

The above two inequalities show that § < ¢, implies

// wgfdxdtg// 2| dz dt
TP x[0,T] Q3(N)
+>\// |2
TP x[0,T

§g+)\%:n for every €.

Because 1 was arbitrary while ¢, was independent of €, the assertion
(13.12) follows.

dx dt

O
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13.2. Mollified Quadratic Limits. The main result of this section
is the following proposition taken from [36] (also see [35, 37]).

Proposition 13.3. For every § > 0 one has
(13.13)

Hm IV, - (@ ®@ @) = IV, (v’ @ u’)

e—0 . 1 . / D
in w-L; . (dt; D'(T?)).

loc

lim ¥, () = V- (0°1)

Proof. Introduce the new fluid variables

@ =Tl 2 = Ita?
e e T )

where II is the Leray projection onto divergence-free vector-fields in
L?*(dx; RP). Here w° and @ are respectively the divergence-free and
gradient components of @°, while ° and 7° are the infinitesimal entropy
and pressure fluctuations associated with g°.

Because for every ¢ € span{l,v,,...,v,,|v|*} one has ((g.) — (Cg)
in w-L? (dt;w-L*(dx)) as € — 0, it can be easily shown that for every

loc

s >0 and ¢ > 0 one has

loc

(13.15) lim(C3) = (") in w-L, (At w-H*(dx),

where H?®(dz) denotes the s Sobolev space. In particular, for every

s >0 and ¢ > 0 the families @?, ©°, 62, and 7 satisfy

lin&u?f:u‘s, linéﬁfzo,
13.16) - in w-L2 (dt; w-H*(dx)) ,
(13.16) lims? = 220°,  lim#) =0, oc (dz))

where ©? = j° x u and 6° = j° % 0.
Because @° and #° decompose as

(13.17) W=+, PR =547,

e —

the quadratic terms @ ® @° and 6°a° decompose as

WRW =00+ @0+ @+ @7,
(13.18) 3008 — 5000 + 5550 1 7000 + 7040
cUe = O W, O¢Ve e We Te Ve -

We will consider the limit of each term on the right-hand sides above
as € — 0.
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It follows from (7.6) that @°, ©°, 5°, and 7 satisfy the approximate
conservation laws

- 1 -
o =T1J°, 00 + -V, 7 =17,
(13.19) i ) € )
0,60 = K?, Ol + =242, 70 =17,
€

where I°, J, and K’ are defined by

“7x ((BIPTUC) a) — 3V (B3)).

€

(13.20)  J = %j‘s x <<<v TGO ge) = Vi <A§e>> ,
K8 =150 (3o — 22 TUC) 4) ~ Ve (Ba).

Because J? and K? are relatively compact in w-L},(dt; w-H®(dx)), it
follows from the first column of (13.19) that the families @’ and &° are
equicontinuous in C([0, 00); w-L?(dz)). Because these e-families are
also equibounded in L?(dz), the Arzela-Ascoli Theorem implies that
they are relatively compact in C([0,00);w-L?*(dx)). Because (13.16)
holds for s = 0, it follows that
(13.21) yl%wf =u’, lima? = 242¢°  in C([0, 00); w-L*(dz)).

e—0 €2

jé

Because for every s > 0 one has the continuous embedding
w_leoc<dt7 w—HS(dZE)) N C([07 OO>7 U)—L2(dI>> - L%oc(dtv L2<dl’)) )
the limits (13.16) for s > 0 and (13.21) imply that the families @’ and

&9 satisfy the strong limits

ce5 6 im0 D428 s 72
(13.22) lgxéwe—u, 11_1’)[%0-6_79’ in L,

(dt; L?(dx)) .

When this result is combined with the weak limits for the families o
and 7° found in (13.16), we obtain

lim@® @ 00 = u’ @ u’, )
e—0
ur%wfmf = hr%@f@awf =0,
(13.23) - - in L} (dt; LY(dz))
: c o ~3 ~85 _ D42 pd 8 loc\™" )
lli%ae w, = =H5=0%u’,
lim &2 9 = lim 7 @ =0,
e—0 e—0 /

These limits treat all but the last term on the right-hand side of each
decomposition in (13.18).
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It follows from the second column of (13.19) that the families ©#° and
70 satisfy
<5 o 0 D
Ve (T @) = 3 ~ e Vel (7 ) D+2

—i—eDLH( ST + #° If),

Vo (700) = —en (3]0 + 1525 (7))

+e(V0ITHTP + D%Qf]g) ,

Because [1V, = 0 and the e-families 9 and 7 are bounded in L (dt; L?(dx))N
C([0,00); H*(dx)), while the e-families I and J® are bounded in L}, (dt; L?(dz)),
it follows from the above relations that
im IV, (5; @ 5;) =0
13.25 7 in w-L} (dt; D'(TP)).
( ) 111% Vx (ﬁ_g @f) —0 loc( ( ))

Oy (7T 05)

(13.24)

These limits treat the last term on the right-hand side of each decompo-
sition in (13.18). Assertion (13.13) of the proposition follows by using
decomposition (13.18) along with the limits in (13.23) and (13.25).

O
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