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Abstract

We return to a classic problem of structural optimization whose solution requires
microstructure. Itis well-known that perimeter penalization assures the existence
of an optimal design. We are interested in the regime where the perimeter penal-
ization is weak, i. e. in the effect of perimeter as a selection mechanism in struc-
tural optimization. To explore this topic in a simple yet challenging example, we
focus on a 2D elastic shape optimization problem involving the optimal removal
of material from a rectangular region loaded in shear. We consider the minimiza-
tion of a weighted sum of volume, perimeter, and compliance (i. e. the work done
by the load), focusing on the behavior as the weight € of the perimeter term tends
to zero. Our main result concerns the scaling of the optimal value with respect to
€. Our analysis combines an upper bound and a lower bound. The upper bound is
proved by finding a near-optimal structure, which resembles a rank-two laminate
except that the approximate interfaces are replaced by branching constructions.
The lower bound, which shows that no other microstructure can be much bet-
ter, uses arguments based on the Hashin—Shtrikman variational principle. The
regime being considered here is particularly difficult to explore numerically, due
to the intrinsic nonconvexity of structural optimization and the spatial complex-
ity of the optimal structures. While perimeter has been considered as a selection
mechanism in other problems involving microstructure, the example considered
here is novel because optimality seems to require the use of two well-separated
length scales. (©) 2000 Wiley Periodicals, Inc.

1 Introduction

It is a classic problem to ask what geometry or shape of an elastic body best
supports a load while using a minimum amount of material [1]. This question has
typically been phrased as the variational task of finding geometries which mini-
mize a weighted sum of volume and compliance (the work done by the load). It has
been known for a long time that this problem in many cases requires microstruc-
ture, i.e., there are no optimal geometries in the classical sense, but instead an
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infinitely fine microstructure is required to achieve the optimal behavior. In par-
ticular, so-called laminates (infinitely fine alternating layers of material and void,
sometimes arranged in different hierarchies) can always reach that infimum [1].
This situation is somewhat unsatisfactory since infinitely fine microstructures are
rather of a theoretical nature and can for instance not be manufactured. As a rem-
edy, a regularizing term can be added to the objective. For strong regularization,
there is a broad corresponding literature, which provides the variational analysis
as well as numerical implementations using level set formulations [3], phase field
approaches [7, 23, 21], multiple materials [7, 23], design-dependent loads [3, 7],
nonlinear elasticity [21], and topological regularization [8].

In this article we are instead interested in the case of small regularization, in
which very finely structured geometries are optimal. In essence, we ask which
structures are selected when perturbing the non-regularized problem by a slight
regularization involving the perimeter of the geometry. We approach this question
by proving a scaling law for the minimum cost, a nowadays widely used technique
in the analysis of variational pattern formation that has already been successfully
employed to better understand finely structured configurations in martensitic met-
als [17, 9], ferromagnets [11], superconductors [10] and other physical situations.
In particular, we will prove that the minimum cost for a 2D geometry supporting
a shear load on a rectangular boundary (Figure 1.1) scales like /€ where € is the
weight of the perimeter regularization.

While regularization involving perimeter has been considered in a number of
other problems requiring microstructure, most such studies have considered mi-
crostructures with a single internal length scale. Our work is different, because
the problem we consider requires a microstructure with two well-separated length
scales—a so-called rank-two laminate, whose material strips are aligned with the
two principal stress directions (at 45° angles with the Euclidean axes). Allaire and
Aubry have already observed that this is the only optimal microstructure for a shear
load [2] (whereas other loads such as hydrostatic pressure allow various kinds of
optimal microstructures). As € — 0, our construction of a near-optimal geometry
will thus have to approach this microstructure. Our analysis shares some elements
with that of [15], which is only natural since the problem considered there also
requires two microstructural length scales.

The rest of this introduction discusses the exact form of our objective func-
tional, which is devised to optimize a structure under a fixed shear load, then briefly
summarizes results from [16] for the simpler case of compliance optimization un-
der a uniaxial load, and puts forward a brief heuristic argument explaining the
observed energy scaling.

