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Abstract5

Multiscale analysis is used to derive two sets of coupled models, each based on the same distinguished limit, to
represent the interaction of the midlatitude oceanic synoptic scale — where coherent features such as jets and
rings form — and the mesoscale, defined by the internal deformation scale. The synoptic scale and mesoscale
overlap at low and mid latitudes, and are hence synonymous in much of the oceanographic literature; at
higher latitudes the synoptic scale can be an order of magnitude larger than the deformation scale, which
motivates our asymptotic approach and our nonstandard terminology. In the first model the synoptic
dynamics are described by ‘Large Amplitude Geostrophic’ (LAG) equations while the eddy dynamics are
quasigeostrophic. This model has order one isopycnal variation on the synoptic scale; the synoptic dynamics
respond to an eddy momentum flux while the eddy dynamics respond to the baroclinically unstable synoptic
density gradient. The second model assumes small isopycnal variation on the synoptic scale, but allows for
a planetary scale background density gradient that may be fixed or evolved on a slower time scale. Here the
large-scale equations are just the barotropic quasigeostrophic equations, and the mesoscale is modeled by the
baroclinic quasigeostrophic equations. The synoptic dynamics now respond to both eddy momentum and
buoyancy fluxes, but the small-scale eddy dynamics are simply advected by the synoptic-scale flow — there
is no baroclinic production term in the eddy equations. The energy budget is closed by deriving an equation
for the slow evolution of the eddy energy, which ensures that energy gained or lost by the synoptic-scale
flow is reflected in a corresponding loss or gain by the eddies. This latter model, aided by the eddy energy
equation — a key result of this paper — provides a conceptual basis through which to understand the classic
baroclinic turbulence cycle
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1. Introduction7

In recent decades, extensive obervations and high-resolution numerical models have revealed a rich array8

of coherent structures — jets, vortices and Rossby waves (e.g. Chelton et al., 2011) — on scales larger9

than the deformation scale but well below the scale of the gyres. Such features characterize what we will10

call the “oceanic synoptic scale” and have a major impact on ocean mixing and transport. Understanding11

their generation and maintenance is therefore necessary to refine theories of the oceanic general circulation.12

Moreover, accurately representing such features is a major goal of computational physical oceanography,13

particularly as global scale ocean climate models move into the eddy-permitting regime.14

Our understanding of such features (at least, in mid- and high-latitudes) is primarily based on their15

ability to be modeled by the quasigeostrophic (QG) equations — equations that result from a single-scale16

asymptotic expansion of the primitive equations. Likewise, much of our theoretical understanding of the17

gyre-scale circulation is essentially grounded in the planetary geostrophic (PG) equations, which are derived18
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in the same way but involve a different distinguished limit. The problem of understanding the generation,19

maintenance and rectification of the synoptic scale is ultimately a question of how the processes in these20

two regimes interact.21

One approach to disentangling dynamical interactions across disparate scales is through the use of mul-22

tiple scale asymptotics (MSA). Multiple scale asymptotic analysis has recently been applied to a number23

of atmospheric regimes (Majda and Klein, 2003, Majda, 2007a,b), offering insight into, for example, the24

hurricane embryo problem (Majda et al., 2010). See also Klein (2010) for a review of single- and multi-scale25

asymptotic results for the atmosphere.26

For the midlatitude ocean, Pedlosky (1984) used MSA to derive QG and PG as, respectively, the small-27

scale, fast-time and large-scale, slow-time components of a two-scale model. Grooms et al. (2011) revisited28

this approach and generalized the model, delineating the conditions under which the interaction was from29

large-to-small, small-to-large, and two-way. In the latter case, which only occurs when the large-scale flow30

is anisotropic, the slowly evolving local PG mean state generates baroclinic instability in the QG model,31

producing eddy fluxes that feed back on the PG flow.32

The PG-QG interaction models describe the connection between the gyre-scale flow, on the one hand, and33

the entire network of unstable mesoscale flows and the synoptic-scale features they produce on the other.34

There is little distinction, if any, between the oceanic synoptic scale and the mesoscale at low and mid35

latitudes; indeed the terms are synonymous in most of the oceanographic literature. But at higher latitudes36

the baroclinic deformation radius can be much smaller than the scale of the energy-containing eddies, the37

synoptic scale; rather than develop a new term for the scale of the baroclinic deformation radius, as distinct38

from the synoptic scale, we prefer to bend the standard terminology by referring to the deformation scale39

as the ‘mesoscale.’ The goal of the present work is to derive models that represent the interaction of the40

synoptic scale with the mesoscale — how eddy fluxes generate synoptic-scale features, and how rectified41

synoptic flows then alter the baroclinically unstable background affecting the mesoscale. In the Antarctic42

Circumpolar Current (ACC), for example, the baroclinic deformation radius is between 10 and 20 kilometers43

(Chelton et al., 1998, figure 6) while the mean eddy scale is between 60 and 90 kilometers (Chelton et al.,44

2011, figure 12); the ratio of these scales, between 1/3 and 1/9, suggests an asymptotic approach.45

Setting the large scale equal to the synoptic scale – smaller than the planetary scale but larger than the46

deformation scale – and the small scale equal to the deformation radius, two possible limits arise. In the47

first, we consider a mean flow defined by O(1) isopycnal variations on the synoptic scale. This parameter48

regime is described by the ‘Large Amplitude Geostrophic’ (LAG) equations (Benilov, 1993). In its original49

derivation, LAG arises from single-scale asymptotic analysis, in a third distinguished limit between PG and50

