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ABSTRACT10

Attempts to monitor ocean eddy heat transport are strongly limited by the sparseness of11

available observations and the fact that heat transport is a quadratic, sign-indefinite quan-12

tity that is particularly sensitive to unresolved scales. In this article, a suite of stochastic13

filtering strategies for estimating eddy heat transport are tested in idealized two-layer simula-14

tions of mesoscale oceanic turbulence at high and low latitudes under a range of observation15

scenarios. A novel feature of these filtering strategies is the use of computationally inexpen-16

sive stochastic models to forecast the underlying nonlinear dynamics. The stochastic model17

parameters can be estimated by regression fitting to climatological energy spectra and cor-18

relation times or by adaptively learning these parameters “on-the-fly” from the observations19

themselves.20

We show that, by extracting high-wavenumber information that has been aliased into21

the low wavenumber band, one can derive “stochastically superresolved” velocity fields with22

a nominal resolution increase of a factor of two or more. Observations of the upper layer23

streamfunction are projected onto an empirical orthogonal function basis for the vertical24

structure to produce filtered estimates for both upper and lower layer streamfunctions and25

hence net heat transport. The resulting time-mean poleward eddy heat transport is signifi-26

cantly closer to the true value when compared with standard estimates based upon optimal27

interpolation. By contrast, the temporal variability of the heat transport is underestimated28

due to poor temporal resolution. Implications for estimating poleward eddy heat transport29

using current and next-generation altimeters are discussed.30
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1. Introduction31

The poleward redistribution of heat by the ocean is a primary constituent of the global32

heat balance, comparable in magnitude to that in the atmosphere, yet it remains one of the33

most poorly constrained features of the ocean general circulation. The principal uncertainty34

is the contribution from ocean eddies, which can drive a rectified flux of heat due to tem-35

poral correlations between buoyancy fluctuations and the eddy velocity. Hall and Bryden36

(1982) estimated that the eddy-driven flux contributes as much as 25% of the time-mean37

transport across 24◦N and was the largest source of uncertainty in their study. Likewise,38

eddy-permitting ocean models (Jayne and Marotzke 2002) and data-assimilation products39

(Volkov et al. 2008) indicate a significant eddy contribution to the time-mean transport40

in the Antarctic Circumpolar Current, the Kuroshio Current, and the tropics, and up to41

one third of the global heat transport variability. However, efforts to constrain poleward42

eddy heat transport are limited by the difficulty in obtaining observations of the full water43

column with sufficient spatial and temporal detail to resolve the eddy field (Wunsch 1999;44

Ganachaud and Wunsch 2000), while estimates of the time-mean heat transport based upon45

one-time hydrographic sections are valid only where eddy variability is small compared to46

the total heat transport variability (Volkov et al. 2008).47

A picture of the surface ocean eddy field is provided by satellite measurements of sea-48

surface height anomalies relative to the geoid. Under the assumption of geostrophic balance,49

the current u at the surface is given by,50

fu = g ẑ ×∇ η, (1.1)51

where f is the Coriolis parameter, g is gravitational acceleration, and η is the sea-surface52
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height anomaly. As shown in the appendix, however, the subsurface geostrophic current has53

additional contributions from the horizontal gradient of the hydrostatic density field. Thus,54

in the absence of a model for the interior pressure field, the full three-dimensional eddy55

velocity cannot be determined from observations of the surface geostrophic current alone56

(Wunsch and Stammer 1998). Consequently, recent attempts to calculate net heat transport57

from satellite altimetry have incorporated estimates of the vertical structure provided by58

ocean sections or profiling floats (Roemmich and Gilson 2001; Qiu and Chen 2004). Even59

so, current-generation altimetry maps are capable of resolving only the largest eddy scales60

and can depend sensitively on the kinetic energy spectrum of the unresolved flow (Bennett61

1984; Poje et al. 2010; Keating et al. 2010). In particular, turbulent mixing in regions with62

an energetic submesoscale, such as the subtropics (Tulloch et al. 2010), is strongly resolution-63

dependent, and so estimates of eddy heat transport based upon altimetry in these regions64

should be viewed with some caution.65

In this article, we examine novel methods for estimating eddy heat transport using sparse,66

noisy observations of the upper ocean velocity field. Our “truth signal” is provided by numer-67

ical simulations of the two-layer Phillips model under parameter regimes typifying baroclinic68

turbulence at low and high latitudes. We study a range of observation scenarios, allowing69

us to explore the interplay of eddy length and time scales with the spatiotemporal resolu-70

tion capability of satellite observations. Although the Phillips model is a highly idealized71

representation of oceanic turbulence, these scenarios nonetheless provide stringent test cases72

incorporating several key challenges to any filtering strategy, in particular: sparseness in73

vertical space, due to the fact that observations of the upper layer velocity field alone are74

not sufficient to calculate the heat transport; sparseness in horizontal space, since much of75
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the ocean’s eddy kinetic energy resides at scales below the resolution of current generation76

altimetry products; and sparseness in time, because the satellite orbit configuration gener-77

ally limits the temporal resolution capability of altimeters to no more than an eddy turnover78

time. Finally, even in this minimal model, there is an enormous range of interacting scales79

as well as stiff dynamics due to small Rossby radius, a regime that poses severe practical80

difficulties for contemporary ensemble-based filtering approaches (Harlim and Majda 2010).81

As we shall show, these issues pose a severe challenge to attempts to estimate the tur-82

bulent eddy field in the Phillips model, and, by extension, the real ocean. The difficulty is83

compounded by the fact that eddy heat transport is a sign-indefinite quadratic quantity, and84

so is particularly sensitive to model error at unresolved scales. In this study, we filter sparse85

observations of the upper ocean through a dynamical forecast model to obtain an estimate86

of the eddy transport. Our approach is similar to that of Harlim and Majda (2010), who87

tested a suite of turbulent filtering algorithms in quasigeostrophic simulations mimicking88

baroclinic turbulence in the atmosphere and the ocean, with the latter scenario providing a89

particularly rigorous test case with small Rossby radius and stiff model dynamics. A pow-90

erful feature of these filtering strategies is the use of cheap stochastic models to forecast the91

underlying nonlinear dynamics. This “judicious” model error avoids the so-called curse of92

dimensionality while preserving the essential structure of the turbulent signal through the93

use of a Mean Stochastic Model that is regression fitted to reproduce climatological energy94

spectra and correlation times. Harlim and Majda (2010) also tested an alternative scheme,95

the Stochastic Parameterized Extended Kalman Filter, in which the forecast model parame-96

ters are learned adaptively from the observations by incorporating them into the state vector97

and obtaining estimates using the usual filtering methodology. Both of these simple stochas-98
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tic filtering strategies exhibited high skill in the atmospheric and oceanic regimes compared99

with contemporary ensemble-based data assimilation schemes, and have been extensively100

validated in a number of stringent idealized test problems (Gershgorin et al. 2010a,b).101

The present study focuses on the difficult but realistic ocean case where much of the eddy102

kinetic energy lies below the scale of resolution of the observations. In contrast to Harlim103

and Majda (2010), who sought to reconstruct turbulent spectra and streamfunctions from104

observations of the barotropic velocity field, we will principally be interested in the poleward105

heat transport in baroclinic flows — a more challenging quantity to constrain, even in the106

time-mean. We utilize an algorithm developed by Majda and Grote (2007) and Harlim and107

Majda (2008b) that actually exploits the spatial sparseness of the observations by utilizing108

the fact that a coarse observation network will alias high-wavenumber information into the109

resolved waveband. By appropriately filtering sparse observations to extract this information,110

one can derive stochastically superresolved velocity fields with a nominal resolution increase of111

a factor of two or more, leading to considerable improvement in the eddy transport estimate.112

Likewise, the vertical sparseness of satellite observations is addressed by modeling the vertical113

structure of the flow using empirical orthogonal functions (EOFs), which project the layer114

streamfunctions onto a basis set aligned with the maximum and minimum energy modes115

(e.g. De Mey and Robinson 1987; Gavart and De Mey 1997). Observations of the upper116

layer streamfunction are then projected onto each of the EOFs to produce filtered estimates117

for both upper and lower layer streamfunctions, and, hence, the net heat transport.118

In section 2 the Phillips model is discussed in the context of two parameter regimes corre-119

sponding to ocean turbulence at low and high latitudes. The poleward eddy heat transport120

is calculated under a range of spatiotemporally sparse sampling scenarios and compared with121
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the “true” heat transport obtained from the fully resolved model simulations. In section 3122

we describe a suite of filtering strategies for vertically, horizontally, and temporally sparse123

satellite observations. The results of these filtering strategies are presented in section 4.124

