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WELL AND ILL-POSEDNESS ISSUES FOR ENERGY
SUPERCRITICAL WAVES

SLIM IBRAHIM, MOHAMED MAJDOUB, AND NADER MASMOUDI

ABSTRACT. We investigate the initial value problem for some energy supercritical
semilinear wave equations. We establish local existence in suitable spaces with
continuous flow. We also obtain some ill-posedness/weak ill-posedness results.
The proof uses the finite speed of propagation and a quantitative study of the
associated ODE. It does not require any scaling invariance of the equation.

1. INTRODUCTION

In this work, we discuss some well-posedness issues of the Cauchy problem asso-
ciated to the semilinear wave equation

(1) Ou—Au+ F'(u) =0, in R, x R?
where d > 2 and F': R — R is an even regular function satisfying
(2) F0)=F'(0)=0 and wu F'(u)>0.

The above assumption on F' include the massive case i.e. the Klein-Gordon equation.
With hypothesis (2), one can construct a global weak solution with finite energy
data using a standard compactness argument (see, for example [28]). However, the
construction of strong solutions (even local) requires some control on the growth at
infinity and more tools. As regards the growth of the nonlinearity F', we distinguish
two cases. For dimension d > 3 we shall assume that our Cauchy problem is H'!-
supercritical in the sense that

(3) F(Zi) /oo, u— 00.

|u[ 72

In two space dimensions and thanks to Sobolev embedding, any Cauchy problem
with polynomially growing nonlinearities is locally well posed regardless of the sign
of the nonlinearity and the growth of F' at infinity. This is a limit case of (3.
Square exponential nonlinearities were investigated first in [22] where the authors
showed global existence and scattering for small Cauchy data, then in [2] where
local existence was obtained under restrictive conditions, and finally in [15] where a
new notion of criticality based on the size of the energy appears. In this paper, we

Date: June 17, 2009.
2000 Mathematics Subject Classification. 35L05, 49K40, 65F22, 34-XX, 34Cxx, 34C25.
Key words and phrases. Nonlinear wave equation, well-posedness, ill-posedness, finite speed of
propagation, oscillating second order ODE.
M. M. is grateful to the Laboratory of PDE and Applications at the Faculty of Sciences of Tunis.
N. M is partially supported by an NSF Grant DMS-0703145.
1


http://arxiv.org/abs/0906.3092v1

2 S. IBRAHIM, MOHAMED MAJDOUB, AND NADER MASMOUDI

examine the situation of other growths of exponential nonlinearities (not necessarily
square). More precisely, when d = 2, we assume either

(4) %/%—m, U — 00,
(5) d0<¢g<2 st W:O(l), U — 00.

The model example that we are going to work with when d = 3 is given by
(6) O*u— Au+u’ = 0.

It is a good prototype for all higher dimensions d > 3 illustrating assumption ().
In the case d = 2, we take

(7) 0P — Au+u (1+ uz)q%2 e4w<(1+“2)7_1) =0,

with ¢ > 0 illustrating either the cases ({l) or (), depending upon the fact that
q > 2 or q < 2, respectively.

For any weak solution of (), define the total energy by

E(u(t)% |[Vou)|2, + /R 2P (u(t)) d.

The energy of the data (p,v) € H' x L? is given by

IVol2, + 1012 + /

R

def

E(p, )= | 2F(p) dr.

When ¢ = 0, we abbreviate the notation E(p,0) to simply E(y).
In the sequel, we adopt the following classical definition of local/global well-
posedness.

Definition 1.1. Let X be a Banach spaceﬂ.

e The Cauchy problem associated to (1) is locally well-posed in X, abbreviated
as LWP, if for every data (ug, u;) € X, there exists a time 7" > 0 and a uniqueﬁ
(distributional) solution u : [T, 7] x R — R to () such that (u,du) €
C([-T,T);X), (u,0u)(t = 0) = (ug,u1), and such that the solution map
(ug, uy) — (u, dyu) is continuous from X to C([—T', T; X).

e The Cauchy problem is globally well-posed (GWP) if the time T" can be taken
arbitrary.

e The Cauchy problem is strongly well-posed (SWP) if the solution map is
uniformly continuous.

e The Cauchy problem is ill-posed (IP) if the solution map is not continuous.

ITypically, X = X5 := B, , % B;;l, for some suitable choice of s, p and ¢

2In some cases the uniqueness holds in more restrictive space.
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e The Cauchy problem is said weakly ill-posed on a set Y C X (WIP), if the
solution map

(ug,u1) €Y — (u, Opu)

is not uniformly continuous.

Let us recall a few historic facts about this problem. First, when the space
dimension d > 3, the defocusing semilinear wave equation with power p reads

(8) Ofu— Au+ |ulP~lu =0,

where p > 1. This problem has been widely investigated and there is a large litera-
ture dealing with the well-posedness theory of () in the scale of the Sobolev spaces
H?#. Second, for the global solvability in the energy space H' x L2, there are mainly
three cases. The first case is when p < p. where p. = %, this is the subcritical
case. In this case, Ginibre and Velo [13] showed that the problem (8] is globally
well-posed in the energy space. If the exponent p is critical (which means p = p.)
this problem was solved by Shatah-Struwe ([27] and references therein). Finally in
the case p > p., the well-posedness in the energy space is an open problem except
for some partial results about weak illposedness. See for example [8], [18], [19],
[6] and [7]. See also [31] for a result about global regularity for a logarithmically
energy-supercritical wave equation in the radial case.

In dimension two, H!-critical nonlinearities seem to be of exponential typeﬁ, since

every power is H'-subcritical. In a recent work [14], the case F(u) = ¢ (647”‘2 - 1)

was investigated and the criticality was proposed with respect to the size of the
energy. Moreover, the local strong well-posedness was shown under the size restric-
tion ||Vug||zz < 1. In this paper, we want to investigate the local wellposedness
regardless of the size of the initial data.

The ill posedness results of [§] are based on the scaling invariances of the wave and
Shrodinger equations with homogeneous nonlinearities. The idea is to approximate
the solution by its corresponding ODE (at the zero dispersion limit). Since solu-
tions of the ODE are periodic in time, then a de-coherence phenomena occurs for
small time since the ODE solutions oscillate fast. Our idea to overcome the absence
of scaling invariance is to choose one step-functions as initial data (i.e. functions
constant near zero). The presence of the step immediately guarantees the equality
between the PDE and the ODE solutions in a backward light cone, thanks to the
finite speed of propagation. The length of the step can be adjusted (in the super-
critical regime) so that ill-posedness/weak ill-posedness occurs inside the light cone.

