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Abstract Despite recent advances in supercomputing, current general circu-
lation models (GCMs) poorly represent the variability associated with orga-
nized tropical convection. In a recent study, the authors have shown, in the
context of a paradigm two baroclinic mode system, that a stochastic mul-
ticloud convective parameterization based on three cloud types (congestus,
deep and stratiform) can be used to improve the variability and the dynam-
ical structure of tropical convection. Here, the stochastic multicloud model
is modified with a lag type stratiform closure and augmented with an ex-
plicit mechanism for congestus detrainment moistening. These modifications
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improve the representation of intermittent coherent structures such as synop-
tic and mesoscale convective systems. Moreover, the new stratiform closure
allows for increased robustness of the coherent features of the model with re-
spect to the amount of stochastic noise. The simulations with the new closure
and a higher amount of stochastic noise result in a Walker type circulation
with realistic mean and coherent variability which surpasses results of pre-
vious deterministic and stochastic multicloud models in the same parameter
regime. Further, deterministic mean field limit equations (DMFLE) for the
stochastic multicloud model are considered. Aside from providing a link to
the deterministic multicloud parameterization, the DMFLE allow a judicious
way of determining the amount of deterministic and stochastic “chaos” in the
system. It is shown that with the old stratiform heating closure, the stochastic
process accounts for most of the chaotic behavior. The simulations with the
new stratiform heating closure exhibit a mixture of stochastic and determin-
istic chaos. The highly chaotic dynamics in the simulations with congestus
detrainment mechanism is due to the strongly nonlinear and numerically stiff
deterministic dynamics. In the latter two cases, the DMFLE can be viewed as
a “standalone” parameterization, which is capable of capturing some dynami-
cal features of the stochastic parameterization. Furthermore, it is shown that,
in spatially extended simulations, the stochastic multicloud model can capture
qualitatively two local statistical features of the observations: long and short
auto-correlation times of moisture and precipitation, respectively and the ap-
proximate power-law in the probability density of precipitation event size for
large precipitation events. The latter feature is not reproduced in the column
simulations. This fact underscores the importance of gravity waves and large
scale moisture convergence.

Keywords Stochastic convective parameterization · Multicloud models ·
tropical atmospheric dynamics · convectively coupled waves

1 Introduction

Organized convection in the tropics involves a hierarchy of temporal and spa-
tial scales ranging from short lived mesoscale organized squall lines on the or-
der of hundreds of kilometers to intraseasonal oscillations over planetary scales
[43,11,54]. Despite the continued research efforts by the climate community,
the present coarse resolution GCMs, used for the prediction of weather and
climate, poorly represent variability associated with tropical convection [51,
42,50,30,56]. It is believed that the deficiency is due to inadequate treatment
of cumulus convection [42,32], which has to be parameterized in the coarse
resolution GCMs. Given the importance of the tropics for short-term climate
and medium to long range weather prediction, the search for new strategies
for parameterizing the unresolved effects of tropical convection has been the
focus of researchers during the last few decades.

The problem of adequately addressing the interactions across temporal
and spatial scales between the large scale circulation and organized cloud
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systems, from individual clouds to large-scale clusters and superclusters to
planetary-scale disturbance has been approached from multiple directions.
Cloud-resolving models on fine computational grids and high-resolution nu-
merical weather prediction models with improved convective parameteriza-
tions have succeeded in representing some aspects of organized convection
[4,41]. The other approach has been the development of strategies that di-
rectly address the multiscale nature of the problem. Superparameterization
(SP) methods [9,7,8,49,34] use a cloud resolving model (CRM) in each col-
umn of the large scale GCM to explicitly represent small scale and mesoscale
processes and interactions among them. One of particularly promising ap-
proaches is sparse space-time SP [55]. However, even with growing availability
of computation resources, these methods are not currently viable for appli-
cation to the large ensemble-size weather prediction or climate simulations.
Thus, computationally inexpensive GCM parameterizations that capture the
variability and coherent structure of the deep convection have remained a
central unsolved problem in the atmospheric community.

The most common conventional cumulus parameterizations are based on
the quasi-equilibrium (QE) assumption [1], the moist convective adjustment
idea of [39], or the large scale moisture convergence closure of Kuo [29] type.
As such, the mean response of unresolved modes on large/resolved scale vari-
ables is formulated according to various prescribed deterministic closures [16,
2,57]. These purely deterministic parameterizations were found to be inade-
quate for the representation of the highly intermittent and organized tropical
convection [45] and many of the improvements in GCMs of the last decade
came from the relaxation of the QE assumption, through the addition of a
stochastic perturbation [3,31,27,35,38]. Stochastic processes have been used
to parameterize convective momentum transport [38], to improve conceptual
understanding of the transition to deep convection through critical values of
column water vapor [52], as well as for the analysis of cloud cover data in the
tropics and the extratropics [14].

A novel approach to the problem of missing tropical variability in GCMs
has been the development of the multicloud parameterizations [22–26,19,5].
The multicloud parameterizations capture the interaction of three cloud types
(congestus, deep and stratiform) which characterize tropical convection. The
multicloud framework also includes both low-level moisture preconditioning
through the second baroclinic convergence due to congestus heating and cool-
ing and the direct effect of stratiform clouds including downdrafts which cool
and dry the boundary layer. The deterministic closure takes into account the
energy available for congestus and deep convection and uses a non-linear mois-
ture switch that allows natural transitions between congestus and deep convec-
tion. The stochastic multicloud model [19,5] (hereafter KBM10 and FMK12)
aims to capture these phenomena with a Markov chain lattice model where
each lattice site is either occupied by a cloud of a certain type or it is a clear
sky site. The convective elements interact with the large scale environment
and with each other through convective available potential energy (CAPE)
and middle troposphere dryness. This type of lattice model is an extension of
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an Ising-type spin-flip model used for phase transitions in material science [17]
and has been successfully used to improve simpler (one cloud) convective pa-
rameterizations [27,35]. When local interactions between the lattice sites are
ignored, the dynamical evolution of the cloud area fractions in the stochastic
multicloud model takes the form of a coarse grained stochastic process that
is intermediate between the microscopic dynamics and the mean field equa-
tions [17,27,35]. The deterministic mean field limit equations (DMFLE) can
be viewed as a separate deterministic parameterization within the multicloud
framework (see Fig. 1) and under certain simplifying assumptions can be liked
to the deterministic multicloud parameterization. The design principles of the
multicloud parameterization framework are extensively explored in the de-
terministic version of the model developed by Khouider and Majda [22–26]
(hereafter KM06a, KM06b,KM07, KM08a, KM08b, respectively).

Here, a version of the stochastic multicloud parameterization (FMK12)
with a new stratiform heating closure and a congestus detrainment mecha-
nism is studied. As in KBM10 and FMK12, the parameterization is coupled
to a simplified model of the primitive equations; the vertical resolution is re-
duced to the first two baroclinic modes. The modifications further improve
the representation of intermittent coherent structures such as synoptic and
mesoscale convective systems. Single column simulations are used here to elu-
cidate the effects of these modifications. The deterministic mean field limit
equations, on the other hand, allow us to illustrate the role of stochastic pro-
cesses through side-by-side comparison of stochastic and DMFLE simulations.
Additional emphasis is placed on elucidating connections between determin-
istic, stochastic and DMFLE parameterizations of the multicloud framework.
Lastly, statistical analysis of precipitation reveals qualitative agreement with
observations and is used to highlight the effects of the modifications introduced
here.

The rest of the paper is organized as follows. A self contained review of
the deterministic multicloud parameterization is presented in Section 2. The
dynamical core is thoroughly discussed in this section, as it is used in all
the multicloud parameterizations presented here. In Section 3, we review the
stochastic multicloud model and introduce the new stratiform heating clo-
sure and the congestus detrainment mechanism. This section also includes the
derivation of the deterministic mean field limit equations and makes links with
the deterministic multicloud model. In Section 4, single column simulation re-
sults are used to illustrate the effects of the two modifications listed above.
In this section, we also employ the DMFLE to elucidate the role of stochastic
noise in the parameterization. In Section 5, the modified parameterization is
used to study flows above the equator on a moderate size GCM grid (40 km) in
both aquaplanet and SST gradient regimes. A statistical analysis of the these
results, with emphasis on auto-correlation function and event size distribution
of precipitation, is presented in Section 5.3. In addition to qualitative agree-
ment with observations, this study highlights in particular the improvement
of the auto-correlation functions of water vapor and precipitation when the
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Fig. 1 Conceptual diagram of multicloud framework encapsulating the three convective
parameterizations discussed in this paper. The stochastic multicloud model is built on the
fundamental ideas of the deterministic multicloud model. The deterministic mean field limit
(DMFL) equations are derived from the stochastic multicloud parameterization. DMFL can
be used as a standalone parameterization that, in certain regimes, is capable of capturing
some of the features of the stochastic parameterization. Furthermore, DMFL can be used to
elucidate the role of the stochastic noise in the stochastic multicloud parameterization and
under certain simplifying assumptions provides a connection to the deterministic multicloud
model.

stratiform lag and congestus mechanisms are included. Some discussion and
concluding remarks are given in Section 6.