Finally, in section 5 we summarize our conclusions and discuss potential issues associated125

with the application of these techniques to the real ocean.126

2. Poleward eddy heat transport in the Phillips model127

The Phillips (1954) model consists of an advection-diffusion equation for the potential128

vorticity qi in each of two immiscible layers with fractional layer thicknesses d1 = H1/H0129

and d2 = H2/H0, densities ρ2 > ρ1, and mean zonal velocities U1 > U2,130

∂tqi + J(ψi, qi) + Ui∂xqi + Πi∂xψi = −δi2r∇2
Hψi, i = 1, 2, (2.2)131

and an inversion relation that relates the potential vorticity (PV) to the streamfunction ψi,132

qi = ∇2ψi + (R2di)
−1(ψ3−i − ψi), R =

√
g′H0/f0, (2.3)133

where kD = R−1(d1d2)−1/2 is the baroclinic deformation wavenumber (or inverse deformation134

radius), f = f0 + βy is the Coriolis parameter, g′ = g(1 − ρ1/ρ2) is the reduced gravity of135

the interface, and r is the bottom drag, which acts only on the lower layer. The mean136

meriodional PV gradient is Πi = β + k2
Dd3−iU0, where U0 = U1 − U2 is the mean shear.137

The numerical model is periodic in the horizontal, using a dealiased, pseudo-spectral138

method to compute the nonlinear terms, and dissipates enstrophy with an exponential cut-139

off filter (see Smith et al. 2002; Smith and Vallis 2002, for details). We set the fractional140

layer thicknesses to be d1 = 0.2, d2 = 0.8, consistent with a typical pycnocline depth of 1141
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km and total ocean depth of 5 km, although in the context of this crude two-layer model142

the correspondence should not be interpreted too broadly (for a more in-depth discussion of143

typical pycnocline depths in the ocean, see, e.g. Gnanadesikan 1999). The deformation radius144

in the ocean varies from about 10 km at the highest latitudes to a few hundred kilometers in145

the subtropics. A reasonable scale-separation between the deformation scale and the domain146

scale is desired in order to avoid domain-scale interactions in our simulations and allow for147

some inverse cascade. To that end we allow the domain scale to vary with the deformation148

radius but hold their ratio fixed so that the deformation wavelength λ = 2π/kD is 1/10 times149

the size of the domain.150

The remaining physical quantities in the model can be expressed in terms of two non-151

dimensional parameters: the supercriticality parameter β̃ = β/d1U0k
2
D, which determines the152

strength of the baroclinic instability, and the nondimensionalized bottom drag r̃ = r/kDU0.153

We consider two contrasting parameter regimes for β̃ and r̃:154

Low latitudes: Observations and numerical models (e.g. Richards et al. 2006) show nearly155

supercritical flow at low latitudes, forming zonal jets with widths slightly larger than156

the deformation scale. In this case, the numerical model requires only a small drag157

(r̃ � 1) to absorb the energy injected by baroclinic instability, since the eddy scale is158

effectively set by β. Specifically we choose β̃ = .9 and r̃ = .3, and take λ = 320 km, so159

that the domain size is 3200 km.160

High latitudes: Linear stability analysis (e.g. Smith 2007) indicates strong supercriticality161

at high latitudes and a significant inverse cascade. However, observations show high162

latitude eddies at most an order of magnitude larger than the deformation scale (e.g.163
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Stammer 1998; Tulloch et al. 2010) and not particularly anisotropic, suggesting that164

the cascade is arrested by some mechanism other than β. Here, we use the drag to set165

the eddy scale to be near the observed scale. Specifically, we set β̃ = .2 and r̃ = .9,166

and choose λ = 80 km, so that the domain scale is 800 km.167

Time-averaged streamfunctions for each case are plotted in figures 1 and 2. The model168

parameters for these two cases are summarized in table 1.169

The spatial and temporal resolution capability of altimetric observations depends upon170

the number of satellites used, their orbital configurations, and the subsequent smoothing and171

interpolation of the raw sea-level measurements. Determining the effective resolution of the172

resulting processed velocity fields — by which we mean the range of frequencies and wave-173

lengths that can be distinguished on a given spatiotemporal mesh, i.e., the Nyquist waveband174

— is a non-trivial problem (see, for example, Wunsch 1989; Greenslade et al. 1997; Ducet175

et al. 2000; Chelton et al. 2001). Tai (2004) demonstrates that the “midpoint grid” (the ap-176

proximately rectilinear grid of points located midway between groundtrack crossover points)177

has the same resolution as the full sample set. Thus, for simplicity of exposition, we adopt178

the expedient of simultaneously sampling the velocity field on a regular 2N×2N spatial grid179

once every observation time, where N is the maximum resolved (Nyquist) wavenumber. The180

observation gridsize and timestep are chosen to coincide with the approximate correlation181

length and timescales of the satellite observations.182

The spatial resolution capabilities in the meridional and zonal directions are optimal183

at high latitudes, which is also where the deformation radius and observed eddy scale are184

smallest. As a reasonable estimate, we take the grid-spacing of observations to be approxi-185
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mately 100 km at high latitudes and 200 km at low latitudes. This corresponds to N = 4186

and N = 8 at low and high latitudes, respectively. Since the deformation wavenumber is187

kD = 10 in each parameter regime, these cases provide difficult but plausible observation188

scenarios. This is illustrated in figure 3, which shows the spectral ranges corresponding to189

N = 4 and N = 8 observational networks, superimposed upon the normalized energy spec-190

trum at low and high latitudes. In both high and low latitude cases, the N = 8 network191

captures most of the energy, whereas the N = 4 network fails to resolve the most energetic192

wavenumbers. We will also consider networks with N = 16 as an indication of the possible193

gains that might be expected from future altimetry products such as the proposed Surface194

Water Ocean Topography mission (e.g. Durand et al. 2010).195

The decorrelation timescales of altimetric maps are set to be 15 days outside a latitudinal196

band that extends 10◦ either side of the equator (Ducet et al. 2000). This roughly corresponds197

to the turnover time for mesoscale eddies at these latitudes (Stammer 1997). Thus, we set198

both the eddy turnover time (defined as Teddy = 2πZ−1/2, where Z is the time-averaged total199

enstrophy) and the observational timestep to be 15 days in each of our parameter regimes.200

Figure 3 shows the decorrelation time for each horizontal Fourier mode ψ̂ = ψ̂kl(t),201

T = 〈|ψ̂|2〉−1
t Re

∫ ∞
0

〈ψ̂(t)ψ̂∗(t+ τ)〉tdτ. (2.4)202

The thick contour shows the observation timescale, so that modes outside this contour decay203

rapidly compared with the observation time. As can be seen, the spectral range correspond-204

ing to the N = 8 observation network captures most of the modes that remain correlated205

between observation times. By contrast, the N = 4 observation network resolves only the206

most slowly evolving modes.207
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Neglecting the effects of salinity and assuming a linear equation of state, temperature in208

the ocean is proportional to buoyancy. Moreover, in the two-layer quasigeostrophic model,209

buoyancy is proportional to the difference of the upper and lower streamfunctions ψ1 − ψ2210

(see, e.g. Vallis 2006), and its poleward flux is directly related to the flux of potential vorticity,211

as can be seen by making use of (2.3) and introducing the baroclinic streamfunction τ =212

√
d1d2(ψ1 − ψ2)213

〈v1τ〉 = −
(
d1

d2

)1/2

k−2
D 〈v1q1〉, (2.5)214

where 〈·〉 denotes a two-dimensional spatial average, and the relative vorticity flux 〈v1∇2
Hψ1〉215

vanishes in a horizontally periodic domain. The heat flux spectra (normalized by the time-216

average) at low and high latitudes are shown in figure 3. The thick contour in the low latitude217

case indicates where the heat flux contribution changes from negative at low wavenumbers218

to positive at high wavenumbers (there is no such sign-change in the high latitude case).219

An N = 4 observational network, which only resolves low wavenumbers, will underestimate220

the eddy heat flux in both scenarios: in the low latitude case, this will actually produce the221

wrong sign. Conversely, we expect the N = 8 network to perform significantly better, as222

it is capable of resolving much of the heat flux spectrum, and the N = 16 case to perform223

better still, as it resolves the full inverse cascade range.224

Because the buoyancy is proportional to the difference of the upper and lower stream-225

functions, knowledge of the surface field alone is insufficient to determine the heat flux.226