QG. In the multiscale approach, the LAG equations arise naturally as the mean model, with QG as the51

small-scale dynamics.52

In the second limit, we assume small isopycnal variations on the synoptic scale. In contrast to the above53

case, however, we here allow for a slowly-evolving planetary-scale mean flow, described perhaps by the PG54

equations, but whose evolution we do not consider. In this case, the synoptic-scale mean flow is barotropic55

QG with a passive baroclinic field, and the small-scale flow is baroclinic QG. We can think of this case as56

a multiscale model for the barotropic-baroclinic eddy cycle model of Salmon (1980): the fixed background57

mean planetary flow generates baroclinic instability in the baroclinic mesoscale model, which results in an58

inverse cascade that alters the synoptic scale, and this subsequently alters the baroclinic instability.59

An important distinction between the two models is the following. In the first model, the synoptic-60

scale dynamics respond only to eddy momentum fluxes in the barotropic vorticity equation — there is no61

eddy buoyancy flux term in the synoptic-scale buoyancy equation, thus lateral density gradients cannot be62

relaxed by eddy fluxes, despite that the eddies are being continually generated by baroclinic instability in63

the eddy equation. By contrast, in the second limit, the synoptic-scale responds to both eddy momentum64

and buoyancy fluxes, but now the eddy equation has no baroclinic production term. This second model,65

however, allows for the derivation of an equation determining the slow-time evolution of the eddy energy,66

which ensures that energy gained or lost by the synoptic-scale flow is reflected in a corresponding loss or67

gain by the eddies. This second model — appended by the eddy energy evolution equation — provides68

a diagnostic tool set through which synoptic-eddy interactions may be analyzed. For example, one may69

use the energy equation to assess the relative importance of mean advection, local production, and local70
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dissipation in setting eddy energy at a given region in the midlatitude oceans; experimentally assessing71

the importance of local (dissipation, baroclinic production) and nonlocal (mean advection, wave radiation)72

terms in the eddy energy budget is a topic of current research to be published in a subsequent paper.73

The paper is organized as follows. In section 2 we derive the general MSA framework on which our two74

models are based. In section 3 we consider the first limit, with strong synoptic-scale isopycnal gradients75

(the LAG-QG model), and in section 4 we present the second limit, with weak synoptic-scale isopycnal76

gradients and an imposed, fixed planetary-scale gradient (the barotropic-baroclinic QG model). We discuss77

and conclude in section 5.78

2. Asymptotic Framework for Midlatitude Ocean Eddies79

We frame our investigation in the context of the inviscid, adiabatic hydrostatic primitive equations on a80

β-plane81

∂tuh + u · ∇uh + (f0 + βy)ẑ × uh +
1

ρ0
∇hp = 0 (1)

∂tb+ u · ∇b = 0 (2)

1

ρ0
∂zp = b (3)

∇ · u = 0. (4)

Here uh = (u, v) is the horizontal velocity and u = (u, v, w) is the full velocity; ∇h is the horizontal part82

of the gradient operator; f0 + βy is the Coriolis parameter linearized about a reference latitude; ρ0 is a83

constant reference density; p is pressure; b = −gδρ/ρ0 is buoyancy. We allow topography and an active84

free surface, and we impose wind forcing and bottom friction via linear Ekman layers1 using the following85

boundary conditions86

w − u · ∇hηb − dEω = 0 at z = ηb (5)

w − ∂tηt − u · ∇hηt −
curl[τ ]

f0
= 0 at z = H + ηt. (6)

Here τ = (τx, τy) is a two component vector denoting the wind stress applied at the surface, ηb is the87

height of topography, and ηt is the height of dynamic surface deformation above the mean depth H; ω is88

the vertical component of relative vorticity, and dE is the Ekman layer depth.89

Since we are allowing a free surface, it is convenient to account explicitly for its effect on the barotropic90

pressure. Integrating (3) from z to H + ηt and assuming the atmospheric pressure at the surface to be91

constant (which we set to zero without loss of generality) we arrive at92

− 1

ρ0
p = −g(H + ηt − z) +

∫ H+ηt

z

bdz′. (7)

The momentum equations make use of the horizontal gradient of pressure, which is93

− 1

ρ0
∇hp = −g∇hηt +

∫ H+ηt

z

∇hbdz′ + (∇hηt) b(z = H + ηt). (8)

In anticipation of the relative smallness of the surface height deformation, we linearize (8) as follows94

− 1

ρ0
∇hp = −g∇hηt +

∫ H

z

∇hbdz′. (9)

1The analysis could equally well be carried out using quadratic friction.
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Substituting this into the horizontal momentum equation yields95

∂tuh + u · ∇uh + (f0 + βy)ẑ × uh + g∇hηt −
∫ H

z

∇hbdz′ = 0. (10)

We nondimensionalize the equations using the eddy velocity scale2 U , a generic horizontal length scale96

L, the horizontal advective time scale L/U and a generic buoyancy scale N2H. We also scale the vertical97

velocity so that w ∼ HU/L. At the risk of confusion, we make no notational distinction between dimensional98

and nondimensional quantities; past this point all our equations are nondimensional unless the surrounding99

text makes clear otherwise. The nondimensional equations and boundary conditions are100

∂tuh + u · ∇uh +

(
Ro−1 +

(
L

Lβ

)2

y

)
ẑ × uh + Fr−2e Aη,t∇hηt − Fr−2i

∫ 1

z

∇hbdz′ = 0 (11)

∂tb+ u · ∇b = 0 (12)