2 Summary of the deterministic multicloud parameterization.

We start with a a brief review of the dynamical core equations used for both
the deterministic and the stochastic multicloud parameterizations. A more
thorough and detailed discussion of the model equations is found in (KM06).
Nevertheless, a comprehensive list of the model constants and parameters is
given in Table 1 for the sake of completeness.

2.1 Dynamical core

Both deterministic and stochastic multicloud parameterizations assume three
heating profiles associated with the main cloud types that characterize orga-
nized tropical convective systems [15]: cumulus congestus clouds that heat the
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lower troposphere and cool the upper troposphere, through radiation and de-
trainment, deep convective towers that heat the whole tropospheric depth, and
the associated lagging-stratiform anvils heat the upper troposphere and cool
the lower troposphere, due to evaporation of stratiform rain. Accordingly, the
dynamical core of both the deterministic and the stochastic multicloud con-
vective parameterizations used in this paper consists of two coupled and forced
shallow water systems. Without the meridional dependency, the equations are
given by

∂tuj − ∂xθj = Cdu0uj −
1
τR
uj , j = 1, 2 (1)

∂tθ1 − ∂xu1 = Hd + ξsHs + ξcHc − S1, (2)

∂tθ2 −
1
4
∂xu2 = Hc −Hs − S2. (3)

Here Hd, Hs and Hc are the heating rates for deep, stratiform and cumulus
congestus clouds obtained by either the deterministic or the stochastic param-
eterization. These heating rates are combined to form the bulk precipitation
P = Hd+ξsHs+ξcHc. The coefficients ξc and ξs denote contribution of conges-
tus and stratiform rain to the bulk precipitation, their role will be discussed
in Sec. 3.3. The last terms of the first and second baroclinic heating mode
equations, Sj = θjτ

−1
D + Q0

R,j , j = 1, 2, represent radiative cooling rates. The
parameters Cd and u0 are respectively the momentum drag coefficient and the
strength of turbulent fluctuations in the boundary layer.

The multicloud models additionally carry an equation for the vertically
integrated tropospheric moisture content, q, and an equation for the boundary
layer equivalent potential temperature, θeb. The free troposphere moisture, q,
equation takes the form

∂q

∂t
+ ∂x[(u1 + α̃u2)q + (u1 + λ̃u2)Q̃] = −2

√
2

π
P + (D + Ec)/HT . (4)

The coefficients α̃, λ̃ and Q̃ of the moisture convergence term are stated in
Table 1. Here the downdraft, D, is given by

D = m0[1 + µ(Hs −Hc)/Q0
R,1]+(θeb − θem). (5)

The downdraft mass flux reference scale, m0, is computed from radiative con-
vective equilibrium (RCE) while, µ, the relative contribution of stratiform and
congestus heating rates to downdrafts, is prescribed. The middle tropospheric
equivalent potential temperature, θem, is given by

θem = q +
2
√

2
π

(θ1 + α2θ2). (6)

Due to the low Bowen ratio over the ocean, the boundary layer potential
temperature and moisture are combined into a single equation for the bound-
ary layer equivalent potential temperature [23]

∂tθeb =
1
hb

(E − Ec −D), (7)
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where the sea surface evaporation E takes the form

E

hb
= τ−1

e (θ∗eb − θeb). (8)

For single column and homogeneous SST numerical experiments, the sea sur-
face saturation equivalent potential temperature, θ∗eb, is set to a constant , so
that θ̄∗eb − θ̄eb = 10K. Here and throughout the paper, X̄ denotes the RCE
value of the variable X. In the (x, t) simulations where SST is not homogenous,
the sea surface saturation equivalent potential temperature takes the form

θ∗eb(x) = 5 cos
(

4πx
40000

)
+ 10K, (9)

within an interval of 20,000 km of the 40,000 km domain and θ∗eb = 5 K
everywhere else as in Khouider and Majda (2007) and KM08a. This setup
mimics the Indian Ocean–Western Pacific warm pool.

The term Ec, which appears in Eq. 4 and 7 is a new feature introduced in
this paper. It accounts for the detrainment of congestus clouds, which serves
to moisten the free troposphere and dry the boundary layer. This is discussed
in more detail in Sec. 3.3. However, it is important to note at this stage that
the addition of the congestus detrainment moistening effects does not interfere
with the conservation of vertically averaged moist static energy.

2.2 Deterministic multicloud parameterization

One of the ideas behind the deterministic multicloud parameterization (KM06)
lies in the introduction of the nonlinear switch Λ, which serves as a measure for
the moistness and dryness of the middle troposphere. When the discrepancy
between the boundary layer and the middle tropospheric equivalent potential
temperature is larger than a threshold value θ+ the atmosphere is defined as
dry and the switch value is set to 1. Moist parcels rising from the boundary
layer will have their moisture quickly diluted by entrainment of dry air, hence
losing buoyancy and stop convecting. In such situations, cumulus congestus
clouds are favored. When this discrepancy is below some lower value, θ−, the
atmosphere is defined as moist and deep convection is favored. An extensive
discussion of of the switch and the choice of threshold values can be found
in KM06. The function Λ is then interpolated (linearly) between these two
values. Formally, the equation takes the form (KM06)

Λ =

1 if θeb − θem > θ+

A(θeb − θem) +B if θ− ≤ θeb − θem ≤ θ+
0 if θeb − θem ≤ θ−.

(10)

The “energy” available for deep convective heating is given by (KM06)

Qd = Q̄+ τ−1
conv[a1θeb + a2q − a0(θ1 + γ2θ2)]+. (11)
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It has three main components. Deep convection is favored by the increase in θeb

and q and decrease in (θ1 + γ2θ2). Thus, convection is favored by the increase
in boundary layer moisture as in a CAPE parameterization, and tropospheric
moisture content as in Betts-Miller [2] type parameterization. Furthermore,
colder middle troposphere facilitates deep convection by allowing saturation
at weaker mixing ratios [23], through the dry convective buoyancy parameter
a0. The same expression is used in the parameterization of deep convective
heating and CAPE for the stochastic multicloud model. Meanwhile, the pa-
rameterization for bulk energy available for congestus clouds can be formally
obtained by integrating over the lower troposphere, the convective buoyancy
anomaly of a dilute parcel raised from the boundary layer constantly mixing
with the environment (KM08a). The equation takes the form,

Qc = Q̄+ τ−1
conv[θeb − a′0(θ1 + γ′2θ2)]+. (12)

Note that Qc does not depend on vertically integrated atmospheric moisture.
It is mainly driven by the boundary layer and has a high sensitivity to the
second baroclinic potential temperature through high value of γ′2 = 2 [26].
This reflects the sensitivity of congestus clouds to the variation in the lower
tropospheric temperature, the region where congestus clouds are active. This
quantity is effectively equivalent to the definition of low level CAPE in the
stochastic multicloud model.

The dynamics of congestus and stratiform heating are expressed through
two lag type differential equations, while deep convective heating is obtained
through a diagnostic equation.

∂Hc

∂t
=

1
τc

(αcΛQ
+
c −Hc) (13)

Hd = (1− Λ)Q+
d (14)

∂Hs

∂t
=

1
τs

(αsHd −Hs) (15)

In this context, the nonlinear switch allows congestus heating dynamics to
adjust dynamically to a fraction of low level CAPE. At the same time, the
nonlinear switch allocates a fraction of CAPE to deep convection through an
algebraic closure. Lastly, stratiform heating adjusts towards a fraction of the
deep convective heating. The incorporation of a stochasticized version of the
lag type stratiform heating closure into the stochastic multicloud model, as
discussed in Sec. 3.2, leads to a net improvement of the stochastic multicloud
model. It is important to note that the interactions between dryness, CAPE
and low level CAPE play an important role in the stochastic multicloud model.