The use of satellite altimetry to estimate eddy fluxes therefore requires an estimate of the227

vertical structure of the flow; in the present case, this means estimating ψ2 given (sparse)228

observations of ψ1. The simplest possible estimate (which we will show to be insufficient)229
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uses optimal interpolation (Daley 1991). In this approach the vertical structure of the flow230

is modeled by projecting the Fourier transform of the layer streamfunctions onto vertical231

mode empirical orthogonal functions,232  χ̃+
kl

χ̃−kl

 = V (k, l)

 ψ̃1
kl

ψ̃2
kl

 , (2.6)233

where V(k, l) diagonalizes the time-averaged covariance matrix for the energy-weighted ver-234

tical modes (see the appendix for details). The empirical orthogonal functions (EOFs) are235

ordered so that χ̂+ has the maximum energy or variance. If we assume that only the most en-236

ergetic EOF contributes to the vertical structure of each horizontal wavenumber (i.e. χ̂− ≈ 0)237

then both ψ̃1 and ψ̃2 can be expressed solely in terms of χ̂+. In that case, (2.6) provides a238

relationship between the upper and lower streamfunctions,239

ψ̃2
kl ≈ −

V21(k, l)

V22(k, l)
ψ̃1
kl, (2.7)240

which then can be used to estimate the eddy flux using observations of the upper-layer veloc-241

ity field alone. Time-series of the true and optimally interpolated eddy heat flux (normalized242

by the true time-averaged value) are shown in figure 4 for the high latitude and low latitude243

cases. Observational scenarios corresponding to N = 4, 8 and 16 networks are considered.244

The true heat fluxes were calculated using 2.5-day snapshots of the velocity field, that is, six245

times faster than the observation timescale used for the optimally interpolated estimates.246

As expected, the N = 4 case drastically underestimates the eddy heat flux in both scenarios:247

in the low latitude case, the estimate actually produces the wrong sign due to dominant248

negative contributions from low wavenumber Rossby modes. The estimate is better in the249

N = 8 and N = 16 cases, which are capable of resolving the most energetic eddies. Also250
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shown in figure 4 are the normalized energy spectra in the zonal and meridional directions251

estimated using optimal interpolation. At high spatial resolution, optimal interpolation ac-252

curately represents the energy spectra, but at N = 4 the coarse observations alias higher253

wavenumbers into the resolved waveband and so optimal interpolation overestimates the254

energy spectra.255

We conclude that a reliable estimate of the poleward eddy heat flux requires detailed256

information about the vertical and horizontal structure of the turbulent flow. Since satellite257

observations are restricted to the upper ocean velocity field and are coarsely resolved with258

respect to the scales of the most energetic eddies (especially at high latitudes), it is natural to259

seek a turbulence filtering or data assimilation approach, in which a model for the full three-260

dimensional streamfunction is combined with observations of the upper layer to produce a261

best estimate of the true state of the full system. Standard data assimilation approaches,262

such as 3DVAR, 4DVAR and ensemble Kalman Filters, involve a considerable computational263

overhead and significant model error, particularly in the ocean (Harlim and Majda 2010). A264

suite of cheap, skillful alternative filtering methodologies is described in the next section.265

3. Filtering methodology for sparse observations266

Filtering (or data assimilation) seeks to obtain an estimate of the true system state zs267

at time t = ts by combining incomplete, noisy observations ys = G(zs) with an internal268

forecast model xs = F(xs−1). An important body of research in applied mathematics,269

engineering, and the geosciences is concerned with filtering real-world turbulent flows with270

many interacting degrees of freedom. In these applications, the forecast model (which can be271
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a general circulation model in the case of atmospheric or oceanic flows) often has significant272

model errors due to unresolved dynamical processes, and the resulting high-dimensional273

inverse problem must be solved approximately. Here, we adopt an alternative strategy:274

rather than seeking to represent the full nonlinear dynamics as accurately as possible, we275

utilize a forecast model incorporating “judicious” model error that dramatically increases276

the speed and stability of the filter while preserving the essential structure of the turbulent277

system (Majda et al. 2010). Specifically, for each element of the state vector xs = {χ̂α(ts)},278

we replace the nonlinear governing equation with a linear stochastic model of the form,279

∂tχ̂α = − (γα − iωα) χ̂α(t) + σαẆ (t), α = {±, k, l} , (3.8)280

where γα and ωα are linear damping rates and frequencies, σα is a stochastic noise strength,281

and Ẇ is circularly symmetric complex white noise forcing. While there is no formal justifi-282

cation for the form of the stochastic forecast model (3.8), it is perhaps the simplest possible283

stochastic parameterization of the turbulent exchange of energy from and to a background284

“sea” of eddies of different scales, and has found wide application and validation in turbulence285

modeling (see, for example, DelSole 2004; Harlim and Majda 2010).286

The linear stochastic forecast model (3.8) offers two key advantages for turbulence fil-287

tering: firstly, it is extremely cheap to implement, and secondly, the inverse problem can be288

solved exactly using the Kalman (1960) filter algorithm, which provides the optimal filtered289

(or analysis) estimate when the observation and forecast model take the form290

ys = Gzs + σobs
s , xs = Fxs−1 + σsys

s , (3.9)291

where F, G in (3.9) are, respectively, the linear dynamics operator and the observation oper-292

ator (which need not sample the entire state space), and σsys
s , σobs

s are mean-zero Gaussian293
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random variables representing system noise and observation noise with covariance tensors294

Rsys and Robs. Under these conditions, the forecast (f) and analysis (a) states are Gaussian295

random variables with mean and covariance satisfying,296

〈xfs 〉 = F〈xas−1〉, Rfs = FRas−1F
∗ + Rsys, (3.10)297

〈xas〉 = (1− KsG) 〈xfs 〉+ Ksys, Ras = (1− KsG)Rfs , (3.11)298

299

where Ks = RfsG
∗ (GRfsG∗ + Robs

)−1
is the Kalman gain matrix and ∗ denotes the complex300

tranpose. For more details on the Kalman filter, see Chui and Chen (1999) or Wunsch301

(2006), for example.302

From (3.8), it is straightforward to show that,303

F = diag
(
e−(γα−iωα)∆t

)
, Rsys = diag

(
γ−1
α |σα|2(1− e−2γα∆t)/2

)
, (3.12)304

with integration timestep ∆t. The stochastic parameters γα, ωα, σα can be determined305

either offline, via long-time averages of the turbulent flow, or adaptively, by assuming that306

the parameters are themselves governed by a stochastic differential equation. Strategies for307

offline and adaptive parameter estimation are described below.308

Superresolution of sparse observations309

Majda and Grote (2007) and Harlim and Majda (2008b) describe a novel turbulence310

filtering algorithm for sparse observations that produces a “superresolved” estimate of the311

state with a higher nominal resolution than the observing network. This is achieved by312

exploiting the fact that sparse observations preserve information about high-wavenumber313

modes due to the effect of aliasing. To see this, consider the discrete Fourier transform of314
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the field fmn = f(mh̃, nh̃) evaluated on a coarse grid with spacing h̃ = π/Ñ ,315

f̃kl =
1

(2Ñ)2

2Ñ−1∑
m,n=0

fmneih̃(km+ln), fmn = Re
Ñ−1∑

k,l=−Ñ

f̃kle
−ih̃(km+ln). (3.13)316

The Fourier coefficients f̃kl will differ from the corresponding coefficients f̂kl defined on a fine-317

scale grid with spacing h = π/N ≤ h̃, because the coarse Fourier transform samples, with318

equal weight, all Fourier modes that reside in the aliasing set of each horizontal wavenumber,319

f̃kl =
P∑

i,j=1

f̂kilj , ki mod Ñ = k, lj mod Ñ = l, (3.14)320

where P = N/Ñ . Thus, an observation of the mode (k, l) on the coarse network can be321

thought of as a superposition of aliased wavenumbers (ki, lj) plus some observational noise,322

f̃ obs
kl (tm) = Gzkl(tm) + σ̃obs

kl (tm), (3.15)323

where G =

[
1 · · · 1

]
is the observation operator and zkl(tm) =

[
f̂k1l1(tm) · · · f̂kP lP (tm)

]T
324

is the P 2-dimensional state vector. The Kalman filter then provides an estimate for both325

resolved and unresolved wavenumbers by combining the incomplete observation (3.15) with326

the stochastic forecast model (3.12). Since the aliasing sets for each primary mode (k, l)327

are disjoint, the full N2-dimensional system reduces to independent P 2-dimensional filtering328

problems for each of the Ñ2 primary modes.329

We emphasize that the Kalman filter does not create new information; rather, it produces330

an estimate for the unresolved modes based upon the information available. Because the331

nominal grid resolution of the resulting state estimate is a factor P times higher than the332

original observations, we refer to this technique as Stochastic Superresolution. Figure 5333

demonstrates how stochastic superresolution can be used to double the nominal resolution334

of a coarse observational network by filtering four aliased modes per observed wavenumber.335



Estimating oceanic eddy transport 15

In the present application, we sample the upper layer on a coarse grid so that,336

ψ̃obs
kl =

[
1 0

] ψ̃1
kl

ψ̃2
kl

+ σ̃obs
kl , (3.16)337

where observations of the (k, l) mode sample all modes in the aliasing set,338

339

 ψ̃1
kl

ψ̃2
kl

 =

[
I2 · · · I2

]



ψ̃1
k1,l1

ψ̃2
k1,l1

...