This paper is organized as follows. In Section 2, we state our main results. In
Section 3, we recall some basic definitions and auxiliary lemmas. In Sections 4, we
investigate the energy regularity regime. Section 5 is devoted to the low regularity

3In fact, the critical nonlinearity is of exponential type in any dimension d with respect to H%/?
norm.
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data.

Finally, we mention that, C' will be used to denote a constant which may vary
from line to line. We also use A < B to denote an estimate of the form A < CB for
some constant C.

2. MAIN RESULTS

2.1. Energy regularity data. First we show that if the general assumptions (2)-
@) (or ([2)-)) are satisfied, then the nonlinearity is too strong to ensure the local
well-posedness in the energy space. Hence we have

Theorem 2.1. Assume that d > 3 and [2), @B) ord =2 and @), {). Then
1) There exists a sequence (¢y) in H' and a sequence (ty,) in (0,1) satisfying

IVorllrz — 0, & — 0, s%p E(pr) < o0,

and such that any weak solution uy of (@) with initial data (p,0) satisfies

o -
lim inf ||Qpux(te)] 2z 2 1.

In particular the Cauchy problem is ill-posed in H' x L2.
2) If we relax the condition sup E(py) < oo by taking limk/F(wk) = 400, we
k

can even get
lim || 9yun (6) 2 = oo

Remark 2.2. In [31], Tao has shown the global well-posedness of the logarithmic
energy supercritical wave equation in H'*¢ x H¢ for any € > 0. The above Theorem
shows that € cannot be taken zero.

The above Theorem covers model (7)) in two space dimensions with ¢ > 2. When
q < 2, recall that the global well-posedness in the energy space can easily be obtained
through the sharp Moser-Trudinger inequality combined with the following simple
observation

_ q
Ve>0, 3C.>0 st. VueR, (1+u2)q72 tr(rut)d _ i

< C <e€“2 — 1) .

In the case ¢ = 2, the local well-posedness for the Cauchy problem associated to (7))
in the energy space was first established in [22] 23] for small Cauchy data. Later
on, optimal smallness for well-posedness was investigated, first in [2] for radially
symmetric initial data (0,u;), and then in [I4] [16] for general data. The following
result generalizes the previous results to any data in the energy space regardless of
its size.

Theorem 2.3. Let (ug,u;) € H' x L?. There exists a time T > 0 and a unique
solution u of (@) with ¢ = 2 in the space Cyx(H')NCL(L?) satisfying u(0,z) = ug(x)
and (0, z) = uy(x). Moreover, the solution map is continuous on H' x L2.
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In [16] it is shown that the local solutions of (@) (with ¢ = 2) are global whenever
the total energy F < 1, where
1
Bu) X |Veou)Z +— [ ™ —1da.
* 47 R2
Indeed, in that case, the Cauchy problem is strongly well posed. The following result
shows the weak ill-posedness on the set { £ < 140 } for any § > 0 . More precisely

Theorem 2.4. Let v > 0. There ezist a sequence of positive real numbers (t)
tending to zero and two sequences (ug) and (vy) of solutions of the nonlinear Klein-
Gordon equation

(9) Ou + ue™ =0
satisfying the following:
[ (ur — o) (t = 0, )7 + 0 (ur — v)(t = 0,-)[[72 = o(1) as k — +o0,

0< EWr,0)—1<e? 0<E@W0) —1<07
and

lim inf 110, (ur — vg) (g, ) |22 > %(62 482,

Notice that Theorem yields the continuity with respect to the initial data and
Theorem [2.4] yields that there is no uniform continuity if the energy is larger than
1 (supercritical regime).

Remark 2.5. Very recently, Struwe [30] has constructed global smooth solutions
for the 2D energy critical wave equation with radially symmetric data. Although
the techniques are different, this result might be seen as an analogue of Tao’s result
[31] for the 3D energy supercritical wave equation. Our Theorem 2.4 shows just the
weak ill-posedness in the supercritical case. This is weaker than the result in higher
dimensions where the flow fails to be continuous at zero as shown in [8]. The reason
behind this is that small date are always subcritical in the exponential case.

2.2. Low regularity data for the model ().

Now that the local well/ill-posedness is clarified in the energy space for dimension
d > 2, our next task in this paper is to seek for the “largest possible spaces” in
which we have local well-posedness for the Cauchy problem associated to the model

(). Recall that we have the embeddings
(10) H'(B) = B} (B?) — I'(R?), s<1.

The next theorem show the failure of the well posedness in spaces slightly bigger
than the energy space in the case ¢ = 2. This means that the Cauchy problem posed
either in Bém or H?® with s < 1 are supercritical at those regularity level. More
specifically
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Theorem 2.6. Assume that ¢ = 2. Let W := {u € L? st VucglL?>> } where
L2 s the classical Lorentz spacdl. Then
1) There ezists a sequence (yy) in W and a sequence (tx) in (0,1) satisfying
lexllw — 0, t — 0,
and such that any weak solution uy of (7) with initial data (¢, 0) satisfies

Jim [ Qg ()| 120 = 00

2) There exists a sequence (¢i) in By, and a sequence (1) in (0,1) satisfying
lekllsy . — 0, tx — 0,
and such that any weak solution uy of (7) with initial data (¢, 0) satisfies

Jim |G () [l . = oo

In particular, the flow fails to be continuous at 0 in the W x L** topology
or By, x B . topology.
3) Let s < 1. There exists a sequence (py) in H® and a sequence (ty) in (0,1)
satisfying
HQOkHHS — 0, & —0,
and such that any weak solution uy of (7) with initial data (¢, 0) satisfies

Jim [ Qg (8[| 1 = o0

In particular, the flow fails to be continuous at 0 in the H® x H*~! topology.

This theorem can be seen as a consequence of the following general result about
arbitrary 1 < ¢ < oo. Indeed, equation (7)) is subcritical at the regularity of the
Besov space B;q,ﬁ but supercritical at the H?® regularity level with s < 1. More
precisely

Theorem 2.7. Assume that 1 < g < oo.