The dynamical features and capabilities of the deterministic multicloud
parameterization, in terms of the impact on the large scale tropical circula-
tion and convectively coupled waves are demonstrated in Khouider and Ma-
jda (KM06a, KM06b,KM07, KM08a, KM08b), using both linear analysis and
non-linear simulations. In the appropriate parameter regime, the deterministic
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multicloud model is very successful in capturing most of the Wheeler-Kiladis-
Takayabu spectrum of convectively coupled waves [53,54] in terms of linear
wave theory (KM06a;KM08b; [10]) and nonlinear organization of large-scale
envelopes mimicking across-scale interactions of the Madden-Julian oscillation
(MJO) and convectively coupled waves (KM07; KM08a; [37]), in the idealized
context of a simple two-baroclinic modes model employed here. Furthermore,
the parameterization has been used in the next generation of the National
Center for Atmospheric Research GCM (HOMME) and is revealed to be suc-
cessful in simulating the MJO and convectively coupled equatorial waves, at
a coarse resolution of 170 km, in the idealized case of a uniform SST (aqua-
planet) setting [28].

However, the sensitivity of the deterministic multicloud model to the key
parameters means that in some physically motivated parameter regimes, such
as the physical regime used for the stochastic parameterization in this study,
the model can perform poorly. In FMK12, such poor choice of parameters was
taken to provide a reference point that roughly corresponds to the behavior
of a paradigm GCM parameterization with clear deficiencies. In particular,
it was shown that simulations in the suboptimal regime can give rise to ex-
tremely regular convectively coupled waves that moved with a fast speed and
lacked vertical tilting. This was mainly due to a lowered convective buoyancy
frequency, which allowed a large amount of deep convection and nullified the
effects of congestus and stratiform heating, which are responsible for the ver-
tical tilt and are believed to be crucial for a correct propagation speed. Fur-
thermore, Walker cell type simulations showed unphysical mean circulation
structure, which weakly interacted with the waves described above (FMK12).

Another example of oversensitivity to parameters can be found in KM08a.
A well-tuned model, that produces MJO like structures and coherent waves
with the correct propagation speed, responds to the increase in mean dryness
by producing a wave number one circulation. Unlike typical Walker cell, this
circulation has sharp congestus peaks at the boundary between the active and
the inactive convective regions, which are not observed in nature. The authors,
in FMK12, have shown that the stochastic parameterization can overcome
some of these sensitivity issues. This idea will be further reinforced in Section
5.

3 The stochastic multicloud model

3.1 Stochastic parameterization

Just like the deterministic multicloud model, the stochastic multicloud pa-
rameterization is designed to capture the dynamical interactions between the
three cloud types that characterize organized tropical convection and the en-
vironment. In the stochastic multicloud model these interactions are repre-
sented through a coarse grained lattice model (KBM10). To mimic the behav-
ior within a typical GCM grid box, a rectangular n x n lattice is considered.
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Table 1 Constants and parameters common to all multicloud parameterizations discussed
in this paper. The deviations from these values in congestus moistening mechanism simula-
tions are discussed in Section 3.3

Parameter Value Description
hb/Hm/HT 500 m / 5 km/ 16 km ABL depth/ average depth of the mid-troposphere/ Free troposphere depth
QR1 1 K/day First baroclinic radiative cooling rate
QR2 Determined at RCE Second baroclinic radiative cooling rate
ξs/ξc 0.4/0 Stratiform/Congestus contribution to first baroclinic mode

Q̃ 0.9 Background moisture stratification

λ̃/α̃ 0.8/0.1 Coefficient of u2 in linear / nonlinear moisture convergence
m0 Determined at RCE Large-scale background downdraft velocity scale
µ 0.25 Contribution of convective downdrafts to D
αs/αc 0.25/ 0.1 Stratiform/Congestus adjustment coefficient
τR/τD 75 days / 50 days Rayleigh drag / Newtonian cooling time scale
τs/τc 3 hours / 2 hour Stratiform /Congestus adjustment time scale
τconv 2 hours Convective time scale
τe Determined by RCE Surface evaporation time scale
Q̄ Determined at RCE Bulk convective heating at RCE
θ̄eb − θ̄em 11 K Mean (RCE) Dryness of the atmosphere
θ−/θ+ 10 K /20 K Deterministic moisture switch threshold values
A/B 1/0 Deterministic moisture switch parameters
a1/a2 0.45 / 0.55 Relative contribution of θeb / q to deep convection
a0/a′0 2 / 1.5 Dry convective buoyancy frequency in deep/congestus heating equations.
γ2/γ′2 0.1 / 2 Relative contribution of θ2 to deep /congestus heating
α2 0.1 Relative contribution of θ2 to θem
Cd 0.001 Surface drag coefficient
u0 2 m/s Strength of turbulent fluctuations
CAPE0 400 J/Kg Reference values of CAPE
T0 12 K Reference values of dryness
ᾱ ≈ 15 K Unit scale of temperature

Table 2 Transition rates and time scales in the stochastic and deterministic mean field
limit parameterizations (deviations from these values in congestus moistening mechanism
simulations are discussed in section 3.3) . Here Γ (x) = 1 − exp(−x) for x > 0 and zero
otherwise, Cl = CAPEl/CAPE0,C = CAPE/CAPE0 and D = (θem − θeb)/T0.

Transition Rate Time scale (h)

Formation of congestus R01 = 1
τ01

Γ (Cl)Γ (D) τ01=1

Decay of congestus R10 = 1
τ10

Γ (D) τ10=1

Conversion of congestus to deep R12 = 1
τ12

Γ (C)(1− Γ (D)) τ12=1

Formation of deep R02 = 1
τ02

Γ (C)(1− Γ (D)) τ02=3

Conversion of deep to stratiform R23 = 1
τ23

τ23=3

Decay of deep R20 = 1
τ20

(1− Γ (C)) τ20=3

Decay of stratiform R30 = 1
τ30

τ30=5
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Each element of the lattice is occupied by a congestus, deep or a stratiform
cloud or is a clear sky site. It is represented by an order parameter that takes
accordingly the values 0,1,2 or 3. A continuous time stochastic process is then
defined by allowing the transitions, for individual cloud sites, from one state
to another according to intuitive probability transition rates, which depend on
the large scale-resolved variables. These large scale variables are the convective
available potential energy integrated over the whole troposphere (CAPE),

CAPE = CAPE +R(θeb − γ(θ1 + γ2θ2)), (16)

the convectively available energy integrated over the lower troposphere CAPEl

CAPEl = CAPE +R(θeb − γ(θ1 + γ′2θ2)), (17)

and the dryness of the mid troposphere, which is a function of the difference
between the atmospheric boundary layer (ABL) temperature θeb and the mid-
dle tropospheric potential temperature θem. In Eqns 16 and 17, γ = 1.7 is
the dry lapse rate, while the role of γ2 and γ′2 is discussed in Section 2.2.
The inclusion of the dryness of the middle troposphere accounts for mixing
of the convective parcels with dry environmental air (KM06a, KM06b,KM07,
KM08a, KM08b,KBM10) and is conceptually similar to the switch Λ in the
deterministic multicloud model, as discussed in the previous section.

The probability rates are constrained by a set of intuitive rules which are
based on observations of cloud dynamics in the tropics (e.g. [15,40], KM06a,
and references therein). Following KBM10, a clear site turns into a congestus
site with high probability if low level CAPE is positive and the middle tropo-
sphere is dry. A congestus or clear sky site turns into a deep convective site
with high probability if CAPE is positive and the middle troposphere is moist.
A deep convective site turns into a stratiform site with high probability. Fi-
nally, all three cloud types decay naturally to clear sky at some fixed rate. All
other transitions are assumed to have negligible probability. These rules are
formalized in Table 2 in terms of the transition rates Rik and the associated
time scales τik. The effects of CAPE and dryness enter the model with scaling
parameters CAPE0 and T0 whose values are specified in sections 3.2 and 3.3,
namely through

Cl = CAPEl/CAPE0 (18)

C = CAPE/CAPE0 (19)

D = (θem − θeb)/T0 (20)

and the exponential function

Γ (x) =
{

1− exp(−x) if x > 0
0 otherwise. (21)

Notice that the assumption that the transition rates depend on the large scale
variables accounts for the feedback of the large scales on the stochastic model,
while ignoring the interactions between the lattice sites all together implies
that the stochastic processes associated with the different sites are identical
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(independent and identically distributed). The latter simplification makes it
easy to derive the stochastic dynamics for the GCM grid box cloud coverage
alone, which can be evolved without the detailed knowledge of the micro-state
configuration, by using a coarse-graining technique [17,18] that yields here a
system of three dimensional birth-death stochastic process for the congestus,
deep and stratiform cloud fractions σc, σd and σs respectively.