∇ · u = 0 (13)

and101

w −Aη,bu · ∇hηb − E1/2ω = 0 at z = 0 (14)

w −Aη,t(∂tηt + u · ∇hηt)−Awcurl[τ ] = 0 at z = 1. (15)

The surface boundary conditions have been linearized to apply at z = 0, 1. The Rhines scale is Lβ =
√
U/β,102

and the nondimensional numbers are103

Ro =
U

f0L
, Fre =

U√
gH

, Fri =
U

NH
, E1/2 =

dE
H
, Aη,t =

η∗t
H
, Aη,b =

η∗b
H
, Aw =

|τ |
UHf0

. (16)

We add extra space and time coordinates so that T is the slow time variable, t is fast, X,Y are large,104

and x, y are small; |τ |, η∗t , and η∗b denote the characteristic dimensions of the applied wind stress, free105

surface deviations, and topography, respectively. The slow time scale is advective on the large spatial scale,106

i.e.T ∗ = LX,Y /U . This makes the time scale separation equal to the space scale separation. The addition107

of extra independent variables yields108

Ah(∂Tu +∇h · (uu)) + ∂tu +∇h · (uu) + ∂z(wu) + (Ro−1 +AhA
2
βY )ẑ × u

+ (RoAhAe)
−2Aη,t(∇h +Ah∇h)ηt − Fr−2i

∫ 1

z

(∇h +Ah∇h)bdz′ = 0
(17)

Ah(∂T b+∇h · (ub)) + ∂tb+∇h · (ub) + ∂z(wb) = 0 (18)

Ah∇h · u +∇h · u + ∂zw = 0 (19)

w −Aη,b(Ahu · ∇hηb + u · ∇hηb)− Eẑ · (∇×+Ah∇h×)u = 0 at z = 0 (20)

w −AhAη,t(∂T ηt + u · ∇hηt)−Aη,t(∂tηt + u · ∇hηt)
−Awẑ · (∇×+Ah∇h×)τ = 0 at z = 1 +Aη,tηt.

(21)

Here ∇h = (∂X , ∂Y ) is the horizontal gradient acting on the large scale variables. The new nondimensional109

parameters are110

Ah =
Lx,y
LX,Y

, Aβ =
LX,Y
Lβ

, Ae =
LX,Y
Le

(22)

where Le =
√
gH/f0 is the external deformation radius; note Fre = RoAhAe.111

2Note that we do not use an externally imposed velocity scale; this is in contrast to common practice in studies of quasi-
geostrophic turbulence which often use the velocity scale afforded by an imposed background shear.
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We set the small scale equal to the baroclinic deformation radius Lx,y = Ld = NH/f0. The separation112

between LX,Y and Ld defines a small asymptotic parameter ε, which is related to the other nondimensional113

parameters by the distinguished limit114

Ah ≡ ε� 1, F ri ∼ ε, E ∼ ε2, Ro ∼ ε, Aη,t ∼ ε2, Aη,b ∼ ε2, Aw ∼ ε2, Aβ ∼ O(1), Ae ∼ O(1). (23)

The distinguished limit sets the large scale LX,Y comparable to both the Rhines scale and the external115

deformation radius, but this is merely a convenience which allows us to investigate the effects of β and116

a free surface simultaneously. The ratios of the large scale to the Rhines scale (Aβ) and to the external117

deformation radius (Ae) should be considered free parameters which are only constrained to be order one or118

less. This is made clear by the fact that the essentials of the following analysis are unchanged on an f -plane119

with a rigid lid, by setting either or both of Aβ and Ae to zero (more precisely, one may take Ae =
√
Aη,t/ε120

and then let Aη,t become smaller than ε2).121

The main requirement of the distinguished limit is that the Rhines scale Lβ be greater than Ld; for this122

reason our analysis does not apply in the tropics where Ld exceeds the Rhines scale. The large scale LX,Y123

is also required to be smaller than the planetary scale, because the gradient of the Coriolis parameter on124

the large scale is not order one as it would be, for example, in planetary geostrophy (PG). The large scale125

is thus constrained by the distinguished limit, but is not as yet explicitly tied to any external parameters.126

In the following we will derive two equation sets; in the first the large scale is implicity defined to be the127

scale on which isopycnal variations are order one, and in the second it is the scale where kinetic energy is128

predominantly barotropic.129

Having defined extra scales and introduced corresponding independent variables to the equations, we130

proceed to formulate mean (large scale) and eddy (small scale) equations as follows. We first define a formal131

multiscale average132

u(X,Y, z, T ) = lim
L→∞,t′→∞

1

4t′L2

∫ t′

0

∫ L

−L

∫ L

−L
u(X,x, Y, y, z, T, t)dxdydt. (24)

This allows the formal separation of all dependent variables into mean and eddy components, denoted by133

an overbar (·) and a prime (·)′ respectively. This formal average has the same properties as a Reynolds134

average, i.e.A = A and AB = AB + A′B′. We apply it to the multiscale equations (17)-(21) to arrive at135

equations for the mean variables.136

ε(∂Tu +∇h · (uu)) + ∂z(w u) + ε−1(1+A2
βε

2Y )ẑ × u

+ε−1A−2e ∇hηt − ε−1
∫ 1

z

∇hbdz′ = −∇h · (u′u′)− ∂z(w′u′)
(25)

ε∇h · u + ∂zw = 0 (26)