1) Let (up,uy) € By, % Bgﬂ,ﬁ. There exists a time T > 0 and a unique solution
w of (@) with initial data (uo,uy) in the space Cr(By ) N Cp(B3 ).
2) Let s < 1. There exists a sequence (@) in H® and a sequence (tx) in (0,1)
satisfying
loxlls — 0, 8 — 0,
and such that any weak solution uy of (7) with initial data (¢, 0) satisfies

kl—lfil—loo Hﬁtuk(tk)Hqu = OQ.
In particular, the flow fails to be continuous at 0 in the H* x H*~1 topology.

41t is defined by its norm ||ul| 2. := sup (O’ meas'/2{ |u(z)| > a}).
o>0

®As usually, ¢’ denotes the Lebesgue conjugate exponent of g.
6As we will see in the proof, when ¢’ = co the appropriate space is B2

2.00» the closure of smooth
compactly supported function in the usual Besov space Bém.
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Remark 2.8. The same well-posedness results can be derived for the corresponding
two dimensional nonlinear Schrodinger equations.

We end this section with the following board which clarify the picture of well/ill-
posedness.

Data’s regularity Setting d>3and @) |[d=2and @) |d=2and g<2|d=¢g=2and E>1|d=gq=2and E<1
H? WIP P GWP & SWP LWP & WIP GWP & SWP
B} o P P LWP P P
H*S with s < 1 1P 1P P P P

3. BACKGROUND MATERIAL

In this section we will fix the notation, state the basic definitions and recall some
known and useful tools.

3.1. Besov spaces. For the convenience of the reader, we recall the definition and

some properties of Besov spaces.

Definition 3.1. Let x be a function in S(RY) such that x(£) = 1 for [¢] < 1

and ¢(&) = 0 for [¢| > 2. Define the function ¥(£) = x(£/2) — x(€). Then the
(homogeneous) frequency localization operators are defined by

Ay ul€) = $(29€)a(¢) for all € Z.

d » : .
If s < o then u belongs to the homogenous Besov space BM(]Rd) if and only if the

partial sum " Aj u converges to u as a tempered distribution and the sequence
(257 || A ul| L) belongs to ¢4(Z).

To define the inhomogeneous Besov spaces, we need an inhomogeneous frequency
localization.

Definition 3.2. The inhomogeneous frequency localization operators are defined
by

@7 ag) it j=0.

For N € N, set Sy = Z A;. We say that u belongs to the inhomogeneous Besov
j<N—-1
space B3 (R?) if and only if u € &’ and ||u|

Bs, < 00 where

> . 1/q )
|aulle + (D2 2% 1Aaull) i g<oo,
j=0

lulls;, =

1A-vullze + sup 27| Ajull e if g=o0.
JZ
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We recall without proof the following properties of the operators A; and Besov
spaces (see [26], [32], [33] and [34]).

e Bernstein’s inequality. For all 1 < p < ¢ < oo we have
1 1

18 tll oy < €251 ull oy
e Embeddings.

d d
(1) By, (BY) = By, (RY)
whenever
d d
s—=—2>2s5—-——, 1<p<p<o0, 1<g<q <00, s,5 €R.
p p1
e Equivalent norm. For s > 0 we have
(12) ullsy,, ~ [lullze + [ Vull g1 -
e Sobolev spaces and Holder spaces are special cases of Besov spaces, that is
H®* =B, and C7 = BZ, , for non-integer o > 0.

We shall also use the following result of Runst and Sickel [26] about functions
which operate by pointwise multiplication in Besov spaces.

Theorem 3.3 ([26] Theorem 4.6.2). Let |s| < d/2. Any function belonging to
B2

2,00

N L= (RY) is a pointwise multiplier in the Besov space qu(Rd).
An important application of this Theoren] which will be used in the sequel is the

fact that the function f(z) := £ operates on BY  (R?) via pointwise multiplication.

Indeed, according to Theorem it suffices to show that f belongs to 15"%700(]1%2).

For this, note that j? is an homogenous distribution of degree —2, belonging to
the C*° class outside the origin. We can then define g € S by g = ¢ f. Hence
A f(x) = g(2x) and [[A; fll2 =277 |g]| 2.

3.2. 2D Strichartz estimate and Logarithmic inequality. Recall the following
2D Strichartz estimate.

Proposition 3.4.

(13)  lull

L4((0,7);B/%) S ||at2u — Au+ u||L1((0,T);L2) + [[w(0)|[ 11 + [[Ou(0)]| 2

Remark that using the embedding (III), we can replace Bclx/é with the Holder
space C'/4,

The following lemma shows that we can estimate the L> norm by a stronger norm
but with a weaker growth (namely logarithmic).

Lemma 3.5. Let 0 < a <1 and 1 < q < oo. There exists a constant C such that

1 Ul|lco
(14 fulle= < Clullsy, logh (e-+ e,
b fallsy,

"We are grateful to Gérard Bourdaud for providing us this reference and a proof of the application.
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Note that similar inequalities appeared in Brézis-Gallouet [5] and has been im-
proved (with respect to the best constant) in [15] in the following sense.

Lemma 3.6 ([15], Theorem 1.3). Let 0 < o < 1. For any A\ > ﬁ and any
0 < u <1, aconstant Cy > 0 emists such that, for any function u € H'(R*)NC*(R?)

8| |ul|ce
(15) Jull3 < Ml log (cA L 8 lulle- ) |
]|,
where H,, 1s defined by the norm ||u||%{u = ||Vl + p22]|u) .

Proof of Lemmal3.3. Write
N-1 [e'e)
u= Z Aju+z Aju,
j=—1 j=N

where N is a nonnegative integer which will be chosen later. Using Bernstein’s
inequality, we get

N-1 0o
lulle < C > DA ullre+ Y 27 (2| A ul| )
j=—1 j=N

—Na

2
< C (N ullsy, + T Nl )

Choose
1 a
N ~ ——log (e—i— lulle ),
alog? fulls,
we obtain (I4]) as desired. u

3.3. Oscillating second order ODE. Here we recall a classical result about or-
dinary differential equations.

Lemma 3.7. Let F' : R — R be a smooth function and consider the following ODE
(16) () + F'(z(t)) =0, (2(0),2(0)) = (x0,0), z¢ > 0.