As in KBM10 and FMK12, the heating associated with congestus and deep
clouds is assumed to be proportional to the cloud fraction according to the
following closure equations.

Hc = σc
αcᾱ

Hm

√
CAPE+

l , (22)

Hd = [σdQ̄+
1

τc(σd)
(a1θeb + a2q − a0(θ1 + γ2θ2))]+, (23)

τc(σd) =
σ̄d

σd
τ0
c , (24)

where σ̄c, σ̄d and σ̄s denote the radiative convective equilibrium (RCE) values
of the congestus, deep and stratiform cloud area fractions. We note that, just
like in the deterministic multicloud model, the congestus heating is tied to
the low level CAPE, while, deep convective heating is tied to overall CAPE.
However, unlike the nonlinear switch of the deterministic multicloud model,
the cloud fractions (of congestus and deep convective clouds) are dependent
on both CAPE and dryness. This extra dependency, among other factors,
contributes to the strong nonlinearity exhibited by the stochastic multicloud
model and subsequently the deterministic mean field equations.

While, as discussed below, one crucial modification introduced in this paper
is the new stratiform heating closure, it is important to recall that in FMK12
the following closure was introduced and used. It is more consistent with the
CAPE–Betts–Miller parameterization used for deep convection.

Hs = αs[σsQ̄+
1

τc(σs)
(a1θeb + a2q − a0(θ1 + γ2θ2))]+, τc(σs) =

σ̄s

σs
τ0
c . (25)

Here σ̄s is the fraction of stratiform rain at RCE. The creation of stratiform
rain is directly tied to the deep convective cloud population and by design
the FMK12 stratiform heating closure was functionally similar to the deep
convective heating closure (23). The new stratiform heating closure is discussed
next.

3.2 New stochastic lag heating closure

One important modification to the stochastic multicloud model done in this
paper is the introduction of a new stratiform heating closure. Instead of the
algebraic stratiform heating closure (25), the current model uses a lag-type
ordinary differential equation (ODE) for the stratiform heating dynamics. This
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type of closure is similar to the one used in the deterministic multicloud model,
(15), but it takes into account the stochastic effects of the stratiform cloud
fraction. This closure is used to enhance synchronization between stratiform
heating and cloud fractions and appears to be necessary for the successful
implementation of the congestus detrainment mechanism of the next section.

Similarly to the stratiform heating closure of the deterministic multicloud
model, the new stratiform heating closure is given by

∂tHs =
1
τs

(αsσsHd/σ̄d −Hs). (26)

Where τs and αs are the stratiform adjustment time scale and the stratiform
fraction of deep convection, respectively. Through the deep convective heat-
ing term, Hd, the deep convective cloud fraction enters the stratiform heating
equation, which provides additional coherence to the heating fields. The new
closure results in RCE solutions identical to the ones obtained with the diag-
nostic stratiform heating closure in (25).

As it will be illustrated in the next section, this crucial change, greatly
improves the synchronization of stratiform heating and cloud fractions in the
single column simulation. In the spatially extended simulations, this change
results in greater coherence of stratiform and congestus heating fields of con-
vectively coupled waves. It is used in all simulations in this paper (except for
the results taken from FMK12) including the simulations with the congestus
detrainment mechanism, which is discussed next.

3.3 Moistening by Congestus Detrainment

A recent CRM study, by Waite and Khouider (2010), suggests that about 2
g/kg of moistening by congestus clouds during the preconditioning and transi-
tion phase to deep convection is due to direct detrainment of congestus clouds
in the lower to middle troposphere in addition to large scale low-level conver-
gence associated with low-level congestus heating. While the congestus detrain-
ment is included in the multicloud models as part of the upper level cooling,
its direct moistening effect was not taken into account. Here we attempt to
add such a process to the multicloud model framework.

As a first and simple model, the moistening by congestus detrainment is
assumed to be proportional to the congestus cooling above the freezing level.
It is important to note that we have chosen to disregard congestus precipi-
tation, by setting ξc = 0 for all simulations in this paper. Thus, congestus
cooling above the freezing level is equal to the congestus heating bellow. This
allows us to ignore the effects of the congestus downdraft mass flux due to
the congestus precipitation. Thus, the congestus detrainment moistening in
our model refers to the effect of vigorous shallow updrafts that entrain large
amounts of boundary layer air and transport it into the free troposphere. It
is parameterized through the term Ec in Eq. (2.4) and (2.7) and which takes
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the form:

Ec =
√

2
π

Hc

Q0
R,1

(θeb − θel), (27)

i.e., the air mass flux is a product of the scaled congestus heating rate and the
difference between equivalent potential temperatures in the boundary layer
and the lower troposphere, θeb− θel. At RCE, θ̄eb− θ̄el is set to 2 K, while for
the deviations from the RCE we set

θel = 2q +
2
√

2
π

(θ1 + 2θ2). (28)

Consistent with the two baroclinic model approximation, Eq. (3.29) is ob-
tained by averaging the total heating and moisture fields over the lower tropo-
sphere, where congestus clouds develop, expanding roughly between the top
of the boundary layer and the middle of the free troposphere, HT /2, (repre-
senting roughly the freezing level). This is similar to the computation of θem

in KM06 but we additionally exploit the fact that moisture fluctuations are
bottom heavy and the value of the coefficient of the second baroclinic mode is
higher. It is in fact equal to the weight of the second baroclinic mode in the
low level CAPE (KM08a).

The entrainment term Ec/HT in the moisture equation (4) is understood
as the entrainment of cloudy air into environmental air and thus serves to
moisten the environment, while Ec/h in the boundary layer equation (7) mod-
els the entrainment of dry free-tropospheric air into the boundary layer by the
turbulent eddies due to congestus updrafts. These two entrainment terms are
assumed to balance each other (when vertically averaged, i.e, when the mass
of the two air columns is taken into account).

For these simulations, we alter the standard values of the parameters (listed
in Tables 1 and 2) in the following way. First, the dryness of the troposphere,
θ̄eb − θ̄em, is set to the higher value of 15K to increase the formation of
congestus clouds. To strengthen the nonlinearity we set CAPE threshold to
CAPE0 = 400 J/ kg and double the value of relative contribution of strati-
form evaporative cooling to downdrafts by setting µ = .5. We also use a faster
congestus to deep cloud transition time scale, τ12 = .25 hour, and a slightly
lower value for the decay time scale of deep convective clouds, τ20 = 2 hours.
Lastly, we include the effects of moisture by incorporating it into the CAPE
equation by setting

CAPE = CAPE +R(θeb + a′2q − γ(θ1 + γ2θ2)), (29)

where a′2 = 0.7 serves similar purpose to coefficient a2 in equation (23).
As it will be shown in Sections 4 and 5, the congestus detrainment mech-

anism is of paramount importance to the stochastic multicloud model. In the
stochastic multicloud model, this process leads to parameterized dynamics
driven by the intrinsic deterministic chaos. This can be deduced from the
deterministic mean field limit equations of the stochastic multicloud model,
which is presented next.
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3.4 The deterministic mean field limit equations and connections to the
deterministic multicloud model

As derived in KBM10, the deterministic mean field limit equations (DMFLE)
take the form:

σ̇c = σcsR01 − σc(R10 +R12) (30)

σ̇d = σcsR02 + σcR12 − σd(R20 +R23) (31)

σ̇s = σdR23 − σsR30 (32)

While, the equations (30)-(32) appear deceptively simple, it is important to
note that the transition rates Ri,k are exponential functions of dryness, CAPE
and CAPEl, as stated in Table 2. Thus, when coupled to the large scale
dynamics, the deterministic mean field limit equations are strongly nonlinear
and thus can display chaotic behavior. This is particularly the case when
congestus detrainment moistening is included, as demonstrated below. The
DMFLE model also allows us to elucidate the role of stochastic fluctuations
in the model and weigh them against the deterministic chaos.