1.1 Problem formulation

We consider the minimization of the objective functional

JePERELL 5] = aCompHtFiL(6) + BVol () + ePer( )
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FIGURE 1.1. Left: Load geometry considered in this article. Right:
Sketch of a near-optimal geometry as constructed in Section 2. The gray
structures are only shown in part of the image.

among all geometries & C Q = [0, /] x [0, L], where ¢, 3, € > 0 are positive weights,
£,L > 0 are the geometric parameters, and 1 > 0, F represent a shear modulus and
a stress value, respectively (Figure 1.1). Per(&) denotes the perimeter of the set
0, Vol(0) its volume, and the so-called compliance Comp***£ (&) stands for the
mechanical work done by a shear load of magnitude |F| applied at <,

1
Compﬂ~F7£7L(ﬁ) — —

5 (6n)-uda withé = (215,

where 7 is the unit outward normal and u : & — R? is the equilibrium displacement
of the loaded structure and thus minimizes the free energy

EXEAL [y /u|8 )P dx — / on)-uda  with e(u) = L(Vu' +Vu).

Note that for simplicity we here assumed the structure & to consist of a homoge-
neous, isotropic material with zero Poisson’s ratio so that the elasticity tensor re-
duces to the single scalar u. The existence of minimizing geometries & for € > 0
is standard (see e. g. [5, 13, 1, 6]).

The compliance is a measure of the inverse structural stiffness with respect to
the imposed load, hence minimization of the compliance yields a structure as rigid
as possible. The structure volume and perimeter can for instance be interpreted as
material and production costs, respectively.

As already mentioned previously, we are interested in the limit of small perime-
ter penalization €. In that limit optimal geometries typically exhibit fine-scale
structures which cannot be resolved numerically. Instead we try to provide some
understanding by analyzing how the minimum energy scales in € as € — 0. Our
analysis involves the construction of a family of near-optimal geometries that give
insight into how optimal geometries probably behave. From the viewpoint of vari-
ational pattern analysis this problem is very interesting since unlike most others it
requires two different fine length scales. Further motivation comes from viewing
this variational model as a prototype problem to better understand pattern selection
in biological structures, which also often exhibit very fine scales, such as e. g. the
spongiosa in bones. Though for instance bone formation is certainly not governed
by the variational principle examined in this article, it seems not unreasonable to
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assume an evolutionary pressure towards rigid, but light-weight structures. The
small perimeter penalization here just limits the possible structural complexity.

It is well-known that the compliance can also be expressed in terms of the equi-
librium stress o rather than the equilibrium displacement u (see e. g. [1]). In detail,
by the principle of minimal complementary energy we may write

w.FLL — mi 11512
Comp (0)= mn{lj/ 4#|6| dx
oexryJO
where the set Zﬁ of statically admissible stress fields is given by divergence-free
symmetric tensor fields satisfying the prescribed stress boundary conditions,

20 ={0:Q—-R¥?2|divc=0inQ,6 =0in Q\ &,0n=6non dQ}.

sym
Finally, a non-dimensionalization yields

4
(1.1) JeBenFiLi o] = pr2t Ben Vst )

so that it suffices to consider the optimization problem of minimizing
(1.2) 18P 6] = Comp™™ () + Vol (0) 4 ePer(0)
with Comp™*(¢’) = min / |o|? dx

0€xrf J o
for 0 C Q, where Q = [0,¢] x [0, 1].

For the non-dimensionalized problem, it is known that for |F| > 1 the optimal
shape & is the full domain Q (see e. g. [22]), so the interesting case requires |F| <
%. The purpose of this article is to show the following energy scaling law, the upper
and lower bound of which are given in Sections 2 and 3, respectively.

Theorem 1.1 (Optimal energy scaling for shear load). In the regime { > 1, € <
|F| < % there exist ¢,C > 0 (depending only on { and F) with

1 .
ce? < minJ&H 0] - 150 < Ce?
0CQ

for JZ;F’Z = 20|F|(2— |F|). Here Q =[0,£] x [0,1] and J&** is defined by (1.2).

Above, JS’F’K is the infimum of the energy for zero perimeter penalization,
JS’F’E = infycqJF![0]. The minimum ceases to exist for £ = 0, and the infimum
is realized by a finer and finer sequence of laminates [2]. The infimum value can
be obtained as the minimum of the lower semi-continuous envelope of J*%[¢]
with respect to weak L'-convergence of the characteristic function of &, which
has long been known [18, 19, 20]. Identifying & with the set of points where the

equilibrium stress is nonzero, we can write

0 if 6 =0,

J*’”— inf dx with
8(0) 8(0) = {|G!2+1 else.

e JQ
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FIGURE 1.2. The optimal microstructure to support a shear load is a
two-rank laminate aligned with the two orthogonal principal stress direc-
tions. The material strips of the finer scale make up a material fraction
0, = |F| and bear a longitudinal stress of magnitude 1, while the strips
of the coarser scale make up a material fraction 8, = ILL"F‘ and bear a
biaxial load of magnitude 1 — |F| in longitudinal and |F| in transversal

direction. The total material fraction is 8 = (1 — 6,)0; + 6, = 2|F|.