The equation ({I8) has a periodic non constant solution if and only if the function
G:yr— 2<F(zo) —F(y)) has two simples distincts zeros o and 3 with o < xq < 3

and such that G has no zero in the interval |, B[. In this case, the period is given
by

B dy B dy
_ _ /5 ,
=2 | NE 2| V@) —F ()
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3.4. Moser-Trudinger inequalities. It is known that the Sobolev space H'(R?)
is embedded in all Lebesgue spaces LP for 2 < p < oo but not in L*. Moreover,
H' functions are in the so-called Orlicz space i.e. their exponentials are integrable
for every growth less than e’ Precisely, we have the following Moser-Trudinger
inequality (see [Il, 25] and references therein).

Proposition 3.8. Let a € (0,4w). A constant ¢, ezists such that

(17) / (e 1) dr <
RQ

for all w in H*(R?) such that |[Vu| 2@2) < 1. Moreover, if o > 4w, then ({I7) is
false.

We point out that a = 47 becomes admissible in (I7) if we require |[u|| g2y <1
rather than ||Vul||2g2) < 1. Precisely, we have

sup / (e“‘“(x)'z — 1) dr < 0o
R2

||u||H1(R2)§l

and this is false for a > 4m. See [25] for more details.

The above estimates obviously control any exponential power with smaller growth
(i.e. ¢ < 2). However no estimate holds if the growth is higher (i.e ¢ > 2). Hence,
the value ¢ = 2 is also another criticality threshold for problems involving such
nonlinearities.

3.5. Some technical lemmas.

Lemma 3.9. For any 0 < a < 1, denote by

1
I(a) = / r et o’ gy

Then, we have

(18) I(a) < 2.
Proof of Lemmal3.d. Changing the variable s = —2alogr yields
—2aloga
If) = —e @ / et ds
2a 0

A
< 2Ae_A2/ eV’ dy,
0

where A = i Now, using the following estimate true for all nonnegative A
A A2
2 e
eV dy < —
/0 A ’

we obtain (I8]) as desired. u
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Lemma 3.10. For any a > 1 and k > 1, denote by

1 2

I(a, k) = / . ret 8T qp,
e 2

Then, we have

(19) I(a, k) < 2@~k

Proof of Lemma[3.10. Changing the variable u = —% log r yields

k avk
I(a, k) = £ a2 %) du.
2a 0
Changing once more the variable v = u — g yields
VE
L (2a2-1) %k
I(a, k) = 2£ e 1z e’ dv
a

_ vk
2a
Hence, for any a > 1 we have

VE

(2a2—-1) %= X
/ e’ dv.
0

Now, using the following estimate true for all nonnegative A

A A2 A2
et —1 e
/ e du < < —
0

(S

IS
Q [=

* |5

I(a, k) <

A A’
we obtain (I9]) as desired. [

Lemma 3.11. For any A > 0 and A > X, denote by

A du

HAN= [, e
Then, we have
Ae2)\2 a2

’u.2
Proof of Lemmal311. Choosing h(u) = u;—ulz and ¢'(u) = \/%, and integrating

by parts, we deduce (20). u
Lemma 3.12. For any A > 1, denote by

A du
[(A) = \/ﬁ’
0 et” —e

Then, we have

(21) I(A) ~ Ae™ 2.
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Proof of Lemma[312. In one hand, it is clear that

In the other hand, write

(22)

Note that for any 0 <u < A — L

1

[(A) > Ae .

14> we have

1

<
\/eA2 —eu? T \/eA2 — o(A-1/24)2

Hence, the first integral in (22)) can be estimated by

/A_M
0

and (21) follows.

1
du
2 Y

eA® — eu

0 VeA? — ev? +J

—A2/2

< Ae_AQ/Q,

4. ENERGY REGULARITY DATA

This section is devoted to the well-posedness issues in the energy space. Some of
these results were announced in [I6]. We begin by Theorem 211

4.1. Proof of Theorem [2.1]. First, consider the case d > 3.

1) e Construction of vy
For k > 1 and € > 0 (depending on k as we will see later) define the function

©r by

or(r) =

\

0 if

a(k,a)<|x\2_d - 1) if

d—2

k= if

|z > 1,

<zl <1,

> ™

9
|Zl§'| S Ea

where a(k, €) is chosen such that ¢y is continuous, namely

a—2

a(k,e) = fd—2 _ gd2

An easy computation yields

||V90k||%2 S Jd—2 _ gd—2

Ed—2kd—2

gd—
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Using assumption (), we get

/Rd Flok(z)) dz < F(/{:¥)<%>d N /1F<a(k575> (Tg_d _ 1)) P g

< () )

Since k <F(l{;%))_ — 0 we will choose

S

€= 5kdzefk (F(k%)>_ .

With this choice, we can see that [|[Vyy| 2 — 0 and sup E(pg) < oo.
k

o Construction of ty.
Consider the ordinary differential equation associated to ().
b+ F'(®) =0, (®(0),8(0)) = (k"",0).
Using Lemma 3.7 and the assumptions on F, we can see that (23) has a
unique global periodic solution ®; with period

KT
d
T, = 2V2 d
0 \/F(k%Q) — F(®)
d=2 1 d—2
F ~1/2
— 2\/5 k 2 / (1_ (Ukiii )) v
F(k*5%) o F(k™=")
By assumption (3], we get
42 1 ~1/2
T, < 2va— T / (1 —vf——dz> dv
F(k‘dgz) 0
< k%( (kd22))—1/2
It follows that
€k
T, <« —.

k

Now we are in a position to construct the sequence (¢;). Recall that by finite
speed of propagation, any weak solution uy of (Il) with data (¢, 0) satisfy
€ €

up(t,x) = @) if 0<t< ?’f and |z| < ?’f —t

Hence

[Grur(t, 2)] = | @i (t)] = ﬂ\/F(k%) — F(®x(1)).
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Let us choose t; = T} /4, then ®(tx) =0, tp < %t and, for |z| < ZE —

Bt 1) = V2 F(K'T) — F(@4(t)) 2 F(E'T)

So
_ d d Ed
Dt 2 F'S) (5 - t) = (L) P (1=t )
k k €k
and the conclusion follows.
Now we turn to the proof of the second claim of Theorem 2.1l For the sake

of clearness, we restrict ourselves to the model example (). For any real
a > 0, we denote by ®, the unique global solution of

b(t) +07(1) =0, (©(0),9(0)) = (a,0)
By Lemma 3.7, ¢, is periodic with period T'(a). Observe that by a scaling
argument, we have T'(a) = a=3T'(1) and therefore
T(a)=Ca?,

for some absolute positive constant C'. Let (M) be a sequence of integers
tending to infinity and such that

M, zo(k‘l/ﬁ), k — 00.
We denote by () the unique sequence in (0, 00) satisfying
1
1= (1—m)?
As a consequence of these choices, we obtain the following crucial identity

AM,;, =

M, T(VE) = (Mk _ 1) TR = 10).