Further, as discussed previously in Section 2.2, in the deep convective
heating equations of the stochastic parameterization, cloud fraction is used
in a manner analogous to the nonlinear switch of the deterministic multicloud
model. However, the nonlinear switch is a function of dryness only, whereas
the cloud fractions are dependent (through the transition rates listed in Table
2) on both CAPE and dryness. This extra dependency, among other factors,
contributes to the strong nonlinearity exhibited by the stochastic multicloud
model. It is possible to make connections between the DMFLE and the heat-
ing closures of the deterministic multicloud model by considering a regime
where the dependency of the cloud fractions on CAPE (and low level CAPE)
is suppressed.

In order to facilitate the comparison with the deterministic multicloud
model, we consider a scenario where the cloud fraction transition rates are
determined by fluctuations in dryness alone. In fact, as shown in Appendix 1,
we can rewrite the equation for the evolution of congestus heating in a simpler
and more familiar form,

Ḣc ≈
1

τMFL
c

(αMFL
c Γ (D)

√
CAPE+

l −Hc) (33)

where
τMFL
c =

τ12
Γ (C̄)

αMFL
c = αc

τ12ᾱ

τ01Hm
. (34)

Here, C̄ denotes RCE value of C in equation (16). Equation (33) is analogous
to the equation for congestus heating in the deterministic multicloud model,
namely Eq. 13. Here, Γ (D) behaves in a way that mimics the nonlinear switch
in the deterministic model. Like the deterministic switch Λ, Γ (D) tends to
zero when the troposphere is moist (value of D is low). When the middle
troposphere is dry both Γ (D) and Λ tend to 1, favoring congestus heating.
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It is also possible to make connection between the dynamics of deep convec-
tive heating of the DMFL equations and the deterministic multicloud model.
As shown in Appendix 1, under assumption that the adjustment of deep con-
vective cloud fraction is instantaneous, the deep convective heating is given
approximately by

Hd ≈
[

τ23τ20Γ (C̄)
τ02(τ20 + τ23(1− Γ (C̄))

](
1−Γ (D)

)[
Q̄+

1
τ0
convσ̄d

(a1θeb+a2q−a0(θ1+γ2θ2))
]+
.

(35)
Aside from the constant coefficient in front, the dynamics of deep convec-

tive heating under these simplifications is similar to that of the deep convective
heating of the deterministic multicloud model, (14). The behavior of the quan-
tity 1−Γ (D) is similar to that of 1−Λ in the deterministic multicloud model.
Thus, under these simplifying assumptions, congestus, deep and (by design)
stratiform heating fields of the DMFLE parameterization mimic the behav-
ior of the deterministic multicloud model. However, the extra dependency of
the stochastic and the DMFLE models on CAPE results in highly nonlinear
dynamics that are more realistic.

4 Single column simulations

In this section, the effects of the new mechanisms, stratiform lag closure and
congestus detrainment, are studied in the context of single column simulations
and compared to the FMK12 results. Both the stochastic multicloud model
and the deterministic mean field limit equations are considered.

The single column equations are obtained by disregarding spatial depen-
dence components and the zonal wind. As in KBM10, we employ a third order
Adams-Bashforth method to integrate the dynamical core ODEs. The coarse
grained birth-death process is evolved in time by means of Gillespie’s exact
algorithm (Gillespie 1975, 1977). To produce time series for the DMFLE, we
employ an off-the-shelf stiff ODE solver, namely, the routine ode23s of Mat-
lab. All simulations in this section are run for 100 days, while a 5 to 10 days
interval of the solution is shown.

4.1 Stochastic simulations

To facilitate the comparison, we first review the basic results of FMK12. Left
panels of Figure 2 show the stochastic simulation of FMK12. The most no-
table feature is the time synchronization of the oscillations of the stochastic
and deterministic variables which leads to time series with frequent precip-
itation peaks of 10 K/Day and more intermittent large precipitation events
on the order of 20 K/Day. Each convective even is initialized by a build up
of low level CAPE. The resulting congestus clouds moisten the atmosphere.
This moist atmosphere, combined with the build up of CAPE, produces deep
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convective events which are in turn followed by stratiform clouds. The re-
lationship between small and large precipitation events is reminiscent of a
progressive deepening of convection on multiple scales (Mapes et al. 2006).
By design, the congestus clouds are followed by deep convective and trailing
stratiform clouds. However, while congestus and deep heating rates behave
just like the cloud fractions, stratiform heating does not follow the shape of
the stratiform fraction profile. While the stratiform cloud fraction lags behind
deep convection, the stratiform heating is initiated before the deep convective
heating.

The right panels of Figure 2 present the single column simulations in the
same parameter regime as in FMK12 but with the lag type ODE stratiform
closure. We note that the stratiform heating now the deep convection instead
of slightly preceding it. Thus, the addition of the stochastic lag type closure
greatly improves the synchronization of the stratiform heating and stratiform
cloud fraction with minimum effects on the desirable features described above.
Both simulations are carried out with 900 (n = 30) cloud sites and the simu-
lations with the new stratiform heating closure could be said to be less inter-
mittent. To boost the intermittency of the time series, we lower the number
of convective elements. This simulation is repeated in the left column of figure
3 with n = 10. Despite the fact that only 100 cloud sites are used (and indi-
vidual cloud transitions can be observed), the synchronization between all the
variables remains. This strategy will be repeated, with great success, in the
(x, t) simulations.

The congestus detrainment mechanism is the second major modification of
the multicloud model introduced in this paper. The deviations in parameter
regime from the standard values used in Table 1 and 2 are described in section
3.3 and it should be emphasized that the new stratiform closure is also used
for the simulation. The resulting time series, right column of Figure 3, is char-
acterized by prolonged periods of congestus activity induced by fluctuations
in low-level CAPE and atmospheric dryness. The effect of congestus precondi-
tioning can be clearly seen in the increase of moisture anomalies, q, and in the
reduction in the dryness, D. The congestus preconditioning phase is typically
followed by a large deep convective event associated with a build up of CAPE.
This deep convective event consumes CAPE and dries the atmosphere setting
up the environment for the next cycle. This regime is characterized by very
large fluctuations in CAPEl, CAPE and D.

4.2 Deterministic Mean Field Limit simulations

In Section 3.4, we derived the deterministic mean field limit equations for the
stochastic multicloud model. Here, we run simulations with the DMFLE to
elucidate the role of the stochastic and intrinsic deterministic chaos in the
stochastic multicloud model. As discussed in 3.4, the DMFLE parameteriza-
tion can be reduced with a few simplifying assumptions to a form that is
similar to the deterministic multicloud mode. However, the full DMFL pa-
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rameterization is highly nonlinear and in certain regimes captures some of the
chaotic features of the stochastic parameterization. The simulations of FMK12,
new stratiform heating and congestus detrainment regimes form three distinct
examples, which highlight the role of the stochastic noise in the multicloud
model.

First, we show on the second panel of Figure 4 the DMFLE with the
FMK12 parameter regime without the new stratiform heating closure. Unlike
the stochastic simulation of FMK12 shown on the first panel, the DMFLE
simulation is characterized by a regular cycle of oscillations with a period of
roughly two days. Small convective peaks of roughly 10K/day are followed
by larger 20K/day convective peak. It can therefore be surmised that the
stochastic noise is the driving force of the robust intermittency in the FMK12
simulations.

When the new stratiform heating closure is considered, the DMFLE sim-
ulations exhibit more variability, as can be see in the fifth panel of Figure 4.
The new model produces a variety of convective events ranging from 10 to 18
K/Day with no obvious correlation pattern. In terms of structure and variabil-
ity, the DMFLE simulation is comparable to the stochastic simulation with
900 convective sites n = 30 (fourth panel of the same figure). By lowering the
number of convective sites, we effectively increase the amount of the stochastic
noise in the model and improve upon the intrinsic deterministic variability of
the system. It is interesting to note that, with the FMK12 stratiform heating
closure, setting n = 30 produces much more “chaotic” behavior. Thus, the
number of convective sites is a good measure of the strength of the stochastic
noise only for some particular parameter regime.