Quasiconvexification of g now yields the lower semi-continuous envelope of the
integral [18, 19, 20],

2(|lo1| + 02| —[o102])  if [o1| +|0a| < 1,

gt = min/ 5(c)dx with () =
0 Qg( ) §(0) 1+612+C722 else,

oexrf
where o7 and 0, denote the two eigenvalues of the symmetric matrix ¢. The
minimum is achieved by ¢ = 6. The corresponding microstructure is a rank-two
laminate [22] as sketched in Figure 1.2. In our construction of near-optimal geome-
tries for nonzero € we also have to use two different scales, and we will replace the
material strips on both scales by branching constructions.

Remark 1.2. Our proof of the upper bound in fact establishes

min IS5 (0] - 1P < ColF|bed

ocQ
for a constant C independent of £ or F under the additional constraint € < |F|? (i.e.,
the dependence of C from Theorem 1.1 on ¢ and F is made explicit). It is not clear,
though, whether this scaling in £ and F is sharp, since our proof of the lower bound

does not provide any information on how £ and F' enter the prefactor in front of €.

Remark 1.3. Undoing the non-dimensionalization, we obtain a dimensional version
of Theorem 1.1: Consider the domain Q = [0, ¢] x [0,L] and the functional defined
in (1.1), then in the regime ¢ > L, 2e < |F|L\/af/u < BL, there exist ¢,C >0

depending only on % and F , / % with

Z L 3 1 3 P, ,F./&L a‘,Bﬂ*7u7F‘e‘L F 1 i 1
o(7.F /1) B2L2 €2 < min JHPEREL ] )G <C(z.Fy/up)B2L2e
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for Jg Boru FLL = (L|F|4 / —|F] ). The more precise upper bound from

the previous remark becomes

min JOPERFEL ) gt B < o /IF|Le /o /.

ocQ

for C independent of the model parameters.

Remark 1.4. We apply a very particular shear load G at the domain boundary dQ.
We chose this shear load so that the domain Q has roughly the same extension in
both principal stress directions, giving the problem some additional symmetry. If
the applied shear stress is slightly rotated to R(¢)&R(¢)” for some small ¢, where
R(@) € SO(2) denotes rotation by an angle ¢, the energy scaling will most likely
persist, requiring only slight adaptations of the optimal constructions. However,
as the rotation angle ¢ approaches 7, the extension of Q in one principal stress
direction will be much larger, of order ¢, than in the other direction, where it is
of order 1. In that case the horizontally aligned structures will be able to coarsen
to a larger degree, thus resulting in a different energy scaling which also involves
a power of £. The single construction elements, notably the elementary cells, are
expected to stay very similar, though.

1.2 A simpler case: Compliance minimization for a uniaxial load

A shear load represents a biaxial stress state with a compressive and a ten-
sile principal stress in orthogonal directions. A simpler compliance optimiza-

tion problem is obtained if the shear load on dQ is replaced by the uniaxial load

Gunin = (J 2)n, i.e.

uni

minIE746]  with J56) = min /]G\2dx+Vol(ﬁ)+8Per(ﬁ),

uni
ﬁCQ GEEZium
where £, i ={0:Q—Ry2|dive=0in Q,6 =0in Q\ J,0n = Gymin on 9Q}.

The energy scaling law for this functional is determined in [16].

Theorem 1.5 (Optimal energy scaling for uniaxial normal load). In the regime
IF| <1, & <min(¢3|F|,|F|*), there exist ¢,C > 0 (independent of ¢ and F) with
Cl|F|3e5 < rﬁninJE’m[ﬁ] B < colF|3 el
C

uni O uni
Q

for IoEC =24 F|.