ψ̃1
kP ,lP

ψ̃2
kP ,lP


. (3.17)340

Note that the vector

[
· · ·
]

contains P 2 copies of the 2×2 identity matrix I2 and so is a matrix341

of size 2×2P 2. In terms of EOFs, the state vector is zkl =

[
χ̂+
k1l1

, χ̂−k1l1 , · · · χ̂+
kP lP

, χ̂−kP lP

]T
342

and343

 ψ̃1
kl

ψ̃2
kl

 =

[
V−1(k1, l1) · · · V−1(kP , lP )

]



χ̃+
k1,l1

χ̃−k1,l1

...

χ̃+
kP ,lP

χ̃−kP ,lP


, (3.18)344

where V(k, l) is the transformation matrix from layer streamfunctions to EOFs and again345

the vector

[
· · ·
]

is a matrix of size 2× 2P 2. Thus, the observed streamfunction is346

ψ̃obs
kl = G(k, l)zkl + σ̃obs

kl , G(k, l) =

[
1 0

]
×
[
V−1(k1, l1) · · · V−1(kP , lP )

]
, (3.19)347

where the observation operator G(k, l) is a 1× 2P 2 matrix, i.e., there are 2P 2 filtered modes348

for each observed wavenumber.349
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Offline and adaptive parameter estimation350

Harlim and Majda (2008a) outline a simple procedure for uniquely determining the351

stochastic parameters in the forecast model (3.12) from the long-time statistics of the tur-352

bulent flow. In the Mean Stochastic Model (MSM), the parameter set (γα, ωα, σα) is chosen353

to reproduce the correct energy spectrum and decorrelation time for each EOF χ̂α,354

eα = 〈|χ̂α|2〉t, Tα + iΘα = e−1
α

∫ ∞
0

〈χ̂α(t)χ̂∗α(t+ T )〉tdT. (3.20)355

Substituting the stochastic model (3.8) into (3.20) yields expressions for the stochastic pa-356

rameters (γα, ωα, σα) in terms of the turbulent statistics (eα, Tα, Θα),357

γα =
Tα

T 2
α + Θ2

α

, ωα = − Θα

T 2
α + Θ2

α

, σα =
√

2γαeα. (3.21)358

A limitation of the Mean Stochastic Model and other simple auto-regressive stochas-359

tic processes for filtering turbulent flows is model error. This arises in two principal ways.360

Firstly, obtaining the stochastic model parameters requires knowledge of the long-time statis-361

tics of the full state vector, including the lower layer and unresolved high wavenumber modes.362

In practice, these statistics will be only partially or imperfectly known. Secondly, the stochas-363

tic parameters are estimated offline and held fixed throughout the filtering process, and thus364

are unable to adjust to temporal intermittency in the flow.365

A standard approach to deal with model error is to estimate the model parameters366

“on-the-fly” by allowing them to evolve in time and augmenting the system state to filter367

them as if they were unobserved state variables (for example, Dee and Da Silva 1998; Baek368

et al. 2006; Dowd 2006; Anderson 2007; Harlim and Majda 2010). Typically, the resulting369

augmented system will involve nonlinear dependencies between the original state variables370
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and the stochastic model parameters, so a linear tangent approximation is often used. A371

particular form for the nonlinear augmented system with exactly solvable statistics was372

recently studied by Gershgorin et al. (2010a,b),373

∂tχ̂ = −m(t)χ̂(t) + a(t) + σẆ (t), (3.22a)374

∂tm = −λm (m(t)− m̄) + σmẆm(t), (3.22b)375

∂ta = −λa (a(t)− ā) + σaẆa(t). (3.22c)376

377

where m(t) and a(t) are complex multiplicative and additive bias corrections and Ẇm(t)378

and Ẇa(t) are circularly symmetric complex white noise forcings. The augmented state379

vector zkl =

[
χ̂+
k1l1

, χ̂−k1l1 , · · · χ̂+
kP lP

, χ̂−kP lP , m+
k1l1

, m−k1l1 , · · · a+
kP lP

, a−kP lP

]T
is then380

filtered using the modified observation operator381

G(k, l) =

[
1 0

]
×
[
V−1(k1, l1) · · · V−1(kP , lP ) O2 · · · O2

]
, (3.23)382

where there are 2P 2 copies of the 2 × 2 zero matrix O2, reflecting the fact that the bias383

correction terms cannot be observed directly. The modified observation operator is a matrix384

of size 1×6P 2, i.e., there are 6P 2 filtered variables per observed wavenumber. The resulting385

Stochastic Parameterized Extended Kalman Filter (SPEKF) algorithm provides an estimate386

of the mean and covariance of the full state vector (including unobserved high wavenumber387

and lower layer variables) at time t = ts and an “on-the-fly” estimate of the stochastic388

parameters m(t) and a(t) for each mode1.389

1We note that the nonlinearity in the forecast model (3.22) permits non-trivial correlations between real

and imaginary components of the state vector and these should be treated separately in (3.23) and the

Kalman filter solution (3.11). For notational efficiency we will not write this out explicitly.
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Following Harlim and Majda (2010), we set the equilibrium mean multiplicative and390

additive bias corrections and the energy spectrum to their MSM values,391

m̄ = γMSM − iωMSM, ā = 0, σ = σMSM, (3.24)392

so that SPEKF acts as an adaptive learning algorithm for the MSM parameterization (see393

figure 6). Because the bias terms m(t) and a(t) are filtered from the observations themselves,394

SPEKF can correct for significant model error in the original MSM parameterizations. The395

remaining augmented model parameters λm = γm + iωm, λa = γa + iωa, σm and σa do not396

have a direct interpretation in terms of the turbulent statistics of the physical system; rather,397

they can be tuned to mimic a range of turbulent behaviors including strong intermittency,398

transient instability, and laminar flow (Branicki et al. 2011). Crucially, there exists a ro-399

bust regime of parameter values for which SPEKF has high filtering skill when compared400

with MSM, as was demonstrated by Gershgorin et al. (2010a,b) in comprehensive numerical401

studies. A more limited study for the flows under consideration here yielded the following402

values, which are held constant for all wavenumbers,403

σm = 5 σMSM, σa = σMSM, γm = γa = 0.1 γMSM, ωm = ωa = 5 ωMSM. (3.25)404

As we have indicated, a significant advantage of the form of (3.22) is that exact nonlinear405

expressions for the mean and covariance of the non-Gaussian forecast distribution can be406

derived using the mathematical properties of conditionally Gaussian processes (Gershgorin407

and Majda 2008; Gershgorin et al. 2010b). Branicki et al. (2011) have also developed a408

simpler quasi-Gaussian closure approximation to the SPEKF algorithm with similarly high409

skill for a wide range of parameter values. In this article, we adopt a hybrid quasi-Gaussian410

scheme in which the forecast mean values of χ̂, m and a are calculated using the exact411
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nonlinear statistics of the augmented model, while the forecast covariance tensor is obtained412

from a Monte Carlo estimate using the pathwise solutions of (3.22),413

χ̂(ts) = χ̂(ts−1)e−j(ts−1,ts) +

∫ ts

ts−1

dt
(
a(t) + σẆ (t)