4
A good choice of the sequence () is then
tr =M, T(VE).

Taking advantage of (25) and (Z6]), we get t, < k~%/3.

o CONSTRUCTION OF ¢y,

The idea is to take a function ¢, oscillating between vk and vE(1 — ;) a
certain number of times. First we choose a sequence (Nj) of even integers
tending to infinity and such that

Ny, ~ CkYS M2,

and we set o = 10t Ny k® ~ C M2, We divide the radial interval
k=43 < r < (o + 1)k~*/3 into N, sub-intervals each of them has a length
10 ¢, and write

Ni—
(k=473 (ay, + 1)k~4/3] U ak ’akj-‘rl I
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where a,(cj k. + 107 tx. Now consider ¢, which is continuous and oscil-

lates between vk and vk(1 — ;) as follows:
ou(r) = Vk 1<k,

)
) = VEQ—mn), kKP4t <r <k 401,

or(r
on(r) = Vk, kY411t <r < K3 4191,
or(r) = -,
ou(r) = VB4 (10N — Dty <7 < Y3 4 (10N, — Dty
on(r) = Vk >k 4 10N,
and ¢y is affine in the remaining intervals. An easy computation shows that
(31) IVerllz < Nk<\/§:]k>2 (k3 5, kY3 < Mik .

Moreover, using the finite speed of propagation and the fact that
O lte) = VE @ g (t) =0,

we conclude that any weak solution uy to (€)) with data (¢, 0) satisfies

(32) [0 etz 2 Nk (k%) 6k 2 2

~Y

This finishes the proof for d > 3.

The case d = 2 can be handled in a similar way. We have just to make a
suitable choice of the initial data.

e Construction of .

For k > 1, we define ¢, by

( 0 if lx| > 1,

loglz| if e e *2< || <1,

| VE if || <epe

where ¢, = e*/2 (F(\/E)) /2. Remark that, by (), we have e, — 0. An
easy computation (using assumption (@) yields to

—1
~ logey’

IVerlze

and

1 log2'r
/ F(pp(z)) do S e e® F(\/E)+/ remdr—ef(l)+(ff).
R2 akefk/2
The choice of ¢ implies that (/) < 1. For the term (I7), we use Lemma 3.9
e Construction of ty.
As in higher dimensions, we consider the associated ordinary differential
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equation with data (v/k,0). This equation has a unique global periodic
solution with period

vk dd
L= 2V/2 :
el AN N Ty

By assumption (4), we get

T <Vk = /

1/ — eu2

where A = y/log F(Vk). It follows from Lemma that T}, < e e ¥/2.

Now, arguing exactly in the same manner as in higher dimension we finish
the proof for d = 2.

4.2. Proof of Theorem 2.3l

The idea here is to split the initial data in a small part in H' x L? and a smooth
one. First, we solve the IVP with smooth initial data to obtain a local and bounded
solution v. Then, we consider the perturbed equation satisfied by w := v — v and
with small initial data. Notice that similar idea was used in [11] [12] 17, 24]. Now
we come to the details.

EXISTENCE.

Given initial data (ug,u;) in the energy space H' x L? we decompose it as follows

(wo,u1) = (uo,u1)<n + (U0, u1)sn
= Sp(ug,ur) + (I — Sy)(uo, u1)

where n is a (large) integer to be chosen later. Remark that
(ug, u1)sn — 0 in H'x L* as n — oo,

and, for every n, (ug, u1)<, € H> x H*. First we consider the IVP with regular data

(33) Dv+v+ fv) =0, (v(0,2),00(0,2)) = (ug, u1)cn, f(v) =10 <e4m2 _ 1) .

It is known that (B3] is well-posed. More precisely, there exist a time T, =
T'(|| (w0, u1)<nllm2xmr) > 0 and a unique solution v to [B3) in Cr, (H?) N Cy, (H').
Moreover, we can choose T;, such that [|v|zse (2) < ([|(uo)<nllmrz +1).

Next we consider the perturbed IVP with small data

(34) Ow+w+ f(w+v)— flv)=0, (w(0,z),0w(0,x)) = (ugp, U1)>n

We shall prove that (34]) has a local in time solution in the space &y := Cp(H') N

CL(L?) N L4(C7) for suitable time 7' > 0. This will be achieved by a standard fixed
point argument. We denote by w, the solution of the linear Klein-Gordon equation
with data (ug, u1)sn,

Dw[ + Wy = 07 (w£(07x)7 atw£(07 ZIJ')) = (u07u1)>n



WELL AND ILL-POSEDNESS ISSUES 17

For a positive time 7" < T,, and a positive real number 0, we denote by Er(J) the
closed ball in &7 of radius ¢ and centered at the origin. On the ball £7(9), we define
the map ® by

Q:welp(d) —w
where
Ow + @ + f(w+ we +v) — f(v) =0, (w(0, ), 0w(0,z)) = (0,0).
By energy and Strichartz estimates, we get

[P(w)ller S If(w+we+v) = f0)llrare

S llw+wel g2

2 2
’ecnw+we+vnw 1 Clvli%

1
LT

It is clear that

Hecuvn%o < TeCUl o) <nllpz+1)?