0,uni

The successful construction is given by a truss-like structure which refines from
the center to the boundary via branching as illustrated in Figure 1.3. Each level
consists of an array of unit cells with a triangular structure inside, where the unit
cell width w halves from level to level and the unit cell height scales like w/2. We
will employ such a construction as a structural element in the proof of the upper
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FIGURE 1.3. Left: Load geometry for Theorem 1.5 (uniaxial load) with
a uniform normal tension F at the top and bottom. The optimal design
0 is sought inside Q. Right: Sketch of optimal construction (here with
three branching levels), which is composed of several unit cells.

bound for the shear load case. We will need a version with L # 1, which is given
by
cfL3|F|3e3 < minIEF 0] — 15848 < coL3|F|se
ocQ

in the regime |F| < 1, &/L < min(®|F|/L3,|F|*) and with J;50 = 24| F |.

Let us briefly provide the details of the construction for later usage. We have
to specify a geometry together with a stress field and compute its energy. It is
convenient to proceed in steps.

Specify unit cell and compute its energy. The employed unit cell of width w and
height £ is given in Figure 1.4. Its excess energy over the infimum energy for € =0
can straightforwardly be computed as [16]

3
AJcettuni = COMP ey yyi + VOleelt uni + EPercent,uni — 2|F [wh ~ |F |-+ €(h+w),

which becomes Alce uni (W) ~ +/|F|w3¢€ for the optimal h ~ \/|F|w? /€. Here and
in the following, ~ denotes equality up to a constant factor independent of ¢, L, F,

and €.

Determine coarsest unit cell width and compute total bulk energy. Let us num-
ber the levels from 1 (coarsest) to N (finest). Considering only the upper half of the
structure (the bottom half is symmetric), the total height % has to equal the sum of

the heights &; of the levels, 5 = Y~ | h;. Using h; = /|F|w? /€ and w; = wy /271,

we arrive at 5 ~ | /|F|w3 /€ so that wy ~ §/L?€/|F|. The requirement wy < ¢ then

implies the condition L2& < |F|¢3. The total bulk excess energy is
Ny 11 2
Alputicuni =2 Y | ;AJcell,uni(Wi) ~ /L3 |F|3¢€53.
i=1 Wi

Introduce boundary layer. The layering of finer and finer levels has to stop when
the unit cell height becomes comparable to the unit cell width, i.e. iy ~ wy or
equivalently wy ~ €/|F|. Between this finest level of unit cells and the top and bot-
tom boundary dQ, respectively, a material layer of thickness €/|F| is introduced,
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FIGURE 1.4. Sketch of a unit cell for Theorem 1.5; the domains of con-
stant stress are numbered. The right graph serves to indicate the geomet-
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ric parameters. We take tan o = w/4h, a

which can be shown not to impair the total energy scaling [16]. Furthermore, since
N > 1 or equivalently wy < wy, we obtain the condition £/|F| < wj or €/L < |F|.

1.3 A heuristic argument for energy scaling with and without branch-
ing

Before proceeding to the details of proving Theorem 1.1, let us provide a brief
heuristic argument for the energy scaling with and without branching. For simplic-
ity and as in the previous section, let us call the quantity of interest, J&©/[] —J S’F’K,
the excess energy AJ of the geometry &.

Without branching, the geometry will look as in Figure 1.2. Denote by /; the
length scale or periodicity of the finer struts and by /, the period between any two
of the coarse struts. The excess energy over the infinitely fine rank-2 laminate has
three contributions:

o At JQ, the stresses will deviate from the optimum by an amount of order
1 within a boundary layer of thickness , yielding excess energy ~ ¢15.

o Likewise, there is a boundary layer of width /; where the fine struts meet
the coarse bars. Since there are ~ ¢/l such boundary layers, the corre-
sponding excess energy contribution is ~ /¢ %

e The perimeter contribution comes mostly from the fine struts and thus
scales like €//1;.

Summarizing, AJ ~ {1, +€% +¢&£/1;, which is minimized by /; ~ €23 andl, ~€!/3
to yield AJ ~ ¢g!/3.