The two bottom panels of Figure 4 present the single column simulation
for the regime with congestus detrainment moistening. It can be seen (by com-
paring the two bottom panels) that both stochastic and DMFLE simulations
are characterized by prolonged periods of congestus activity, which serve to
moisten and precondition the environment for deep convection. This complex
and seemingly chaotic behavior comes from the DMFLE. It can be linked to
the fact that low level CAPE, CAPE and dryness all exhibit high variability,
as can be seen from the bottom right panel of the Figure 3. However, the
DMFLEs are stiff in this parameter regime, which is not uncommon for deter-
ministic mean field limits of this type of lattice stochastic processes [36]. The
stochastic parameterization is cheaper to evolve and offers additional noise
(which does not interfere with the deterministic features of the system).

The DMFLEs are a valuable tool, which allows us to elucidate the role
of the stochastic processes in the multicloud model framework. As it is illus-
trated in this section, the results can often be surprising. In some regimes, the
DMFLE can be viewed as a “standalone” deterministic parameterization that
captures some of the features of the stochastic parameterization. Albeit, in
these highly nonlinear regimes, the DMFLE parameterization might be com-
putationally impractical.
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Fig. 2 Time evolution of a single column simulation for FMK12 (left) and new stratiform
heating closure (right). Both simulations use 900 cloud sites (n = 30). The parameters are
as in Tables 1 and 2 and are the same as in the standard parameter regime of FMK12. The
top panels show a selection of the large-scale prognostic variables (top panels), the cloud
area fractions and heating fields are plotted in the second and third panels, Γ (Cl), Γ (C)
and 1− Γ (D) are shown at the bottom.
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Fig. 3 Time evolution of a single column simulation for the new stratiform heating closure
with a low number (n=10) of convective sites (left) and congestus detrainment regime with
n=30 (right). For the new stratiform heating closure simulation, the parameters are taken
as in Tables 1 and 2 and are the same as standard parameter regime of FMK12. Parameter
modifications for the congestus detrainment regime are discussed in Section 3.3. The top
panels show a selection of the large-scale prognostic variables (top panels), the cloud area
fractions and heating fields are plotted in the second and third panels, Γ (Cl), Γ (C) and
1− Γ (D) are shown at the bottom.
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Fig. 4 Time evolution of heating profiles for various stochastic and deterministic mean
field limit equation (DMFLE) simulations (top to bottom): stochastic (n=30) simulation of
FMK12, DMFLE of FMK12, new lag closure with (n=10),new lag closure with (n=30), new
lag closure with DMFLE, Congestus detrainment with (n=30), Congestus detrainment with
DMFLE
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5 Spatially extended simulations

This section presents the results of (x, t) simulations for the stochastic multi-
cloud model with uniform and non-uniform SST backgrounds, mimicking the
Indian Ocean western Pacific warm pool (Section 2.1). Simulations with the
new stratiform closure and with congestus detrainment moistening mechanism
are considered and compared to FMK12 and deterministic multicloud model
results.

We use an operator time-splitting strategy where the conservative terms are
discretized and solved by a non-oscillatory central scheme while the remaining
convective forcing terms are handled by a second-order Runge-Kutta method
[20,21]. As for the single column simulations, the stochastic component of
the scheme is resolved using Gillespie’s exact algorithm [6]. For the DMFL
simulations, a second order Runge-Kutta is utilized. We consider the same
parameter regimes discussed in the previous section.

5.1 Homogenous SST background

The left panels of Figure 5 show the stochastic multicloud simulation taken
directly from FMK12. As pointed out in that paper, the characteristic fea-
tures of the simulation are the persistent cloud decks. The congestus cloud
decks appear intermittently and persistently in space and time, while gen-
erating convectively coupled gravity waves. Although the average lifespan of
the convectively coupled waves is only on the order of a week, these waves
travel far enough to interact with other convectively coupled waves triggered
by different cloud decks. This results in a variety of convective events of differ-
ent scales and magnitudes. These intermittent coherent short-lived structures,
considered in detail in FMK12, are one of the great improvements over the
variability of the deterministic multicloud model.

The simulations with the new stratiform closure are given on the right pan-
els of Figure 5. Aside from the stratiform closure, all equations and parameters
are inherited from FMK12, including n = 30. By comparing the right and the
left panels of the figure, we note that waves on the right are more coherent in
terms of the structure of congestus and stratiform heating fields. In addition
to the synchronization of stratiform heating and stratiform cloud fractions,
the coherence of the congestus heating field is greatly improved compared to
FMK12. The stochastic parameterization greatly improves upon the results
of the deterministic multicloud parameterization in this parameter regime, as
exemplified by Figure 2 of FMK12, referred to as a paradigm example of a
GCM with clear deficiencies.

The small reduction in variability, associated with the new stratiform heat-
ing closure, which was predicted by the single column studies, is remedied
slightly by lowering the number of the lattice sites to n = 10, as done on the
left panels of Figure 6. This results in an increase in the small scale variability.
Overall, the addition of the lag type stratiform heating closure leads to an
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improved coherence of convectively coupled waves. This comes at slight loss
of the variability (when the same number, n = 30, of convective elements is
used). However, the model still outperforms its deterministic counterpart in
terms of variability of heating field and improves the representation of con-
vectively coupled waves. The DMFLE simulation produces results similar to
n = 30.

Lastly, the right panels of Figure 6 present the x − t simulations of the
congestus detrainment moistening regime for the stochastic multicloud model
(n = 30). The model produces coherent wave structures, similar to the con-
vective features of the stochastic multicloud model with the new stratiform
heating closure. As was the case in the single column simulation, the wave
structures have a strong congestus component. The convectively coupled waves
move westward with a speed of approximately 17 m/s. The DMFLE simula-
tions are not considered due to numerical stiffness. Much like the case of the
paradigm example of a GCM with clear deficiencies in FMK12, the determin-
istic multicloud model with congestus detrainment fails to produce physical
results in this parameter regime.
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Fig. 5 x, t simulations for FMK12(left) and new stratiform heating closure (right). Both
stochastic simulations use 900 cloud sites (n = 30). The parameters are as in Tables 1 and
2 and are the same as standard parameter regime of FMK12. For each of the simulations,
we plot contours of five variables(top to bottom): first baroclinic velocity, moisture, ABL
temperature, congestus and deep cloud fraction.
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Fig. 6 x, t simulations with the new stratiform heating closure with a low number (n=10)
of convective sites (left) and congestus detrainment regime with n=30 (right). For the new
heating closure simulation, the parameters as in from Tables 1 and 2 and are the same as
in the standard parameter regime of FMK12. Parameter modifications for the congestus
detrainment regime are discussed in Section 3.3. For each of the simulations, we plot con-
tours of five variables (top to bottom): first baroclinic velocity, moisture, ABL temperature,
congestus and deep cloud fraction.
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5.2 Warm pool background

This section presents the results of the stochastic and mean field x − t sim-
ulations of the stochastic multicloud model with a 5K warm pool (2.1). The
results are summarized in Table 3. The stochastic lag type stratiform closure
greatly improves the coherence of variability and low number of convective
cloud sites allows for even greater intermittency. The congestus detrainment
mechanism allows for built up of moisture, which results in higher mean hor-
izontal velocity of the walker circulation. In all cases, the stochastic models
perform better than the deterministic counterpart.

The mean structure of the Walker circulation, obtained by a time average
of 100 days of simulation, is discussed first. As was shown in FMK12, the
deterministic multicloud model in a suboptimal parameter regime produces
unreasonable mean circulation (top panels of Figures 7 and 8) driven by a sharp
deep convective heating peak in the middle. The stochastic parameterization,
introduced in FMK12, improves on this, with a more reasonable and stronger
circulation as shown on the second panel of Figures 7 and 8. The high SST
creates an enhanced convection region inside the warm pool resulting in a peak
of deep convection in the center of the warm pool that drives the circulation.
The pronounced peaks in deep convection, on the edges of the warm pool,
are due to intermittent convectively coupled waves radiating away from the
warm pool (going through a mature stage then losing strength and moisture as
they move away from the warm pool). The introduction of the new stratiform
heating closure does not change this tri-peak structure, as can be seen in the
stochastic simulations with n = 30 in and n = 10 in second and third panels
of Figure 8. The deterministic mean field limit simulation, shown on the 5th
panel, has a suppressed tri-peak heating structure. This confirms the results of
the homogenous SST simulation, that link the high increase in stochastic noise
to an increase in the variability of deep convection. Congestus detrainment in
the deterministic model fails to produce a physical result (see the second panel
from bottom in Figures 7 and 8). On the other hand, congestus detrainment
in the stochastic model allows for a built up of moisture in the center of the
warm pool. This results in a single convective peak in the center that drives
a circulation with highest horizontal velocity of any simulation in the paper
(see bottom panels of Figures 7 and 8).