Lt

On the other hand, using the logarithmic inequality we infer

||w _|_ wf“c’1/4)0(6+6)2
d+¢

Y

2
oCllotuwettlle < (Clwo)<nliy (C I

where €? = |Jwol|3: + ||w1||3.. By Holder inequality in time we deduce

< eClw)<nlite P1=§ (TU4 4 5 4 6)”

~

Hec||w+wz+v||io

Ly
where 3 := C(§ 4+ ¢)? < 4 for § and ¢ small enough. Finally, we get
[B)ley S (5-+2) N0l (74714 (14 45+.2)°)

JFrom this inequality it follows immediately that, if 7" is small enough then ® maps
Er(6) into itself. To prove that ® is a contraction (at least for 7" small), we consider
two elements w; and wy in Er(0) and define

w=w—wy, W=wi—wWy, W= (1-0)(wetwi)+0(w,+wy)+v with 0<6<1.
We can write
Fwe +wy) — f(we +wy) = w[(1 + 8mw?)e™ — 1]

for some choice of 0 < 6(t,z) < 1. By the energy estimate and the Strichartz
inequality we have

Ly(L3)

@) - e@w.)

< HweCW
Er

By convexity, we obtain

|@(w1) - @(w2)

et et
Er Lip(L2)
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So arguing as before, we get

@) - @)

,S ||wHL%o(L2) (Hec||we+w1||go

+ ecllwe+w2||§o
Ly

)
LlT)

for some 3 < 4. If the parameters € > 0, 6 > 0 and T" > 0 are suitably chosen, then
® is a contraction map on E7(d) and thus a local in time solution is constructed.
UNIQUENESS.

We shall prove the uniqueness in the space

Er

S Tl_g (T1/4 + 0+ E)B le — ’LUQHT,

Fy = Cr(H*)NCL(H") + {w c&r ; wllr<n }

for any n < % Let v := v+ w and U := V + W be two solutions of (@) in F,

with the same initial data. Since v,V € Cy(H?) and H? is embedded in L>, we can
choose a time 7' > 0 such that (for some constant C')

(35) vl oLy < € and ||V |z re) < C
The difference U — u satisfies
OU —u) +U —u = flo+w)— F(V+W), ((U—u),@t(U—u)>(t —0) = (0,0) .
Using the energy estimate and Strichartz inequality, we get
U —ulley < (v +w) = fF(V+ W)Ly e
S I = w) (U = 1) + w2 = 1)) 5y o)

< N 2/ 4nU? 20 Amu?
S U =l I03E = D+t =D, e
where £ > 0 to be chosen small enough. To conclude the proof of the uniqueness,

we have to estimate the term [Ju2(e*™ —1) ||L1 (i) for example. Observe that, for
T

any 0> 0and a > 1,

(36) 22 1) < Oy <e4”(1+5)m2 — 1) ,
and

(37) (z+7y)* < 22+ ay?
Hence

T
('™ — )| | o 5/ (/ (52 —1) do) .
ler(Llis) 0 R2

Moreover, using (37), we can write
(38)

1+6,,2 146 2 148 (002 148 2 1468 402
e87r17€u ~1< <e87rlT€ﬁv _1>_‘_<e87r175aw _1)_|_(e87r17€ v _1> (e8ﬂﬁaw _1> ]
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To estimate the first term in the RHS of (38), we use (35]). For the second term, we
observe that

1
V21 %—wﬂ@<l as a—1,¢ —0.
This enables us to use Moser-Trudinger inequality. We do the same for the last

term. This concludes the proof of the uniqueness in the space F,,. Note that we can
weaken the hypothesis n < % to n < 1 if we use the sharp logarithmic inequality

(@3). m
Remark 4.1. In higher dimension d > 3, we have a similar result in H%? x H%/?1
for (@) by using a decomposition in H¥?*' x H%? and small in H¥? x HY?~,

4.3. Proof of Theorem [2.4]
For any k& > 1 define f; by:

(0 it x| >1,

log |z|

fe(x) = N

\/ = if |z <e k2
\

These functions were introduced in [21] to show the optimality of the exponent 4
in Moser-Trudinger inequality. An easy computation shows that ||V fi||r2m2) = 1
and || fi|lr2m2) S ﬁ Denote by uy and vy, any weak solutions of (9)) with initial data

((1 - %)fk(;), 0) and (fk(;), 0) respectively. Observe that by construction,

if e R < x| <1,

1 :
(s = o) O)[zrs + 10: (e = 0) )22 = [ () = o(1) as &k — o0,

Also, using estimate (I9), it is clear that

1 . .
O<E((1+E)fk(—)> _1<e?  and 0<E<fk(—)> 1<
v v
Now, we shall construct the sequence of time t;. Observe that a good approximation
of uy and vy, is provided by the corresponding ordinary differential equation,

(39) d + et = 0.
More precisely, let @, and Wy be the solutions of (B9) with initial data

50 = 1+ )L a0 -0

and
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respectively. Note that by finite speed of propagation, we have &, = uy and ¥, = vy,
in the backward light cone
lz| < ve ¥ —t, t < e M2
On the other hand, recall that the period T} of ®; is given by
(1+4)Vk du

)
0 Vel _ gu?

hence, using Lemma B.12 we can prove that T &~ ke (+%)%/2 Therefore, one
1

need to choose time t; << e~(1+%)?*/2 and check that the decoherence of ®; and U,

occurs at time t;. Choose 5, €]0, T} /4] such that

@k(tk):<1+1/k)\/§—<(1+1//€> ﬁ) |

Vi+1/VEk du
=

VEALVE-AmlE /eROFITRR — gu?’
/2

T, =4

It follows that

Using (20), we obtain ¢}, < ﬁ e "% In particular, if k is large enough then ¢, <

%e_k/ 2. Now we show that this time t; is sufficient to let instability occurs. Since

U, is decreasing on the interval [0, %], we have

e47f¢k(0)2 _ e477¢k(tk)2 — ‘ek _ e47f¢k(tk)2| < ek

Therefore,

(i) £))2 — \If £))2 :i e47r<I>k(O)2_e47r<I>k(tk)2 i e47r\I/k(0)2_e47r\I/k(tk)2 > o

k(T k(T i P

Finally, we deduce that

=P de 2 [ - w)) P do
R2 || < e—k/2
> Ve | Du(ty)) — Ui(t)]?

and the conclusion follows. n

5. LOW REGULARITY DATA

5.1. Proof of Theorem
1) For k> 1 and v > 1, let ¢, = 7y fr. An easy computation shows that

IVillem < —=.
k
Next we consider the solution ®; of the associated O.D.E with Cauchy data
(7\/ = 0>. The period T}, of ®;, satisfies

2

T~ wWhe ¢ <« e75.
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Arguing as in the previous section, we construct a sequence (f;) going to
zero such that any weak solution wu; with Cauchy data (¢, 0) satisfies

|Orun(ti) |72 Z €07,

and we are done.