Above, the length scales of the fine and the coarse structures stay spatially con-
stant. This is subobtimal since perimeter energy can be saved by making the length
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scales coarser away from d€Q. This can for instance be achieved via branching as

in Figure 1.1. Let z = % be the coordinate parallel to the coarser layers, and

let /(z) be the local length scale of the coarser structure. There are two dominant
contributions to the excess energy:

e The effect of the finer-scale structures looks to the coarser-scale structure
like an effective surface energy. From the previous section and [16] we
know that the corresponding excess energy scales like £2/31(z)'/3|F|!/3
per unit length along z. Since there are ~ ¢/I(z) coarse layers, the total
contribution of the finer-scale structures is

1 14
Afines ~/ e*P1(2)'3|F|'3— dz.
fine-scale ) (Z) ‘ ‘ l(Z) Z

e The excess compliance from branching on the coarser scale behaves like

1
2
Begunccae ~ (F| [0/
Both contributions balance when I'(z)? ~ €%/31(z)~2/3|F|~%/3,i.e. when
l(Z) ~ 81/4‘F’71/4Z3/4?
which produces the expected scaling

Al ~ AJﬁne—scale + AJcoarse—scale ~ ﬁ’F‘ 1/281/2 .

2 Upper bound by two-level branching construction

In this section we will provide a construction which satisfies the upper bound
from Theorem 1.1. As mentioned in the introduction, an optimal microstructure
for € = 0 is a rank-two laminate with coarse material strips along one principal
stress direction (at a 45° angle with the Euclidean axes) and fine material strips
connecting the coarse strips in the orthogonal direction (Figure 1.2). Up to the
symmetry of swapping the roles of the two diagonal directions, this rank-two lam-
inate is known to be the unique optimal microstructure for a shear load (as proven
in a periodic setting in [2]), and our construction of a near-optimal geometry will
thus have to approach this microstructure as € — 0. Hence, we will also need two
different length scales in the two principal stress directions that both become finer
and finer as € — 0, but whose scale difference also becomes larger and larger. Also,
in order to save perimeter, we will replace the simple material strips by branching
constructions similar to the uniaxial case in Section 1.2.

The basic idea of the construction is sketched in Figure 2.1. As a preparation,
we first introduce a variation of the construction from Section 1.2 for the uniax-
ial load case (Section 2.1) as well as an alternative construction for small domain
heights (Section2.2). Those structures will then finally be used inside the con-
struction of near-optimal geometries for the shear load case (Section2.3). Note
that during our construction we will also track the dependence of the resulting
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FIGURE 2.1. Sketch of a near-optimal geometry. It exhibits two scales,
a coarse one (black) and a finer one in between (gray, not shown every-
where). On the coarser scale the construction is based on several levels
that each consist of an array of unit cells (one is framed by a dashed line).
The fine scale is based on the construction for a uniaxial load from Sec-

tion 1.2.

upper energy bound on the parameters £ and F', which allows to derive how the
constant C in Theorem 1.1 scales in those parameters.

2.1 Construction for a uniaxial load in a non-rectangular domain

Here we consider a variation of the geometry from Section 1.2 in which the
upper and lower boundary are not straight, but given as the graph of two Lipschitz-
continuous functions g1,¢> : [0,¢] — R with Lipschitz constants L, ,L,, <1 (see
Figure 2.2, left). We will use the same notation as in Section 1.2, only keeping in
mind that this time € is no longer rectangular. We show the following:

Proposition 2.1 (Upper bound for uniaxial load in non-rectangular domain). Let
L. and L_ denote the maximum and minimum of q| — qo, respectively. In the
regime |F| < %, € <min(3|F|/L* L. |F|*, %|F\L,) there exists C > 0 with

min J5E002[g] Rl < cort|Flved

0,uni

Jor IR0 = 2 F| [{ gy (x1) — ga(x1) .

0,uni

Proof. We have to provide a geometry and corresponding stress field satisfying the
upper bound. We shall use a variation of the construction from Section 1.2. For a
better overview, we proceed in steps.

(1) Segment domain into vertical slabs. We recursively define the position
x| and height H,, of the n'™ slab’s left side as well as the slab width W, by

4=0, Hi=qi(d)—a(), W= {/H2/AF| " =xi+wW,,



2

3)

“
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where the width of last slab may be chosen slightly larger so as to fully seg-
ment the domain (Figure 2.2, middle). Note that W, is chosen as the coars-
est unit cell width obtained in Section 1.2 for a domain height of H,, /2. The
reason is that each slab will contain exactly one single tree of a branching
construction similar to that of Section 1.2.