)
e−j(t,ts), (3.26a)414

m(ts) = m̄+ (m(ts−1)− m̄) e−λm(ts−ts−1) + σm

∫ ts

ts−1

dt Ẇm(t)e−λm(ts−t), (3.26b)415

a(ts) = ā+ (a(ts−1)− ā) e−λa(ts−ts−1) + σa

∫ ts

ts−1

dt Ẇa(t)e
−λa(ts−t), (3.26c)416

417

with j(t0, t1) =
∫ t1
t0

dt m(t). The forecast covariance is then estimated from an ensemble of418

solutions of (3.26) generated using 100 normally distributed initial values χ̂(ts−1), m(ts−1),419

a(ts−1) with mean and covariance tensor equal to that obtained at the previous analysis step,420

i.e.421

xas−1 = 〈xas−1〉+ Ps−1ws−1, Ps−1P
T
s−1 = Ras−1, (3.27)422

where Ps−1 is the Cholesky decompostion of the analysis covariance tensor and ws−1 is a423

vector of Gaussian unbiased uncorrelated random numbers with mean zero and unit variance.424

Figure 6 shows filtered estimates of the multiplicative and additive noise terms m(t)425

and a(t) for mode (−3, 0,+). For comparison, the MSM values for these terms (3.24) have426

been superimposed on top of these estimates. As can be seen, the SPEKF noise parameters427

fluctuate about the equilibrium values, and, in the case of the multiplicative noise, display428

temporally intermittent bursting behavior (Branicki et al. 2011). This temporal variability429

is particularly important in the multiplicative term because it drives a rectified contribution430

to the forecast mean of χ̂ due to the nonlinearity in (3.22a), and hence directly influences431

the eddy heat transport.432
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4. Results433

The filtering strategies described in the previous section were tested by calculating the434

poleward eddy heat transport 〈v1τ〉 from the filtered estimates for the upper and lower435

streamfunctions, and comparing this with the same quantity calculated from the true three-436

dimensional streamfunction. The filtered streamfunctions were estimated from observational437

networks with Nobs = 4, Nobs = 8 and Nobs = 16 using the Mean Stochastic Model (MSM)438

and Stochastic Parameterized Extended Kalman Filter (SPEKF) described in the previous439

section. The MSM stochastic model parameters were calculated from long, fully resolved440

timeseries of the upper and lower streamfunctions, while the SPEKF model parameters were441

assigned according to the rules (3.24) and (3.25). The filters were run for 400 assimilation442

steps (≈ 400 eddy turnover times) after a transient adjustment period of 100 assimilation443

steps. Each final streamfunction estimate was averaged over 10 independent filter runs.444

Filtered streamfunctions were calculated with nominal resolution Nfilt equal to that of445

the observation network Nobs. These were compared with stochastically superresolved (SSR)446

streamfunctions with nominal resolutions of up to Nfilt = 16 by filtering either one or three447

aliased modes per primary wavenumber in each direction (see figure 5). Thus, to obtain a448

nominal resolution of Nfilt = 8 from an Nobs = 4 observational network, a total of eight modes449

(four in each layer) were filtered for every observed mode. To obtain a nominal resolution450

of Nfilt = 16 from the same network, 18 modes (nine in each layer) were filtered. In all cases451

the observational noise covariance was set at 5% of the total kinetic energy and distributed452

evenly among all observed Fourier modes.453

Figures 7 and 8 depict timeseries of the estimated eddy heat transport after the initial454
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transient adjustment phase. As with the Optimal Interpolation (OI) estimates, the MSM455

algorithm tends to underestimate the eddy heat flux, and predicts the incorrect sign at low456

latitudes with Nobs = 4 due to the dominance of low-wavenumber zonal modes there. The457

inclusion of SSR modes improves the estimate at both high and low latitudes and captures458

about 20-25% of the time-mean eddy heat flux. When the baseline observation resolution is459

increased to Nobs = 8, over half of the time-mean eddy heat flux is captured, again a result460

that could have been anticipated from the OI estimates at this resolution. Likewise, when461

the observation resolution is increased further to Nobs = 16, over 90% of the eddy heat flux is462

obtained. Note that, for observation resolutions of both Nobs = 4 and Nobs = 8, little further463

improvement is seen when stochastic superresolution increases the nominal resolution from464

Nfilt = 8 to Nfilt = 16. This is consistent with the intuition that wavenumber modes with465

4 ≤ |k|, |l| ≤ 8 dominate the total eddy heat flux. In all cases, the temporal variability of466

the filtered output is considerably less than the truth signal because the long observation467

timestep is unable to resolve rapid variations in the true heat flux.468

In the case of SPEKF, the addition of SSR modes to the Nobs = 4 observational network469

leads to considerable improvement in the time-mean eddy heat transport estimate, up to470

50% at low latitudes and 75% at high latitudes. This is likely because the inclusion of471

aliased modes means the filters are better able to adapt to intermittent bursts of instability472

near the deformation radius, i.e. 4 ≤ |k|, |l| ≤ 8, which would otherwise be unresolved.473

While it is unreasonable to expect an exact reconstruction of the temporal variations of the474

signal with such a long observational timestep, the temporal variability of the eddy heat flux475

estimated from SPEKF are at least statistically closer to the truth. Once more, the Nobs = 8476

and Nobs = 16 observational networks gain little by filtering aliased modes, because in these477
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cases the bulk of the eddy field is already captured by the observations. An important478

observation to make from both figures 7 and 8 is that SSR tends to improve the estimate479

of the time-mean heat flux (particularly in the case of SPEKF), but it is no substitute for480

increased baseline observational resolution.481

Depth-averaged meridional and zonal kinetic energy spectra estimated using MSM and482

SPEKF are shown in figures 9 and 10. In both low and high latitude cases, the Nobs = 8483

and Nobs = 16 observational networks capture most of the kinetic energy, while the Nobs = 4484

network overestimates the kinetic energy at low wavenumbers because the coarse observations485

alias high wavenumber energy into the resolved waveband. The SSR algorithm redistributes486

this kinetic energy to higher wavenumber aliased modes and successfully reconstructs the487

peak of the spectra. Note that the total energy estimated by the filter tends to be less than488

the true total energy, as would be expected from low-resolution observations. SPEKF does489

a better job of reconstructing the energy spectrum from coarse observations, particularly at490

low wavenumbers.491

Figure 11 summarizes the time-mean heat transport estimates for the low and high492

latitude cases with Nobs = 4, Nobs = 8 and Nobs = 16. For each of the filtering strategies493

considered, the equilibrium heat flux, normalized by the true time-mean heat flux, was494

averaged over 400 eddy turnover times and plotted against the maximum resolved (Nyquist)495

wavenumber Nobs. We find that SSR gives significant improvement over the OI estimate496

of the time-mean heat transport at the lowest spatial resolution considered (Nobs = 4).497

This is because the unresolved modes are better represented in the SSR velocity fields. Of498

the filtering strategies considered at this resolution, the SPEKF algorithm with maximum499

stochastic superresolution performs best, capturing over 75% of the time-mean signal at500
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high latitudes. This results should be compared with ≈ 13% captured without filtering501

(i.e. with optimal interpolation) at spatial resolutions corresponding to current satellite502

capabilities. Likewise, using approximate current satellite resolutions, almost 75% of the503

time-mean heat flux at low latitudes is captured by the SPEKF algorithm with maximum504

stochastic superresolution. While this is encouraging, it is not as significant as at high505

latitudes because the observational network in this case successfully captures the bulk of the506

mesoscale eddy field, and so gains little by the inclusion of SSR modes.507

In summary, we find that the combination of SSR and SPEKF provides a simple, com-508

putationally inexpensive method of estimating the three-dimensional streamfunction from509

spatiotemporally sparse observations of the upper ocean velocity field. The time-mean eddy510

heat transport calculated from the filtered streamfunction shows significant improvement511

over both Optimal Interpolation and Mean Stochastic Model estimates in the scenarios we512

have investigated. With such a long observational timestep, we do not expect to recon-513

struct the exact temporal variations of the heat flux, however, and the filtered estimates514

still underrepresent the temporal variability of the heat transport. Even so, the skill of the515

SPEKF algorithm is particularly promising, because it is capable of learning the appropriate516

stochastic model parameters “on-the-fly”, effectively learning the appropriate sub-gridscale517

parameterization from the observations themselves. This lends the algorithm significant flex-518

ibility in dealing with model error in the forecast model, for instance by using the incorrect519

energy spectrum for the linear stochastic model (3.8).520
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5. Conclusions521

We have tested the performance of a suite of novel filtering strategies for estimating pole-522

ward eddy heat transport from spatially and temporally sparse observations of the upper523

ocean velocity field. Baroclinically unstable, eddy-rich flow fields were generated using the524