The left panels of Figure 9 present the x− t simulations of FMK12 without
the lag type stratiform closure, taken directly from FMK12. As pointed out
in the FMK12, the characteristic features of the simulation are the persistent
cloud decks confined to the warm pool area. Radiating away for the warm
pool are convectively coupled waves, moving with a velocity of 14-18 m/s. The
right panels of Figures 9 and the left panels of Figure 10 present the x − t
simulations of FMK12 with the lag type stratiform closure for n = 30 and
n = 10, respectively. As was the case with the means, the deviations from the
mean are very similar to the results of FMK12 with an increased coherence of
the convective heating fields. The variability of the heating fields is summarized
in Table 3. The simulation with the new stratiform heating closure and n = 30
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Table 3 Mean circulation strength and variability of heating fields for the deterministic,
stochastic and deterministic mean field limit simulations with 5K SST background.

Regime model n warm pool max (U,W ) std(Hd) std(Hc)
FMK12 determenistic - (3m/s, 4cm/s) 0.97 K/Day 0.14 K/Day
FMK12 stochastic n=302 (10m/s, 3cm/s) 1.67 K/Day 1.89 K/Day
New heating closure stochastic n=302 (9m/s, 3cm/s) 1.58 K/Day 4.08 K/Day
New heating closure stochastic n=102 (9m/s, 2cm/s) 6.24 K/Day 8.43 K/Day
New heating closure DMFLE - (10m/s, 2cm/s) 1.36 K/Day 16.97 K/Day
Congestus Detr. determenistic - (7m/s, 2cm/s) 1.04 K/Day 0.34 K/Day
Congestus Detr. stochastic n=302 (14m/s, 2cm/s) 1.44 K/Day 17.04 K/Day

has lower variability than the simulation from FMK12 with the same number
of cloud sites. However, in the simulation with new lag closure and n = 10, the
maximum variance of the deep convective field is almost 3 times as large as the
one recorded in the FMK12 simulation. Thus, we have significantly improved
the variability of the warm pool, while maintaining the coherence of the wave
structures. Interestingly, the DMFLE simulations have the lowest variability
of deep convection but highest variability of congestus heating.

The stochastic simulations with congestus detrainment mechanism are
shown on the right panels of Figure 10. The solution is characterized by a
relatively high variability of congestus heating. Of high interest are the 3 m/s
envelope structures outside of the warm pool, which are associated with the
congestus clouds and the intermittent but large deep convective events. While
the overall variability of the deep convective heating field is lower compared to
the stochastic multicloud models without congestus detrainment, the model
still outperforms its deterministic counterpart.



28 Yevgeniy Frenkel et al.

Fig. 7 Vertical structure of Walker simulation computed from 100 days time average of the
multicloud model simulations (top to bottom): deterministic FMK12, stochastic FMK12
n=30, stochastic new stratiform closure (n=30),stochastic new stratiform closure (n=10),
DMFL stratiform closure, deterministic congestus detrainment and stochastic congestus
detrainment simulations.
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Fig. 8 Same as fig. 7 but for convective heating rates.
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Fig. 9 Same as Figure 5 but for the 5K SST warm pool.
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5.3 Statistical analysis and comparison with observations

This section presents analysis of statistics of precipitation and water vapor
for the stochastic multicloud model results presented in the previous section.
We consider three regimes: FMK12 parameter regime (n = 30), FMK12 with
lag type stratiform heating closure (n = 10) and the newly developed con-
gestus detrainment (n = 30). The results are compared to observations and
theoretical studies.

The motivation of this section comes form observational studies in [33,
12], where the authors concentrate on time series analysis of water vapor and
precipitation from radiosonde and gauge data at the Nauru site of the Atmo-
spheric Radiation Measurement (ARM) mission. To produce similar statistical
analysis, the spatially extended simulations of the stochastic multicloud model
with homogeneous SST background are sampled at fixed sites. The results from
individual ”observation sites” are connected to produce a single time series. A
spacing of 2,000 km, between two adjacent sites, is chosen to insure the lack
of significant correlations in the resulting time series. All the simulations are
run for 300 days using the methods described in the beginning of the section.
The first 200 days of the simulation are discarded while the last 100 days
are sampled to produce the 2000 day time series. The sampling rate of one
hour is chosen, which is of the order of the sampling rate commonly found in
radiosonde [12] and satellite observations.

The auto correlation function for deep convective heating and moisture is
shown on the left panels of Figure 11 for the three regimes discussed above.
This figure can be directly compared to Fig 1. of [13]. Similarly to [12,13], the
autocorrelation of deep convection is short compared to the autocorrelation
of moisture. The results for the simulations with lag type stratiform closure
show appreciably lower auto-correlation of deep convection compared to the
simulations with FMK12 closure. The model with congestus detrainment has
the lowest autocorrelation of deep precipitation, as could be surmised from
observing the highly intermittent and short deep convective heating spikes in
our previous results.

The second statistical measure considered here is the distribution of the
precipitation events. Here we define precipitation events in the manner analo-
gous to [44,47,46]. The precipitation event is defined as an uninterrupted se-
quence of time steps with deep or stratiform convective cloud fraction greater
than RCE value. The first step in this sequence must be positive deep cloud
fraction anomaly. The simulations for all three regimes are given in right pan-
els of Figure 11, where the frequency of occurence is plotted as a function
of the total mm of precipitation per event (which is obtained by integrating
the precipitation rate over the life time of the precipitation event); we use
the fact that approximately 4 mm of rain corresponds roughly to heating a
1 m2-atmospheric column of air, under normal atmospheric conditions, by 1
K. The power-law decay of precipitation events observed in all three spatially
extended simulations is in quantitative agreement with observations. The oc-
currence frequency, in the right panels of Fig. 11, for precipitation events
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greater than 1 mm, falls approximately by 2 factors of 10 over a range of
about 1 factor of 10 in total precipitation. Similar power-law is found in the
observational studies of [44,47] and [48] but for heavier precipitation events,
of size 10mm or greater. The power law for the smaller events in the present
simulations, with total size of 1mm or less, are relatively flat consistent with
the ARM observations shown in [44,47,52].

The correct reproduction of the above features is contingent upon site
specific sampling of the spatially extended multicloud model. A time series
taken from single column stochastic multicloud model simulations yields sim-
ilar autocorrelation results but fails to correctly reproduce the precipitation
events distribution. This points to the importance of gravity waves and large
scale moisture convergence in the model. The overall results produced here,
through the stochastic multicloud model, are similar to those in [52], which
used a simple stochastic Markov-jump process to model for the transition to
deep convection. In their study, the authors found that the stochastic ”exter-
nal” forcing in the column model to be crucial for correct reproduction of the
large precipitation statistics. The results here show that the stochastic multi-
cloud model produces such forcing automatically through consistent nonlinear
dynamics.
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Fig. 11 Autocorrelation (left) and distribution of the precipitation events (right) for
stochastic multicloud model in (top to bottom) FMK12, FMK with lag type stratiform
closure and congestus detrainment. Compare the left panels to the observational data in Fig
1 of [13] and theoretical study in Fig 1 of [52]. Compare the left panels to the power laws
seen in Fig 6b of [44], in Fig 1 of [48], in Figs. 2 and 3a of [46] and in Fig. 4 of [52]
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6 Conclusions

Here a modified version of the stochastic multicloud model (KBM10,FMK12)
is used to study horizontally homogeneous one column model dynamics and
flows above the equator without rotation effects. The model is based on a
coarse grained Markov chain lattice model where each lattice site takes dis-
crete values from 0 to 3 according to whether the site is clear sky or occupied by
a congestus, deep or stratiform cloud. The convective elements of the model in-
teract with each other and with the large scale environmental variables through
CAPE and middle troposphere dryness.