ε(∂T b+∇h · (u b)) + ∂z(w b) = −∇h · (u′b′)− ∂z(w′b′) (27)

w − ε3(u · ∇hηb + ẑ · ∇h × u) = ε2(εu′ · ∇hη′b + u′ · ∇hη′b) at z = 0 (28)

w − ε3(∂T ηt + u · ∇hηt) = ε2u′ · ∇hη′t + ε3(u′ · ∇hη′t + ẑ · ∇h × τ ) at z = 1. (29)

This derivation of the mean equations may be thought of as the application of a necessary solvability137

condition for the small-scale fast dynamics, since it requires ∂τu′ = 0, and likewise for the averages of other138

small-scale derivatives.139

We subtract the mean equations from the multiscale equations to arrive at the following equations for140
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the eddies141

ε(∂Tu
′ +∇h · (uu)′) + ∂tu

′ +∇h · (uu)′+∂z(wu)′ + (ε−1 +A2
βεY )ẑ × u′

+ε−2A−2e (∇h + ε∇h)η′t − ε−2
∫ 1

z

(∇h + ε∇h)b′dz′ = 0
(30)

ε∇h · u′ +∇h · u′ + ∂zw
′ = 0 (31)

ε(∂T b
′ +∇h · (ub)′) + ∂tb

′ +∇h · (ub)′ + ∂z(wb)
′ = 0 (32)

w′ − ε2(ε(u · ∇hηb)′ + (u · ∇hηb)′)− ε2ẑ · (∇×+ε∇h×)u′ = 0 at z = 0 (33)

w′ − ε3(∂T η
′
t + (u · ∇hηt)′)− ε2(∂tη

′
t + (u · ∇hηt)′)− ε2ẑ · (∇×+ε∇h×)τ ′ = 0 at z = 1. (34)

The resulting eddy-mean system of equations (25)-(29) and (30)-(34) may now be reduced simultaneously142

using standard asymptotic methods, e.g. the expansion of all dependent variables in asymptotic power series,143

etc. . .144

3. The strong synoptic-scale isopycnal gradient limit145

At leading order, the large scale equations are146

ẑ × u0 +A−2e ∇hηt,0 −
∫ 1

z

∇hb0dz′ = 0 (35)∫ 1

0

[
∂Tω0 + u0 · ∇hω0 +A2

βv0
]

dz − ∂T ηt,0 + ω0|z=0 = curl[τ ]−
∫ 1

0

[
curl

[
∇h · u′0u′0

]]
dz (36)

∂T b0 + u0 · ∇hb0 = 0. (37)

Here and below subscripts denote asymptotic order, and ω denotes the horizontal component of relative147

vorticity, i.e. ω0 =curl[u0].148

These equations have been called ‘Large Amplitude Geostrophic’ by Benilov (1993, 1994) because they149

allow order-one isopycnal deviations and ‘Frontal Geostrophic’ by (Zeitlin, 2008) due to their analogy with150

layered FG dynamics Cushman-Roisin (1986). We prefer the terminology of Benilov (1993) because the151

FG equations of Cushman-Roisin (1986) are valid to a higher order than the LAG equations, and contain152

cubic nonlinearities making them fundamentally distinct from LAG despite their similarities. It is worth153

noting that the LAG equations are derivable as a long-wave limit of the QG equations (Benilov et al., 1998),154

which implies that the QG approximation is consistent with large amplitude isopycnal deviations over long155

horizontal scales.156

The large scale LX,Y in this system is implicitly equal to the scale on which isopycnal variation is order157

one, a situation common in, for example, the core of the Antarctic Circumpolar Current (ACC), arguably158

the region where mesoscale eddies exert the largest influence on the general circulation of the ocean. Note159

also that in the ACC the order one meridional variation of the isopycnals occurs on scales smaller than the160

planetary scale, yet much larger than the internal deformation radius.161

Because the single-scale LAG equations are valid at scales just above those of baroclinic QG dynamics,162

their baroclinic instability to a mean geostrophic shear exhibits an ultraviolet catastrophe where the growth163

rate is unbounded at small scales (Benilov, 1993); the same is true for the PG equations (de Verdière, 1986).164

The asymptotics predict that the primary effect of deformation-scale dynamics on the synoptic dynamics165

is through the curl of a depth-averaged horizontal momentum flux. If this small-scale interaction term is166

sufficiently dissipative it might quell the ultraviolet catastrophe.167

The leading-order eddy dynamics are quasigeostrophic dynamics on an f -plane with the influence of a168
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horizontally uniform and time-independent background flow (supplied by the mean equations)169

ẑ × u′0 +A−2e ∇hη′t,1 −
∫ 1

z

∇hb′1dz′ = 0 (38)

∂tq
′ + (u0 + u′0) · ∇hq′ + u′0 · ∂z

(
∇hb0
∂zb0

)
= 0 (39)

q′ = ω′0 + ∂z

(
b′1
∂zb0

)
(40)

∂tb
′
1 + (u0 + u′0) · ∇hb′1 + u′0 · ∇hb0 = 0 at z = 0, 1. (41)

The system (35)-(41) includes two-way coupling between LAG and QG: large-scale baroclinic shear170

provided by LAG generates small-scale baroclinic instability in QG, and the resulting momentum flux in171

turn affects the LAG dynamics. However, the large-scale buoyancy equation does not include an eddy flux172

term, thus eddies cannot directly alter the stratification. Although only the depth-integrated component of173

the momentum flux appears at this order in the asymptotics, one could add next order terms to the system,174

for example by including the heat flux generated by the QG eddies in the LAG buoyancy equation, or by175

including Ekman layer dissipation in the QG equations. This system is potentially useful for the study of the176

interaction of large-scale fronts with deformation-scale eddies. A similar set of equations wherein the small177

scale dynamics are geostrophic but not hydrostatic has been previously derived by K. Julien and G. Vasil178