Phillips (1954) model in parameter regimes corresponding to oceanic mesoscale turbulence525

at high and low latitudes. Net heat transport was calculated by projecting observations of526

the upper layer streamfunction onto vertical mode empirical orthogonal functions (EOFs)527

calculated from climatological data. Plausible space-time sampling scenarios were consid-528

ered, representing current-generation satellite resolution capability. These scenarios consti-529

tute stringent test cases for the filtering strategies considered, particularly at high latitudes530

where contemporary satellite observations are barely capable of resolving the most energetic531

eddies. In addition, we studied higher resolution observation scenarios with the goal of an-532

ticipating the possible gains that might be expected from the proposed Surface Water Ocean533

Topography altimetry mission, for example (Durand et al. 2010).534

The filtering strategies considered incorporate a number of features that improve their535

performance when compared with standard Kalman, extended Kalman, and ensemble data-536

assimilation techniques (Harlim and Majda 2010). Nonlinear interaction terms in the forward537

model are replaced by a simple auto-regressive stochastic model for each mode, so that the538

dynamical operator is diagonalized and the inverse problem can be solved exactly using the539

usual Kalman (1960) algorithm. Thus, by embracing “judicious” model error, the speed and540

stability of the filters is greatly increased without compromising the essential structure of the541

turbulent interactions among modes. The parameters appearing in the stochastic forecast542
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model are determined either offline using the Mean Stochastic Model (MSM), in which the543

parameters are regression fitted to reproduce the climatological energy spectrum and corre-544

lation times of the turbulent flow, or adaptively using the Stochastic Parameterized Extended545

Kalman Filter (SPEKF), which augments the system state to produce an “on-the-fly” esti-546

mate of the stochastic model parameters from the observations themselves. In addition, the547

filtering strategies exploit the fact that a coarse observation network will preserve informa-548

tion about unresolved high wavenumbers due to the effect of aliasing. Hence, by extracting549

high-wavenumber information aliased into the resolved band, one can obtain Stochastic Su-550

perresolution (SSR) estimates for unresolved modes, boosting the nominal resolution of the551

observation network by a factor of two or more and improving the eddy transport estimated552

from sparse satellite observations.553

The filtering strategies were tested by comparing the poleward eddy heat flux calcu-554

lated using the filtered streamfunctions and the true, fully-resolved flow. In addition, we555

calculated the heat transport one would obtain from Optimal Interpolation (OI) by pro-556

jecting sparse observations of the upper layer onto the most energetic EOF to estimate the557

lower layer streamfunction, thus allowing us to quantify the gain provided by filtering sparse558

observations. We found that SSR gave significant improvement over the OI estimate of559

the time-mean heat transport at the lowest spatial resolution considered (N = 4). This560

is because the unresolved modes are better represented in the SSR velocity fields, a result561

of particular relevance at high latitudes, where the Nyquist waveband excludes the peak562

of the kinetic energy spectrum. Particularly encouraging is the performance of SPEKF,563

since this algorithm is considerably more adaptable to large-scale instabilities and seasonal564

modulations in the turbulent flow. An intriguing byproduct of the SPEKF algorithm is a565
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real-time stochastic parameterization of the unresolved scales, which might prove valuable566

for developing more skillful eddy parameterization schemes for ocean climate models.567

The results at low latitudes are also positive, although the improvement over OI is not568

as large because the observational network in this case successfully captures the bulk of569

the mesoscale eddy field. However, there are two reasons to believe that SSR and SPEKF570

might give better results with altimetric velocity fields at low latitudes than is obtained here.571

Firstly, in this preliminary study, we have repeatedly used the perfect model parameters for572

the vertical structure, and these values will, in practice, be subject to some uncertainty,573

if they are known at all. The full SPEKF filter can overcome this important model error574

and learn these parameters directly from the data (Harlim and Majda 2010). Secondly, it575

is believed that surface-trapped modes might play a more significant role in the subtropics,576

which would lead to a shallower submesoscale energy spectrum than is represented by the577

Phillips model (Tulloch et al. 2010). Recently, Keating et al. (2010) demonstrated that eddy578

transports in flows with a strong surface component are much more sensitive to the spatial579

and temporal subsampling resolution, so results obtained using the Phillips model might580

not be appropriate for this region. We plan to explicitly examine this issue in the context581

of quasigeostrophic model simulations incorporating non-trivial stratification and surface582

intensification in the near future.583

It should be emphasized that the stochastic filtering strategies studied here should not584

be considered as a substitute for existing variational and ensemble-based data assimilation585

systems such as 3DVAR, 4DVAR or ensemble Kalman Filter techniques. Rather, they should586

be viewed as an inexpensive, complementary approach to dealing with sparse satellite ob-587

servations that could easily be “nested” within contemporary assimilation frameworks, a588
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subject we will take up in a later study. A number of additional hurdles remain before prac-589

tical filtering algorithms incorporating these techniques can be developed for use with real590

altimetry data, however. In particular, the use of a Cartesian grid in this study meant that591

the aliasing condition assumed a particularly simple form. Aliasing conditions for irregular592

(non-Cartesian) satellite orbits are also known (Tai 2004), but they are more complicated593

and it is yet to be determined if they can be exploited to produce “superresolved” altimetry594

maps. Moreover, irregularly spaced observations also lead to subtleties in the construction595

of a reduced forecast model with a diagonal covariance matrix as in (3.12) (Harlim 2010);596

this needs to be further studied in the context of repeat ground-track satellite orbits. Fi-597

nally, for expediency we assumed that the observations were made simultaneously at all grid598

points once every observational timestep. In reality, the sampling pattern has a complex599

spatiotemporal evolution with shorter subcycles within each exact repeat period, and so600

the temporal resolution of satellite observations is more subtle than we have represented601

here (Chelton et al. 2001). These caveats notwithstanding, the results of our study suggest602

that cheap, simple filtering techniques such as SSR and SPEKF can enhance the ability of603

current-generation altimetry products to constrain the role of ocean eddies in the global heat604

budget, and can provide a valuable measure of the “return-on-investment” that might be605

expected from advances in satellite altimetry in the coming decade.606
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APPENDIX613

a. Subsurface geostrophic current614

The geostrophic current at arbitrary depth z is related to the horizontal gradient of615

pressure via616

fu(x, y, z) = ρ−1 ẑ ×∇ p. (A1)617

Under the assumption of hydrostatic balance (a good approximation in the ocean away from618

regions of strong convection near the surface), the density ρ(x, y, z) and pressure p(x, y, z)619

are related by620

p(x, y, z) = P + g

∫ η(x,y)

z

ρ(x, y, z′) dz′, (A2)621

where P is the pressure at the sea surface z = η(x, y). The subsurface geostrophic current622

is, by Leibniz’s rule,623

f u(x, y, z) ≈ ρ−1(x, y, z)

{
g ρ0 ẑ ×∇η + g

∫ η

z

ẑ ×∇ρ(x, y, z′) dz′
}
, (A3)624

where we have used ρ(x, y, η) = ρ0(x, y). Sufficiently close to the surface, the last term625

disappears and we obtain626

fu(x, y, 0) ≈ g ẑ ×∇ η. (A4)627
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This surface current contribution is present throughout the water column, although it628

is slightly compensated by changes in the density field through a multiplicative factor629

ρ0(x, y)/ρ(x, y, z). At depth, the last term in (A3) become increasingly important, ulti-630

mately dominating (and potentially reversing) the subsurface current at depths comparable631

with the depth of the pycnocline (Wunsch and Stammer 1998). In the absence of a model for632

the pressure field throughout the water column, therefore, observations of sea-surface height633

anomalies do not constrain the subsurface geostrophic current.634

b. Empirical orthogonal functions635

The empirical orthogonal functions (EOFs) at each horizontal wavenumber (k, l) are636

constructed so that the variance of the first EOF χ̃+
kl is maximal and contains the major-637

ity of the energy at that wavenumber. We first construct the energy-weighted barotropic638

streamfunction ψ and baroclinic streamfunction τ at each wavenumber,639  ψ̃kl

τ̃kl

 = M

 ψ̃1
kl

ψ̃2
kl

 , M(k, l) =


√
k2 + l2 0

0
√
k2 + l2 + λ2


 d1 d2

√
d1d2 −

√
d1d2

 .