This paper improves upon the results of FMK12 by introducing a new
lag-type ODE stratiform heating closure, which enhances the coherence of
the convectively coupled waves in the model. This additional coherence allows
us to consider parameter regimes with higher amounts of stochastic noise.
The result is a Walker type circulation with a variability that exceeds the
results of FMK12. Secondly, a congestus detrainment moistening mechanism
is added to the multicloud framework. In the stochastic simulations, congestus
detrainment mechanism allows for an effective moisture preconditioning. In
addition, the deterministic mean field limit equations (DMFLE) for stochastic
multicloud model are derived as a bridge between the deterministic and the
stochastic multicloud parameterizations.

Building on the work of FMK12, it is found here that the stochastic lag-type
stratiform closure greatly improves the synchronization of the stratiform heat-
ing and stratiform cloud fraction in the one column simulations (Section 4). In
the spatially extended system, the new closure further improves the coherence
of stratiform and congestus heating fields. This additional coherence allows us
to consider parameter regimes with higher amounts of stochastic noise. This
in particular results in a Walker type circulation with an increased variability
of the fluctuations about the mean that exceeds the results of FMK12.

The congestus detrainment moistening mechanism provides a powerful way
of increasing the overall strength and the variability of the warm pool simu-
lations. It is a regime dominated by persistent congestus episodes which are
followed by rare but strong deep convective events. This regime features a
Walker type circulation with a large low-level mean zonal velocity, which is
associated with a congestus preconditioning driven deep precipitation peak in
the center.

A comparison of site specific observations to nature is carried out in Sec
5.3. It shows that stochastic multicloud model captures qualitatively two lo-
cal statistical features of the observations. First, auto-correlation functions
of moisture and precipitation have long and short autocorrelation times, re-
spectively. Second, the power laws in the precipitation event size distribution
follow the 2 to 1 ratio observed for large precipitation events. The latter is
only possible when spatially extended (but not column) simulations are con-
sidered. This points to the importance of gravity waves and large scale moisture
convergence. This conclusion was also emphasized in [52], where the authors
use stochastic ”external” forcing in the column setup to mimic these impor-
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tant effects. Furthermore, we note that the statistics obtained with improved
stochastic multicloud model, both with lag type stratiform closure and conges-
tus detrainment mechanism, are in a better agreement compared to FMK12.
This clearly demonstrates and confirms the intuition about improvements in-
troduced here.

As already stated, the deterministic mean field limit equations allow us
to separate the roles of the stochastic and deterministic chaos in the system
and provide a connection to the deterministic multicloud model. The one col-
umn simulations of Section 4, provide three distinct examples of the nature
of chaotic dynamics in the stochastic parameterizations. The FMK12 regime
is characterized by inherently stable deterministic oscillations with stochastic
noise providing deviations and adding complexity to the behavior. The stochas-
tic simulations with the new stratiform heating closure contain both stochas-
tic and deterministic chaos. The congestus detrainment moistening regime has
chaotic behavior built into the mean field model. Thus, in some regimes, the
DMFLE parameterization is capable of producing chaotic behavior. In these
regimes, the stochastic parameterization could be computationally cheaper to
evolve, given the stiff nature of the DMFLE. Furthermore, under simplify-
ing assumptions, the DMFLE can be connected to deterministic multicloud
model, to provide a link between the stochastic and deterministic multicloud
parameterizations. Of particular importance, we note that the statistics ob-
tained with improved stochastic multicloud model, with both lag stratiform
and congestus detrainment, are in a better agreement with observation while
those associated with the lag-stratiform closure are intermediate between the
old FMK12 model the fully improved model. This clearly demonstrates and
confirms the intuition about the sequencing of the improvements introduced
here.

In general, the stochastic parameterization improves on its deterministic
counterpart in terms of magnitude and structure of the variability. Coherent
intermittent wave structures characterize the solutions of the stochastic mul-
ticloud model. Depending on the regime, this intermittency can come from
the stochastic “noise” of the model or from the intrinsically stiff nature of
the parameterization (that is from the mean field equations). The amplitude
of the variability (as well as its intermittency) can be increased by consider-
ing regimes with fewer convective elements, which amounts to increasing the
stochastic noise.
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A Derivation of approximations for congestus and deep heating

Here derive approximations for congestus and deep heating. We begin by considering a
regime where the dependency of the cloud fractions on CAPE (and low level CAPE) is
suppressed.

In this scenario, the cloud fraction transition rates are determined by fluctuations in
dryness alone. This is accomplished by replacing CAPE and low level CAPE dependency in
the transition rates by the RCE value of CAPE.

R̂01 =
1

τ01
Γ (C̄)Γ (D) (36)

R̂12 =
1

τ12
Γ (C̄)(1− Γ (D)) (37)

R̂02 =
1

τ02
Γ (C̄)(1− Γ (D)) (38)

R̂20 =
1

τ20
(1− Γ (C̄)) (39)

The hats are used to distinguish the modified rates used here for the purpose of comparison
from the actual transition rates listed in Table 2. Here, C̄ is the RCE value of scaled CAPE,
and scaled low level CAPE, in (19) and (18), respectively. The two quantities are equal at
RCE. As before, D is the scaled dryness of the troposphere (20).
First, we consider the congestus heating equation for, the stochastic multicloud model.

Hc = σc
αcᾱ

Hm

√
CAPE+

l
. (40)

At this point, we can take a derivative of the above expression to obtain

Ḣc = σ̇c
αcᾱ

Hm

√
CAPE+

l
+

ᾱαc

2Hm
σc(CAPEl

+)−1/2 ˙CAPEl. (41)

We assume that variations in CAPEl are small relative to the amount of CAPEl, as it
would be the case near equilibrium. This allows us to concentrate on the first term of the
expression above. Using (30), we write

Ḣc ≈
αcᾱ

Hm
(σcsR̂01 − σc(R̂10 + R̂12))

√
CAPE+

l
. (42)

With the simplified transition rates (36) and (37) and using the definitions of the rate R10

from Table 2, we can rewrite Eq. 42 as

Ḣc ≈
αcᾱ

Hm

[(
σcs

Γ (C̄)

τ01
+ σc

τ01Γ (C̄)− τ12

τ10τ12

)
Γ (D)− σc

Γ (C̄)

τ12

]√
CAPE+

l
(43)

and from (40), we get

Ḣc ≈
Γ (C̄)

τ12

(
αcᾱτ12

HmΓ (C̄)

(
σcs

Γ (C̄)

τ01
+ σc

τ01Γ (C̄)− τ12

τ10τ12

)
Γ (D)

√
CAPE+

l
−Hc

)
. (44)

Furthermore, since σc � σcs ≈ 1, we arrive at

Ḣc ≈
Γ (C̄)

τ12

(
τ12αcᾱ

τ01Hm
Γ (D)

√
CAPE+

l
−Hc

)
. (45)
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In fact, we can rewrite the equation for the evolution of congestus heating in a simpler
and more familiar form,

Ḣc ≈
1

τMFL
c

(αMFL
c Γ (D)

√
CAPE+

l
−Hc) (46)

where

τMFL
c =

τ12

Γ (C̄)
αMFL
c = αc

τ12ᾱ

τ01Hm
. (47)

In order to derive equation for approximate deep convective heating. We consider equa-
tion Eq. 31 and make an assumption that the adjustment of deep convective cloud fraction
is instantaneous. This yields approximation equation for the deep convective cloud fraction

σd ≈
σcsR̂02 + σcR̂12

(R̂20 + R̂23)
. (48)

Using the simplified transition rates (37 - 39) and constant transition rate R23 from
Table 2, this approximation takes form:

σd ≈
[

(σcs
τ02

+ σc
τ12

)Γ (C̄)

( 1
τ23

+
1−Γ (C̄)
τ20

)

](
1− Γ (D)

)
(49)

Again, since σc � σcs ≈ 1, we write the last expression as

σd ≈
[

τ23τ20Γ (C̄)

τ02(τ20 + τ23(1− Γ (C̄))

](
1− Γ (D)

)
. (50)

Under the above simplifying assumptions, using (23), deep convective heating is given ap-
proximately by

Hd ≈
[

τ23τ20Γ (C̄)

τ02(τ20 + τ23(1− Γ (C̄))

](
1−Γ (D)

)[
Q̄+

1

τ0
convσ̄d

(a1θeb+a2q−a0(θ1 +γ2θ2))
]+
.

(51)
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