(personal communication).179

4. The weak synoptic-scale isopycnal gradient limit180

The above equations are valid when the scale of isopycnal variation is smaller than the planetary scale,181

for example in the vicinity of large-scale fronts. Away from such fronts the isopycnal variation becomes182

order one only on the planetary scale, which by assumption is much larger than LX,Y . In these regions the183

dynamics on the scale of isopycnal variation are described by PG, and the small-scale coupling is investigated184

using MSA by Pedlosky (1984) and Grooms et al. (2011). However, in those same regions it is possible to185

examine dynamics at a scale intermediate between the deformation radius and the planetary scale; at high186

latitudes for example there is a very great disparity in scale between the planetary scale and the deformation187

radius.188

Because our large scale LX,Y is not explicitly tied to any external parameters, we can proceed in the189

same framework to examine the dynamics with small isopycnal variation at scales between the planetary190

scale and the deformation radius. Two properties of the LAG equations allow us to proceed: they do not191

evolve the horizontal mean of the stratification, and if supplied with a horizontally uniform initial buoyancy192

they will not generate horizontal buoyancy variations. That is to say, b0 = b0(z) is an exact, linearly stable193

solution of the LAG equations. We may thus consistently proceed to next order in the asymptotics of the194

large scale buoyacy equation by setting b0 = b0(z). In order to include the effects of a gyre-scale buoyancy195

gradient whose slow evolution we do not specify, we modify the ansatz to b0 = b0(z, εδX, εδY ) where δ is196

a parameter of at most order one which controls the strength of the externally imposed planetary scale197

isopycnal tilt.198
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Setting b0 = b0(z, εδX, εδY ), the eddy-mean system becomes199

ẑ × u0 +A−2e ∇hηt,0 = 0, b0 = b0(z, εδX, εδY ) (42)

∂T q + u0 · ∇hq − curl[τ ] + ω0 = −curl

[
∇h ·

∫ 1

0

u′0u
′
0dz

]
(43)

∂T b1 + u0 · ∇hb1 + δu0 · ∇hb0 = −∇h ·
(
u′0b
′
1

)
(44)

q = (ω0 − ηt,0 + ηb +A2
βY ) (45)

ẑ × u′0 +A−2e ∇hη′t,1 −
∫ 1

z

∇hb′1dz′ = 0 (46)

∂tq
′ + (u0 + u′0) · ∇hq′ = 0 (47)

q′ = ω′0 + ∂z

(
b′1
∂zb0

)
(48)

∂tb
′
1 + (u0 + u′0) · ∇hb′1 = 0 at z = 0, 1 (49)

To derive the mean equations we have used w′1b
′
1 = 0, which is a necessary solvability condition on the eddy200

dynamics: lacking friction, the average rate of generation of eddy kinetic energy (equal to w′1b
′
1) must be201

zero or the eddy kinetic energy will grow secularly on the fast time scale.202

Although these equations are closed, they are missing a key ingredient: the above equations do not203

account for changes in eddy energy due to interactions with the mean flow, because there is no baroclinic204

instability term in the small-scale equations. On the other hand, the large-scale buoyancy equation now205

includes an eddy flux term, thus eddies can directly affect the stratification. Energy transfer to and from206

the large scales in the above system occurs only on the slow time scale, whereas the eddy equations describe207

evolution only on the fast time scale; if one can account for the slow-time evolution of the eddy energy, it208

will be possible to close the energy budget.209

Slow-time evolution of the eddy energy210

In the appendix we derive an equation for the slow-time, large-scale evolution of eddy energy as a211

necessary solvability condition on the next-order eddy dynamics. The resulting energy evolution equation is212

∂T 〈E〉+ u0 · ∇h〈E〉+∇h · 〈u′0E〉 − ∇h × 〈p′1(∂tu
′
0 + u0 · ∇hu′0)〉 =

− 〈u′0 · (u′0 · ∇hu0)〉 −

〈
u′0b
′
1 · (∇hb1 + δ∇hb0)

∂zb0

〉
+ u′0|z=1 · τ − |u′0|2|z=0 + p1|′z=0(u0 · ∇hη′b). (50)

where E = 1
2

(
|u′0|2 +

(b′1)
2

∂zb0

)
and 〈·〉 denotes averaging over depth in addition to the multiscale average (·).213

The above equation guarantees energetic consistency for the eddy-mean system, so that energy gained or lost214

by the mean flow due to eddy forcing is reflected in a corresponding loss or gain by the eddies. Application215

of the same methods to homogeneous isotropic turbulence yields a similar equation for the slow evolution216

of small scale energy (McLaughlin et al., 1985).217

The large scale dynamics in this system are simply the large scale dynamics which occur in regimes of QG218

turbulence with an extended inverse cascade: the large scale vorticity is primarily barotropic, and the large219

scale buoyancy field is passively advected by the barotropic flow. The inverse cascade is accomplished by220

the eddy momentum flux, which provides small-scale forcing to the large-scale barotropic vorticity equation.221

The generation and forward cascade of potential energy3 is accomplished by passive advection of large scale222