2) Now we will prove the ill-posedness in B; . The main difficulty is the con-
struction of the initial data. For this end, consider a radial smooth function
h € C§°(R?) satisfying h(r) = 0if r > 2 and h(r) = 1 if r < 1. For a > 0,
set hq(r) = h(L). Since ha(€) = a®h(af), we get

~ C
(40) |ha(€)] < AE uniformly in a.
Now we define the function g, via
1 — hq(r)
ga(r) - f

Our aim is to prove the following

Proposition 5.1. We have

C
19.(&)] < a6 uniformly in  a.
Proof. Write
C 1 -~
36 =g~ C (= ©).
< i
where we have used the fact that 71 = C' |€]7L. Observe that the convolution
here is well defined. Thus, we have to prove that, for fixed &,

N 1
‘ / (n) dn‘ < — uniformly in a.
€= §

The idea now is the following: fix £ such that || ~ 27 for some j € Z and
write

ha(n) ha(n) ha(n) ha(1)
dn = d d dn.
= /| 0 ”*/,M e “/nm - ¥

Using (40)), we can easily estimate the second and the third term in the RHS.
To estimate the first term, we use the fact that h, is uniformly in L. [ |

An immediate consequence is

Corollary 5.2. We have

(41) sup [|gallgy < oo.
a>0 ’
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Proof. Write

lgalse =~ sup / GOP de,
2o JET J2i-1<|g|<2i 1

77 ar
< sup / — < 1 uniformly in a.
j€z Joi-1 T

Now we are ready to construct the sequence of initial data (py). Let
0 € C5°(R?) be a radial function such that 6(r) = 1 if r < 1 and 6(r) = 0 if
r>2. For k> 1, set
1

(42) gr(r) = 77 Je (r) 0(r).
It follows from Corollary that

lgillsy_ <

-

Moreover, one can see easily that
1 2
Sk < / G(r) dr OVE .
0

To finish the construction set

-l o

where 7 > 1 and ¢, is chosen such that ¢(2) = 0. The following proposition
summarize some crucial properties of ¢y.

Proposition 5.3. We have
a) wk(r):fy,/ﬁ if o <eh2
b) or — 0 in By (R?).

Proof of Proposition[5.3. The first property follows directly from the defini-
tion of the function gg. To prove the second, recall that

lerllsy . = llerllez + [ Verllg

Since ||kl < ﬁ we have just to prove that [|[Vey|lz  goes to zero. As
Vo, = 2 gir(r), it suffices to apply Theorem together with the fact that
s € Bioo N L. This complete the proof of the proposition. [

Next, we consider the associated ODE with Cauchy data (v4/4,0) and
denote by @, the (global periodic) solution with period

T</M L N L T BNCES)
S| e SVke ez (y>1)
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Set t, = T} /4 so that ®x(tx) = 0. Note that by finite speed of propagation
any weak solution uy, of (7]) with Cauchy data (¢, 0) satisfies
k

up(t,z) = Pp(t) for 0<t< e"® and x| <e”2 —1t.

Hence
2

— Oyug(ty,z) = eTh for |z| < e s

2 — .

It remains to estimate from below the norm ||Jug (t1) || B . To get the desired
estimate we proceed in the following way. First recall that

Oty = sup / o(x) Oyuup (e, ) da.
) Rz

vlz0 =1
Iollag

Then we have to make a suitable choice of v. Let v be a smooth compactly
supported function such that

1
v(z) =1 for |z| < 2 and wv(x) =0 for |z| >

N | —

For k > 1 let v(z) = e2 v(e2x). We remark that lvellgg = llvllgg_ 1s a
constant. Using ([43]), we get

Joun(®llsy . = [ ~Oualte,x) ula) da
> b / Oty 7) da
|:r:|<e7

2 2 2
k _k 27k et N
Z ez (e 2) e2V =¢e 2 ",

This finishes the proof of the first part of the theorem since v > 1.
Without loss of generality, we may assume that 0 < s < 1. Let 0 < v <
(1 — s) and consider ¢, = k7 fi. It is clear that

1

5(1 —3)).
Denote by wuy any weak solution of (@) with initial data (@, 0) and ®; the
solution of the associated ODE with Cauchy data <k”’ \/ ﬁ, O). The period

Ty of ®;, satisfies

||g0k|Hs<k”k: =9 L0 (y<

2v+1

Ty <ktze "z < et

kol

Choose tp = =& so that ®.(t;) = 0. By finite speed of propagation, we have

kol

uk(t,x) = Qu(t), |z|<ez—t O<t<e s

k

Hence |z| < e72 — ty,

— Quuk(t, x) = —Pi(ty) = —\/ AT edn @R () = Leékhﬂ.

2y
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To conclude the proof we need to estimate from below ||Oyuy (tx)|| gs—1. Write

Hs—1 =  sup / v(x) Oyug(ty, z) d.
R2

oll gr1—s =1

| Opur(tr)]

Let v,(z) = e% v(e? x) where v is as above. It follows that

19ytup (£ | o 2/ —Opun (b, ) vi(x) dx

> / —Opun(ty, x) dx

sk 2y+1 s _ 129+1
> e (e k — e(g=Dk+3k ,

~

which goes to infinity when k — oc.

5.2. Proof of Theorem 2.7

(45)

(46)

(47)

8To do so in the case ¢’ = co we have to work with B%oo =D > and BY  :=D

1) Our aim here is to prove the local well-posedness of equation ([7) in the space

B) g X B for any 1 < g < oo. The strategy is the same as in the proof of
Theorem We decompose the initial data (ug,u1) into a small pariﬁ in
B) 2. X B 54 and a regular one:

(uo, u1) = (ug, u1)s>n + (U, u1)<n -

First we solve the IVP with regular data to obtain a local regular solution
v, and then we solve the perturbed IVP with small data using a fixed point
argument to obtain finally the expected solution u. Let us start by studying
the free equation. For a given (up,u;) € By, x By, we denote by ug the free
solution with data (u?,u}), that is

Cug + up = 0, (UZ, Oy uz)(t = 0) = (u?, u%) .