(A5)640

Writing ψ̃kl 7→ ψ etc., and assuming that 〈ψ〉 = 0 = 〈τ〉, we now seek eigenvectors of the641

covariance matrix of the energy-weighted vertical modes, namely,642

C = cov

 ψ

τ

 =

 〈|ψ|2〉 〈ψτ ∗〉
〈ψ∗τ〉 〈|τ |2〉

 . (A6)643
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Angle brackets 〈·〉 represent a long-time average. The matrix of eigenvectors N = N(k, l)644

diagonalizes the covariance matrix so that645

D = N∗CN = diag (e+, e−) . (A7)646

where ∗ denotes complex transpose. The EOFs are obtained by projecting the vertical modes647

onto the eigenspace defined by N,648  χ+

χ−

 = N∗(k, l)

 ψ

τ

 , 〈|χ±|2〉 = e±. (A8)649

Finally, the EOFs are expressed in terms of the layer streamfunctions via650  χ+

χ−

 = V(k, l)

 ψ1

ψ2

 , V(k, l) = N∗(k, l)M(k, l). (A9)651

c. Forecast mean solutions to the Stochastic Parameterized Extended Kalman Filter652

The forecast means of the multiplicative and additive noise biases at time t = t1 are653

straightforwardly obtained from the pathwise solutions (3.26b,c),654

〈m1〉 = m̄+ (〈m0〉 − m̄) e−λm(t1−t0), 〈a1〉 = 〈a0〉e−λa(t1−t0) (A10)655

where 〈m0〉, 〈a0〉 are the initial (analysis) means at time t = t0. The forecast mean of χ̂ is656

〈χ̂1〉 = 〈χ̂0e−j(t0,t1)〉+

∫ t1

t0

dt 〈a0e−j(t,t1)〉e−λa(t−t0). (A11)657

The quantities in angle brackets can be calculated using the statistics of conditionally Gaus-658

sian processes: in particular, for real s, t and real, mean-zero, Gaussian random variables x,659

y, z it can be shown (Gershgorin et al. 2010b) that660

〈x exp (sy + itz)〉 = (s〈xy〉+ it〈xz〉) exp

(
s2

2
〈y2〉 − t2

2
〈z2〉+ ist〈yz〉

)
. (A12)661
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Using m′0 = m0 − 〈m0〉, a′0 = a0 − 〈a0〉, and τ = λ−1
m

(
e−λm(t−t0) − e−λm(t1−t0)

)
, we find,662

〈χ̂0e−j(t0,t1)〉 = 〈χ̂0〉e−m̄(t1−t0) (A13)663

〈a0e−j(t,t1)〉 = (〈a0〉 − 〈m′0a′0〉τ) e−〈m0〉τ−m̄(t1−t−τ)+〈(a′0)2〉τ2/2. (A14)664

665

666
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Poje, A., A. Haza, T. Özgökmen, M. Magaldi, and Z. Garraffo, 2010: Resolution dependence735

of relative dispersion statistics in a hierarchy of ocean models. Ocean Modelling, 31 (1-2),736

36–50.737

Qiu, B. and S. Chen, 2004: Eddy-induced heat transport in the Subtropical North Pacific738

from Argo, TMI, and Altimetry measurements. J. Phys. Oceanogr., 35, 458–473.739



Estimating oceanic eddy transport 35

Richards, K. J., N. A. Maximenko, F. O. Bryan, and H. Sasaki, 2006: Zonal jets in the740

Pacific Ocean. Geophys. Res. Lett., 33, L03 605.741

Roemmich, D. and J. Gilson, 2001: Eddy transport of heat and thermocline water in the742

North Pacific: A key to interannual/decadal climate variability? J. Phys. Oceanogr., 31,743

675–687.744

Smith, K. S., 2007: The geography of linear baroclinic instability in Earth’s oceans. J. Mar.745

Res., 65, 655–683.746

Smith, K., G. Boccaletti, C. Henning, I. Marinov, C. Tam, I. Held, and G. Vallis, 2002:747

Turbulent diffusion in the geostrophic inverse cascade. J. Fluid Mech., 469, 13–48.748

Smith, K. and G. Vallis, 2002: The scales and equilibration of midocean eddies: Forced-749

dissipative flow. J. Phys. Oceanogr., 32, 1699–1720.750

Stammer, D., 1997: Global characteristics of ocean variability estimated from regional751

TOPEX/POSEIDEN altimeter measurements. J. Phys. Oceanogr., 27, 1743–1769.752

Stammer, D., 1998: On eddy characteristics, eddy transports, and mean flow properties. J.753

Phys. Oceanogr., 28, 727–739.754

Tai, C.-K., 2004: The resolving power of a single exact-repeat altimetric satellite or a coor-755

dinated constellation of satellites. J. Atmos. Oceanic Tech., 21, 810–818.756

Tulloch, R., J. Marshall, C. Hill, and K. Smith, 2010: Scales, growth rates and spectral757

fluxes of baroclinic instability in the ocean, submitted to J. Phys. Oceanogr.758



Estimating oceanic eddy transport 36

Vallis, G., 2006: Atmospheric and ocean fluid dynamics: Fundamentals and large-scale cir-759

culation. Cambridge University Press.760

Volkov, D., T. Lee, and L.-L. Fu, 2008: Eddy-induced meridional heat transport in the761

ocean. Geophys. Res. Lett., 35, L20 601.762

Wunsch, C. and D. Stammer, 1998: Satellite altimetry, the marine geoid, and the oceanic763

general circulation. Annu. Rev. Earth Planet. Sci., 26, 219–253.764

Wunsch, C., 1989: Sampling characteristics of satellite orbits. J. Atmos. Oceanic Tech., 6,765

891–907.766

Wunsch, C., 1999: Where do ocean eddy heat fluxes matter? J. Geophys. Res., 104, 13 235767

– 13 249.768

Wunsch, C., 2006: Discrete inverse and state estimation problems. Cambridge University769

Press.770



Estimating oceanic eddy transport 37

List of Figures771

1 Upper and lower layer streamfunctions for the low latitude case. White circles772

show approximate current-generation satellite spatial resolution capability.773

The streamfunctions are normalized by ULdom, where U is the rms velocity774

and Ldom is the domain scale. . . . . . . . . . . . . . . . . . . . . . . . . . . 41775

2 Upper and lower layer streamfunctions for the high latitude case. White circles776

show approximate current-generation satellite spatial resolution capability.777

The streamfunctions are normalized by ULdom, where U is the rms velocity778

and Ldom is the domain scale. . . . . . . . . . . . . . . . . . . . . . . . . . . 42779

3 Top row : Log of the normalized energy spectrum for low and high latitude780

cases. The spectral range shown corresponds to the wavenumbers resolved by781

an N = 16 observation network; the dash-dotted and dashed regions corre-782

spond to N = 8 and N = 4 networks, respectively. Middle row : Log of the783

correlation time expressed in units of the eddy turn-over time. Only the corre-784

lation time of the largest EOF for each horizontal wavenumber is shown. The785

thick contour shows the observation timescale (equal to one turn-over time)786

so that modes outside this contour decay rapidly compared with the obser-787

vation time. Bottom row : Log of the normalized heat flux spectrum. The788

thick contour indicates where the contribution to the heat flux switches from789

negative (at low wavenumbers) to positive (at high wavenumbers). There is790

no sign-change in the high latitude case. . . . . . . . . . . . . . . . . . . . . 43791



Estimating oceanic eddy transport 38

4 Top: Time-series of the poleward eddy heat transport at low latitudes (left792

column) and high latitudes (right column). The true eddy heat flux is indi-793

cated by a solid gray line in each panel. Also shown are Optimal Interpolation794

(OI) estimates of the heat flux from coarse observations with N = 16 (dashed795

line), N = 8 (dashed-dotted line) and N = 4 (dotted line). In each case,796

the heat flux has been normalized by the respective time-averaged true heat797

flux. Bottom: Normalized energy spectra in the zonal (black) and meridional798

(gray) directions, estimated using Optimal Interpolation. . . . . . . . . . . . 44799

5 Left: Stochastic superresolution of an 8 × 8 observation network. The re-800

solved wavenumbers all lie inside the inner dashed box |k|, |l| ≤ N = 4.801

The wavenumbers indicated by the white circles show the first eight horizon-802

tal wavenumbers in the aliasing set of the horizontal wavenumber (−3, 0),803

indicated by the filled circle. To obtain a nominal resolution of 16× 16 (cor-804

responding to the outer dashed box |k|, |l| ≤ 8), one must filter the primary805

wavenumber (−3, 0) plus the three aliased wavenumbers closest to the origin:806

(5, 0), (−3,−8) and (5,−8). Right: The aliasing set of the mode (−3, 0).807

The observation (dashed line with circles) samples, with equal weight, each808

member of the aliasing set. Note that the largest contribution actually comes809

from aliased mode (5, 0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45810