3Quasigeostrophic available potential energy, to be precise, which is equal to half the square of the buoyancy variance
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buoyancy by the barotropic flow, being ultimately absorbed by the eddy buoyancy flux divergence. The223

eddy dynamics are highly energetic; so much so, in fact, that their nonlinear self interaction occurs on a224

timescale faster than the timescale of baroclinic instability. Energy exchange with the mean flow occurs225

slowly in comparison with advection on the small scales, and this effect is included through the eddy energy226

equation (50).227

5. Discussion and Conclusions228

We have used MSA with a single distinguished limit to derive two systems of equations describing the229

interaction of synoptic scales and mesoscales in the oceans. In both systems the small scale is comparable230

to the deformation radius, and bottom friction acts at leading order on the large scale velocity. The231

distinguished limit requires the synoptic β-scale and external deformation radius to be larger than the232

internal deformation radius, so the analysis is not applicable to the tropics. The synoptic scale (our relative233

large scale) in both systems is smaller than the planetary scale, while the large scale in Pedlosky (1984) and234

Grooms et al. (2011) is equal to the planetary scale.235

The first system, (35)-(41), describes the interaction of large scale ‘Large Amplitude Geostrophic’ (LAG)236

dynamics with small scale eddies (QG). The dynamics are coupled by an eddy momentum flux in the LAG237

equations and by baroclinic instability of the small scale dynamics to the large-scale shear. This system is238

applicable to regions where the scale of order one isopycnal variation is larger than the deformation radius239

but smaller than the planetary scale, for example in the vicinity of moderately large scale baroclinic fronts240

or near the boundaries of wind driven gyres.241

Mathematically, the equations are in need of regularization, principally because the QG equations include242

baroclinic instability but lack dissipation, but also because of the catastrophic baroclinic instability present243

in the LAG equations (Benilov, 1993). This situation is similar to the difficulties encountered with the244

PG equations, which require the addition of frictional and dissipative terms (e.g. de Verdière, 1986, 1988,245

Samelson and Vallis, 1997, Samelson et al., 1998). Our asymptotic analysis shows that the small-scale246

contribution to the large-scale dynamics in this regime is dominantly through the divergence of the horizontal247

momentum flux; indeed it is possible that this term may be sufficient to regularize the instability of LAG if248

it is sufficiently dissipative though a simple demonstration is lacking due to the nonlinearities involved. The249

inclusion of next-order asymptotic terms like Ekman friction in the QG equations and eddy buoyancy flux250

in the LAG equations would improve the ability of this system to reliably model the interactions between251

dynamics at these scales.252

The second system, (42)-(50), describes the interaction of large scale barotropic QG dynamics with253

deformation-scale baroclinic QG dynamics in quasigeostrophic turbulence with an extended inverse cascade.254

The dynamics are coupled by eddy momentum and buoyancy fluxes in the synoptic equations and by an255

equation for the slow evolution of eddy energy (50). This system is applicable in regions where isopycnal256

variation remains small on the synoptic scale.257

The second system can be thought of as a model for the classic QG baroclinic turbulence cycle, with258

forcing by a mean shear and dissipation by weak drag (e.g Held and Larichev, 1996, Larichev and Held,259

1995, Salmon, 1980, 1998, and many others). The large scale flow is primarily barotropic. Large scale260

potential energy is generated by the interaction of the barotropic flow with the background ‘planetary’261

buoyancy gradient, and cascades downscale as the buoyancy is passively advected by the barotropic flow.262

Near the deformation scale potential energy is converted to kinetic energy through baroclinic instability,263

which undergoes an upscale cascade and barotropizes before being dissipated at the large scales by bottom264

friction. In our second system, the large scale buoyancy is passively advected by the barotropic flow, and is265

generated by the background ‘planetary’ buoyancy gradient. As buoyancy variance (QG available potential266

energy) cascades downscale, it is absorbed by the eddies through the divergence of a buoyancy flux. The267

slow, large scale eddy energy equation (50) captures this exchange of energy with the mean flow. The268

QG eddy dynamics generate a momentum flux that provides a small scale forcing term in the large scale269

barotropic vorticity equation, resulting in a cascade of energy to larger scales, where it is ultimately absorbed270

by the bottom friction, or some other process.271
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A potential weakness of this system is that on the fast time scale the eddy dynamics only feel the272

barotropic mean flow; since these fast dynamics do not know about the direction of the large scale buoyancy273

gradient, it is unreasonable to suspect that they will produce a buoyancy flux which is down the mean274

gradient on average. This is consistent with the results of Nadiga (2008) who found that the eddy PV275

flux in a quasigeostrophic system was only weakly correlated with the mean PV gradient, being weakly276

downgradient only in an average sense. Our multiple scale asymptotic analysis provides a description only277

of the direct interaction between motions at the deformation radius and motions at the synoptic scale. In278

QG turbulence the interaction between the deformation scale and the largest scales is not primarily direct,279

but rather goes through the intermediate scales which are ignored by the asymptotics.280

In both systems the eddies drive the mean momentum through a depth-integrated momentum flux of281

the form282

curl

[
∇h ·

∫ 1

0

u′u′dz

]
=

∫ 1

0

[
∂X∂Y ((v′)2 − (u′)2) + (∂2X − ∂2Y )u′v′

]
dz. (51)

This may be written in terms of the horizontal Fourier transform of the eddy streamfunction ψ̂′k(z, τ)283

curl

[
∇h ·

∫ 1

0

u′u′dz

]
=

∫ 1

0

[
∂X∂Y ((k2y − k2x)|ψ̂k|2

k

)− (∂2X − ∂2Y )kykx|ψ̂k|2
k
]

dz, (52)

where (·)
k

denotes integration over horizontal wavenumbers in addition to a time average. The time-284

averaged 2D eddy kinetic energy spectrum at any depth is ε
∫ ε−1

0
(k2x + k2y)|ψ̂k|2dτ ; thus, (an)isotropy in the285

time averaged eddy kinetic energy spectrum corresponds to (an)isotropy in the time average of |ψ̂k|2. If the286

time and depth averaged eddy energy spectrum is isotropic, then by symmetry287 ∫ 1