Using a localization in frequency, energy estimate and Strichartz inequality
(13]), we derive the following result.

Proposition 5.4. Let T > 0. Then for any 1 < ¢ < oo, there exists
0 <e(q) < 1/4 such that

el sy ) + el o o3 —ey S lelsy , + lluellsy, -

Actually, the proof shows that when ¢’ < 4, we have a zero loss of derivatives
meaning €(¢') = 0, and if ¢ > 4, one nght choose an arbitrary 0 < e < 1/4.

Proof of Proposition[5.4)

From the energy and Strichartz estimates applied to Aju,, we have
2| Ajuel Lo r2y + 27 N Ajuell oy S 2 NAuRN 2 + (1450 2 -

—RB1 ~ _Bg

,00
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Summing the above estimate in ¢¢ we have

12774 A jutel| . poe) e < Iluip sy

s+l

In the case ¢’ < 4, the proposition follows from the observation
el e, < 12718l sy
together with the Sobolev embedding Biéflq, — CY*. When ¢ > 4, notice
that for any 0 < e < 1/4,
el gpriey = 1N A ) g = 1297 (27 Al g ) ) o

Using Hélder inequality in j (3 = % + L with r = q‘}i) and ([{T), we get

el g ey <1 @) e | (2708l ) N

< lllsy, + leableg,

Again, Sobolev embedding enables us to finish the proof. [ ]

q—2

Denote by g,(u) := u((l +u?) T e4w<(1+u2)%_1) — 1) so that the equation
([@) reads
(48) Ou+u+ gy(u) =0.
An easy computation shows that

C|u—v\(ec\u\" — 14 &Cl0I° —1) if 1<q<2,

49 gq(u) —gq(v)| <
(49) 199() = 99() { C’|u—v\<u2+ec‘“‘q — 1402 +CM0l —1) if 2 < q<oo.

According to (49) and the Sobolev embeddings
H' — By, if ¢<2,
H2;>15’%7q,;>H1 it  q>2,

we will distinguish two cases.

eCase 1 <g< 2

We solve Ov + v + g,(v) = 0 with Cauchy data (ug,u1)<y € H' x L* to
obtain a global solution v € C(R, H'). Next we have to solve

(50) Ow +w+ gy(v+w) — g,(v) =0, (w,w)(t=0)=(up,ur)sn -
We seek w in the form
W= Uy + W,
where u, is the free solution with Cauchy data (ug, u1)sy. Hence w solves
(51) Ow +w+ g,(v+u +w)—g,(v) =0, (w,0w)(t=0)=(0,0).

We rely on estimates for the linear part u, given by Lemma [5.4] in order to
choose appropriate functional spaces for which a fixed point argument can be
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performed. We introduce, for any nonnegative time 7" and some 0 < ¢ < 1/4,
the following complete metric space
Er = C([0,T], H'(R*)) N C'([0, T], L*(R*)) N L1 (C1*(R?))

endowed with the norm

Juler += sup (e, Mim + 10vutts Mzz] + g 4,

For a positive real number §, we denote by Er(d) the ball in Er of radius o
and centered at the origin. On the ball £7(9), we define the map ® by
w— O(w) == W,
where
OW + W = g,(v) — gg(v +ue +w), (W,0,w)(t=0)=(0,0).

To show that, for small 7" and §, ® maps E7(J) into itself and it is a con-
traction, we use Lemma [5.4] together with Lemma [3.5 and (49]). We skip the
detail here and we refer to [14] for similar arguments.

e Case 2 < g < o0:

The method is almost the same as above except for the choice of the
functional spaces. First we solve Ov + v 4 ¢,(v) = 0 with Cauchy data
(ug,u1)«n € H? x H' to obtain a local solution v € C((=T,T), H?). Re-
member that in this case, the nonlinearity is too strong to solve the Cauchy
problem in H' x L? (see Theorem 2.T)). Next we have to solve

Ow +w + g4(v+w) — g,(v) =0, (w,w)(t =0) = (up,us)sn -
We seek w in the form
W= U+ W,
where wuy is the free solution with Cauchy data (ug, u1)sy. Hence w solves
Ow 4+ w + g(v+u+w) —gy(v) =0, (w,0w)(t=0)=(0,0).

We introduce, for any nonnegative time 7', the following complete metric
space

Er = C([0,T], H*(R*)) N C*([0, 7], H'(R?)) N L3(C/*(R?))

endowed with the norm
[ulle := sup [llU(t ez + 10eut, )l ar | + llullzscray.
0<t<T
We denote by E7(d) the ball in Er of radius 0 and centered at the origin. On
the ball £7(0), we define the map ® by
w— (W) == W,

where

OW 4+ W = g,(v) — gg(v+us +w), (W,0,w)(t=0)=(0,0).
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Having in hands Lemmas and (@9), we proceed in a similar way as
in the previous case (see also [14]) but now we need to be more careful since
the source term has to be estimated in LL(H"') instead of L}(L?). We refer
also to [10] for similar computation in the context of nonlinear Schrédinger
equation.

2) Let us focus on the second part of the theorem. Without loss of generality,
we may assume that 0 < s < 1. Also, for the sake of simplicity, we take
qg=1. Let v > % and, for k > 1, consider the function g defined by

( vk if |z <e k2,
3
g(z) = < —1;{52 log |z| + (\/E— 2{“0%) if e < |z] <273,
L 0 it |z > 2ee.
Remark that
1K gillgs S K TEe 9% 0 (k— o0).

Denote by @ the solution of the associated O.D.E with Cauchy data
<l{:”’+%, 0). The period T}, of ®,, satisfies

T < Kt e_%kw% <er,
Choose t;, = T/4 so that ®p(tx) = 0. By finite speed of propagation, any
weak solution uy of (7) satisfies, for x| < ™% — t,,

. e_27T 1
—Oyu(ty, x) = Py(ty) = 2,/T eVFTTHT — eV Ok > k"2,

So arguing exactly as before, we get
||atuk(tk)“Hs—1 Z (e_%)2 e%k e%k”*% _ e(%—l)k—l-%k“/*%'

This concludes the proof once v > %
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