6 Time series of the real and imaginary components of the multiplicative and ad-811

ditive noise terms for mode (−3, 0,+) in the low latitude case. Superimposed812

are the Mean Stochastic Model values for these terms, for comparison. . . . . 46813



Estimating oceanic eddy transport 39

7 Time-series of the poleward eddy heat transport estimated using the Mean814

Stochastic Model (MSM) at low latitudes (left) and high latitudes (right).815

The true eddy heat flux is indicated by a solid gray line in each panel. Also816

shown is the heat flux calculated using filtered velocity fields with nominal817

resolutions of Nfilt = 4, 8, and 16. In each case, the heat flux has been818

normalized by its respective true heat flux average. . . . . . . . . . . . . . . 47819

8 Time-series of the poleward eddy heat transport estimated using the Stochas-820

tic Parameterized Extended Kalman Filter (SPEKF) at low latitudes (left)821

and high latitudes (right). The true eddy heat flux is indicated by a solid822

gray line in each panel. Also shown is the heat flux calculated using filtered823

velocity fields with nominal resolutions of Nfilt = 4, 8, and 16. In each case,824

the heat flux has been normalized by its respective true heat flux average. . . 48825

9 Normalized energy spectra in the zonal (black) and meridional (gray) direc-826

tions, estimated using Mean Stochastic Model (MSM) at low latitudes (left)827

and high latitudes (right). Also shown is the energy spectrum calculated us-828

ing filtered velocity fields with Nfilt = 4, 8, and 16. In each case, the energy829

spectrum has been normalized by the true total energy. . . . . . . . . . . . . 49830

10 Normalized energy spectra in the zonal (black) and meridional (gray) di-831

rections, estimated using Stochastic Parameterized Extended Kalman Filter832

(SPEKF) at low latitudes (left) and high latitudes (right). Also shown is the833

energy spectrum calculated using filtered velocity fields with Nfilt = 4, 8, and834

16. In each case, the energy spectrum has been normalized by the true total835

energy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50836



Estimating oceanic eddy transport 40

11 Time mean of the heat flux in the low and high latitude case (normalized837

with respect to the truth) versus maximum observable (Nyquist) wavenum-838

ber: Optimal Interpolation estimate (OI; circles), Mean Stochastic Model839

(MSM; squares), Stochastic Parameterized Extended Kalman Filter (SPE;840

circles). Also shown are stochastically superresolved filter estimates with a841

nominal resolution double (×2) or quadruple (×4) that of the original observ-842

ing network. The approximate current satellite resolutions at these latitudes843

are indicated by dashed boxes. . . . . . . . . . . . . . . . . . . . . . . . . . . 51844



FIGURES 41

Fig. 1. Upper and lower layer streamfunctions for the low latitude case. White circles show

approximate current-generation satellite spatial resolution capability. The streamfunctions

are normalized by ULdom, where U is the rms velocity and Ldom is the domain scale.
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Fig. 2. Upper and lower layer streamfunctions for the high latitude case. White circles show

approximate current-generation satellite spatial resolution capability. The streamfunctions

are normalized by ULdom, where U is the rms velocity and Ldom is the domain scale.



FIGURES 43

Fig. 3. Top row : Log of the normalized energy spectrum for low and high latitude cases. The

spectral range shown corresponds to the wavenumbers resolved by an N = 16 observation

network; the dash-dotted and dashed regions correspond to N = 8 and N = 4 networks,

respectively. Middle row : Log of the correlation time expressed in units of the eddy turn-

over time. Only the correlation time of the largest EOF for each horizontal wavenumber is

shown. The thick contour shows the observation timescale (equal to one turn-over time) so

that modes outside this contour decay rapidly compared with the observation time. Bottom

row : Log of the normalized heat flux spectrum. The thick contour indicates where the

contribution to the heat flux switches from negative (at low wavenumbers) to positive (at

high wavenumbers). There is no sign-change in the high latitude case.



FIGURES 44

Fig. 4. Top: Time-series of the poleward eddy heat transport at low latitudes (left column)

and high latitudes (right column). The true eddy heat flux is indicated by a solid gray line in

each panel. Also shown are Optimal Interpolation (OI) estimates of the heat flux from coarse

observations with N = 16 (dashed line), N = 8 (dashed-dotted line) and N = 4 (dotted

line). In each case, the heat flux has been normalized by the respective time-averaged true

heat flux. Bottom: Normalized energy spectra in the zonal (black) and meridional (gray)

directions, estimated using Optimal Interpolation.



FIGURES 45

Fig. 5. Left: Stochastic superresolution of an 8 × 8 observation network. The resolved

wavenumbers all lie inside the inner dashed box |k|, |l| ≤ N = 4. The wavenumbers indicated

by the white circles show the first eight horizontal wavenumbers in the aliasing set of the

horizontal wavenumber (−3, 0), indicated by the filled circle. To obtain a nominal resolution

of 16 × 16 (corresponding to the outer dashed box |k|, |l| ≤ 8), one must filter the primary

wavenumber (−3, 0) plus the three aliased wavenumbers closest to the origin: (5, 0), (−3,−8)

and (5,−8). Right: The aliasing set of the mode (−3, 0). The observation (dashed line with

circles) samples, with equal weight, each member of the aliasing set. Note that the largest

contribution actually comes from aliased mode (5, 0).



FIGURES 46

Fig. 6. Time series of the real and imaginary components of the multiplicative and addi-

tive noise terms for mode (−3, 0,+) in the low latitude case. Superimposed are the Mean

Stochastic Model values for these terms, for comparison.



FIGURES 47

Fig. 7. Time-series of the poleward eddy heat transport estimated using the Mean Stochastic

Model (MSM) at low latitudes (left) and high latitudes (right). The true eddy heat flux is

indicated by a solid gray line in each panel. Also shown is the heat flux calculated using

filtered velocity fields with nominal resolutions of Nfilt = 4, 8, and 16. In each case, the heat

flux has been normalized by its respective true heat flux average.
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Fig. 8. Time-series of the poleward eddy heat transport estimated using the Stochastic

Parameterized Extended Kalman Filter (SPEKF) at low latitudes (left) and high latitudes

(right). The true eddy heat flux is indicated by a solid gray line in each panel. Also shown

is the heat flux calculated using filtered velocity fields with nominal resolutions of Nfilt = 4,

8, and 16. In each case, the heat flux has been normalized by its respective true heat flux

average.



FIGURES 49

Fig. 9. Normalized energy spectra in the zonal (black) and meridional (gray) directions,

estimated using Mean Stochastic Model (MSM) at low latitudes (left) and high latitudes

(right). Also shown is the energy spectrum calculated using filtered velocity fields with

Nfilt = 4, 8, and 16. In each case, the energy spectrum has been normalized by the true total

energy.



FIGURES 50

Fig. 10. Normalized energy spectra in the zonal (black) and meridional (gray) directions,

estimated using Stochastic Parameterized Extended Kalman Filter (SPEKF) at low lati-

tudes (left) and high latitudes (right). Also shown is the energy spectrum calculated using

filtered velocity fields with Nfilt = 4, 8, and 16. In each case, the energy spectrum has been

normalized by the true total energy.



FIGURES 51

Fig. 11. Time mean of the heat flux in the low and high latitude case (normalized with

respect to the truth) versus maximum observable (Nyquist) wavenumber: Optimal Interpo-

lation estimate (OI; circles), Mean Stochastic Model (MSM; squares), Stochastic Parame-

terized Extended Kalman Filter (SPE; circles). Also shown are stochastically superresolved

filter estimates with a nominal resolution double (×2) or quadruple (×4) that of the origi-

nal observing network. The approximate current satellite resolutions at these latitudes are

indicated by dashed boxes.
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TABLES 53

Table 1. Parameter regimes for low and high latitude observation scenarios.

Physical parameter Low latitude High latitude

Supercriticality parameter 0.9 0.2

Bottom drag 0.3 0.9

Domain scale 3200 km 800 km

Deformation wavelength 320 km 80 km

Observation resolution 200 km 100 km

Deformation wavenumber 10 10

Nyquist wavenumber 8 4

Eddy turnover time 15 days 15 days

Observation time 15 days 15 days