0

((k2y − k2x)|ψ̂k|2
k

)dz =

∫ 1

0

kykx|ψ̂k|2
k

dz = 0, (53)

which implies that (u′)2 = (v′)2 and u′v′ = 0; in such a case the eddy terms drop out of the synoptic scale288

vorticity equation in both systems. Our analysis thus links nontrivial eddy momentum forcing to anisotropy289

in the time and depth averaged eddy energy spectrum. In the first system, (35)-(41), anisotropy is generated290

by baroclinic interaction terms in the eddy equations and nontrivial eddy forcing is expected. In the second291

system, (42)-(50), eddy anisotropy is not expected at leading order, except as random fluctuations around292

an isotropic ensemble mean.293

With sufficient regularization, the first model may serve as a useful testbed for the “superparametriza-294

tion” of mesoscale eddies, and for the investigation of the interaction of strong, synoptic-scale fronts with295

smaller-scale QG eddies. We intend to use the second model to investigate the question of eddy locality296

(cf. Venaille et al. (2011)) by diagnosing local and nonlocal terms in the eddy energy budget of simulations,297

to see how well local baroclinic eddy energy generation is balanced by local eddy energy dissipation. The298

second model also suggests a stochastic approach: because large-scale interaction terms are absent from299

the leading order eddy equations in this model, the fluxes generated by the eddies are expected to have300

a significant random component, being only weakly correlated with the gradients of the mean variables.301

Stochastic models of QG dynamics are well developed (see DelSole (2004) for a review); development of a302

parameterization based on stochastic modeling in conjunction with multiscale methods like superparameter-303

ization Majda (2012) and an eddy energy equation in the style of Large Eddy Simulation (LES) is a subject304

of further research.305
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309

Details in the derivation of equation (50)310

The derivation of equation (50) for the slow evolution of the eddy energy proceeds from the following set311

ẑ × u′0 = −∇hp′1 (.1)

∂zp
′
1 = b′1 (.2)

∇h · u′0 +∇h · u′1 + ∂zw
′
1 = 0 (.3)

∇h · u′1 +∇h · u′2 + ∂zw
′
2 = 0 (.4)

∂tu
′
0 + (u0 + u′0) · ∇hu′0 + ẑ × u′1 = −∇hp′2 −∇hp′1 (.5)

∂Tu
′
0 + ∂tu

′
1 + (u0 + u′0) · ∇hu′1 + u1 · ∇u′0 + (u0 · ∇hu0)′ + (w′1∂zu

′
0)′+

ẑ × u′2 +A2
βY ẑ × u′0 = −∇hp′3 −∇hp′2

(.6)

∂tb
′
1 + (u0 + u′0) · ∇hb′1 + w′1∂zb0 = 0 (.7)

∂T b
′
1 + ∂tb

′
2 + (u0 + u′0) · ∇hb′2 + u1 · ∇hu′1 + δu′0 · ∇hb0 + w′1∂zb1 + w′2∂zb0 + (w′1∂zb

′
1)′ = 0. (.8)

For brevity of notation, we have re-introduced the nondimensional pressure p. It is also useful to recall312

w′1b
′
1 = w′1(b′1)2 = 0 (.9)

which can be derived by multiplying (.7) by b′1 or (b′1)2 and requiring the multiscale average of exact313

derivatives to vanish. The relevant boundary conditions are314

w′1 = 0, w′2 = (u0 · ∇hηb)′ + ẑ · (∇× u′0) at z = 0 (.10)

w′1 = 0, w′2 = ẑ · ∇ × τ ′ at z = 1. (.11)

The derivation proceeds by taking the dot products of u′1 with (.5) and u′0 with (.6) and averaging over315

small scales, fast time, and the vertical coordinate. In this final step the averages of small scale and fast time316

derivatives are set to zero; this is effectively the application of a necessary solvability condition. The result-317

ing equation describes the large scale evolution of eddy kinetic energy. The evolution of quasigeostrophic318

available potential energy is derived by multiplying (.7) by b′2 and (.8) by b′1, adding the results, dividing by319

∂zb0, and averaging over small scales, fast time, and the vertical coordinate. The net eddy energy equation320

is derived by summing the kinetic and potential energy equations.321

The main difficulty in the otherwise straightforward derivation concerns the pressure terms; we therefore322

present that portion of the derivation here. Summing the contractions of (.5) with u′1 and (.6) with u′0323

generates the following324

1

2
∂t|u′0|2 + . . .+ u′0 × u′2 = −u′0 · ∇hp′3 − u′0 · ∇hp′2 − u′1 · ∇hp′2 − u′1 · ∇hp′1. (.12)

Recalling that ẑ × u′0 = −∇hp′1, we have u′0 × u′2 = u′2 · ∇hp′1. We insert this above and average over fast325

times and small scales. Integrating terms of the form u′ · ∇hp′ by parts and making use of (.3) and (.4)326

results in327

1

2
∂t|u′0|2 + . . . = −∇h · (p′1u′1)−∇h · (p′2u′0)− p′2∂zw′1 − p′1∂zw′2. (.13)

Again recalling that ẑ × u′0 = −∇hp′1 we have ∇h · (p′1u′1 + p′2u
′
0) = ∇h × (p′1(ẑ × u′1 +∇hp′2)). Equation328

(.5) allows further simplification to329

∇h · (p′1u′1 + p′2u
′
0) = −∇h × (p′1(∂τu′0 + (u′0 + u0) · ∇hu′0 +∇hp′1)) (.14)

= −∇h × (p′1(∂τu′0 + u0 · ∇hu′0)). (.15)

This final simplification above makes use of the facts that p′1u
′
0 · ∇hu′0 = p′1∇h · (u′0u′0) = −u′0 × (u′0u

′
0) = 0330

and ∇h × (p′1∇hp′1) = ∇h ×∇h(p′21 )/2 = 0. While the final result above is not equal to the pressure work,331

it is related to it, as shown by Pedlosky (1987).332

11



References333

Benilov, E., 1993: Baroclinic instability of large-amplitude geostrophic flows. J. Fluid Mech., 251, 501–514.334

Benilov, E., 1994: Dynamics of large-amplitude geostrophic flows: the case of ‘strong beta-effect. J. Fluid Mech., 262, 157–169.335

Benilov, E., Broutman, D., and E. P. Kuznetsova, 1998: On the stability of large-amplitude vortices in a continuously stratified336

fluid on the f-plane. J. Fluid Mech., 355,139–162.337

Chelton, D. B., deSzoeke, R. A., and M. G. Schlax, 1998: Geographical variability of the first baroclinic rossby radius of338

deformation. J. Phys. Oceanogr., 28, 433–460.339

Chelton, D. B., M. G. Schlax, and R. M. Samelson, 2011: Global observations of nonlinear mesoscale eddies. Prog. in Oceanogr.,340

91, 167–216.341

Cushman-Roisin, B., 1986: Frontal geostrophic dynamics. J. Phys. Oceanogr., 16, 132–143.342

DelSole, T., 2004: Stochastic models of quasigeostrophic turbulence. Surv. Geophys., 25, 107–149.343

de Verdière, A. C., 1986: On mean flow instabilities within the planetary geostrophic equations. J. Phys. Oceanogr., 16,344

1981–1984.345

de Verdière, A. C., 1988: Buoyancy driven planetary flows. J. Marine Res., 46 (2), 215–265.346

Grooms, I., K. Julien, and B. Fox-Kemper, 2011: On the interactions between planetary geostrophy and mesoscale eddies.347

Dyn. Atmos. Oceans, 51, 109–136.348

Held, I. M. and V. D. Larichev, 1996: A scaling theory for horizontally homogeneous, baroclinically unstable flow on a beta-349

plane. J. Atmos. Sci., 53, 946–952.350

Klein, R., 2010: Scale-dependent models for atmospheric flows. Annu. Rev. Fluid Mech., 42, 249–274.351

Larichev, V. D. and I. M. Held, 1995: Eddy amplitudes and fluxes in a homogeneous model of fully developed baroclinic352

instability. J. Phys. Oceanogr., 25, 2285–2297.353

Majda, A. and R. Klein, 2003: Systematic multiscale models for the tropics. J. Atmos. Sci., 60, 393–408.354

Majda, A., 2007a: New multiscale models and self-similarity in tropical convection. J. Atmos. Sci., 64, 1393–1404.355

Majda, A., 2007b: Multiscale models with moisture and systematic strategies for superparameterization. J. Atmos. Sci., 64,356

2726–2734.357

Majda, A., Y. Xing, and M. Mohammadian, 2010: Moist multi-scale models for the hurricane embryo. J. Fluid Mech., 657,358

478–501.359

Majda, A., 2012: Challenges in climate science and contemporary applied mathematics. Commun. Pur. Appl. Math., 65,360

920–948.361

McLaughlin, D., G. Papanicolaou, and O. Pironneau, 1985: Convection of microstructure and related problems. SIAM J. Appl.362

Math., 45 (5), 780–797.363

Nadiga, B., 2008: Orientation of eddy fluxes in geostrophic turbulence. Phil. Trans. R. Soc. A, 366, 2491–2510.364

Pedlosky, J., 1984: The equations for geostrophic motion in the ocean. J. Phys. Oceanogr., 14, 448–455.365

Pedlosky, J., 1987: Geophysical Fluid Dynamics. 2d ed., Springer, New York, 710 pp.366

Salmon, R., 1980: Baroclinic instability and geostrophic turbulence. Geophys. Astrophys. Fluid Dyn., 10, 25–52.367

Salmon, R., 1998: Lectures on Geophysical Fluid Dynamics. Oxford University Press, New York, 378 pp.368

Samelson, R. M. and G. K. Vallis, 1997: A simple friction and diffusion scheme for planetary geostrophic basin models. J.369

Phys. Oceanogr., 27, 186–194.370

Samelson, R., R. Temam, and S. Wang, 1998: Some mathematical properties of the planetary geostrophic equations for371

large-scale ocean circulation. Applicable Analysis, 70, 147–173.372

Venaille, A., G. K. Vallis, and K. S. Smith, 2011: Baroclinic turbulence in the ocean: Analysis with primitive equation and373

quasigeostrophic simulations. J. Phys. Oceanogr., 41, 1605–1623.374

Zeitlin, V., 2008: Decoupling of balanced and unbalanced motions and inertiagravity wave emission: Small versus large rossby375

numbers. J. Atmos. Sci., 65, 3528–3542.376

12


	Introduction
	Asymptotic Framework for Midlatitude Ocean Eddies
	The strong synoptic-scale isopycnal gradient limit
	The weak synoptic-scale isopycnal gradient limit
	Discussion and Conclusions