Adapt old branching construction. Due to the constraints we have W, <
1H, so that the domain height g1 (x1) — g2 (x1) in the n'™ slab lies uniformly
between H,, — 2W,, > %H,l and H,, +2W, < %Hn. In this slab we now insert

one tree of height %Hn and width W,, from Section 1.2 (Figure 2.2, right).
The tree does not yet reach the upper or lower boundary. This is remedied
by introducing additional vertical struts as indicated in Figure 2.2, right.
For simplicity we consider just the upper half of the tree, the lower half is
treated analogously. Let ¥ denote the central root and 7", s = 1,...,2"™,
the roots of the subtrees on hierarchy level m. We first shift the full tree
vertically up until it touches the upper boundary in some point, and then
we introduce a vertical strut in between the old and the new root position
r?. We then continue with the first level subtrees, that is, we shift up the
tree in r% as well as the tree in r% until both touch the upper boundary (one
of them actually already touched the upper boundary due to the first step)
and introduce a vertical strut between their old and their new root positions.
This procedure is repeated iteratively over levels 2,3, ... until every subtree
reaches the upper boundary.

Compute excess energy in the bulk. Each slab is now tiled by rectangular
unit cells (each containing a triangle truss) and rectangles containing only
a vertical strut. Here, the vertical strut width is chosen as w|F| so as to
achieve a uniform longitudinal stress of magnitude 1 inside. The excess
energy Alceliuni Of the unit cells is identical to the excess energy computed
in Section 1.2, while the excess energy of a vertical strut cell € of width w
and height & is given by

AJC,uni = COl’l’poum + VO]@,uni + SPeer,uni — Q‘F‘Wh =2¢eh

and thus is of at most the same order as the excess energy of the attached

unit cell (note that the height always satisfies # < w and the width w > %,

cf. Section 1.2). Hence, the total bulk excess energy in the n'" slab is of
the same order as the excess energy of the construction from Section 1.2 in
a rectangular domain of width W, and height H, /2, and the accumulated
bulk excess energy is given by
#slabs 1 :
AJbulk,uni ~ Z ‘/an'ln3 ’F|§£
n=1
Add a boundary layer. From Section 1.2 we know that the finest unit cells
at the top and bottom boundary have width ~ €/|F|. At the top and bottom
boundary, we now introduce a material layer of thickness €/|F| as shown

2 2
3 3

E3.

W=

1
SALLIF|
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FIGURE 2.2. Left: Load geometry considered in Section2.1. Middle:
Domain decomposition into vertical slabs. Right: Optimal geometry:
Each slab is replaced by a truss structure of triangular unit cells; a ver-
tical strut is introduced in between some cells (e.g. in the gray box).
Furthermore, a thick material layer is added at the boundary.

in Figure 2.2, right. Its volume scales like ¢, Lak its perimeter like /€, and
its compliance is smaller than the volume since the stress never exceeds
magnitude 1. The overall energy scaling thus is not impaired.

g

2.2 Construction for a uniaxial load in a wedge

This time consider a wedge-shaped domain as in Figure 2.3, left. Again using
the same notation as in Section 1.2, only exchanging the domain 2 by a wedge, we
show the following.

Proposition 2.2 (Upper bound for uniaxial load in wedge domain). For ¢> > eL
there exists C > 0 with
min Js"w’L[ﬁ] sELL < cpv/eL

0 uni

for Jgfr’ﬁ’L =20L|F|.
Proof. We take the following ansatz: We traverse the region between the two load
boundaries by N equispaced strips of width F¢/N and add a boundary layer of
thickness % at the load boundaries (Figure 2.3, right). The volume and compliance
of the boundary layer behave like E%, the volume and compliance of the strips

N F“, and the total perimeter behaves like NL. Altogether, the

excess energy over J 3 fnli L scales like ¢ % + eNL, which is minimized by N ~ L >

Vel —
1, yielding the desired bound. 0

accumulate to Jo
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FIGURE 2.3. Left: Load geometry considered in Section2.2. Right:
The proposed geometry consists of vertical struts and a thick material
layer at the boundary.

FIGURE 2.4. Sketch of the unit cell for the upper bound in Theorem 1.1.
The left sketch indicates the geometric parameters, the right sketch the
regions of constant stress. The white regions are full material, the gray
regions represent a fine scale branching construction according to Sec-
tion 2.1 (A) or Section 2.2 (B,C), all rotated counter-clockwise by %. The
size of the wedges (B,C) is chosen such that their side parallel to (')
has length ~ ﬁ

2.3 A two-scale, unit cell based construction for a shear load

Now we return to the construction of a geometry satisfying the upper bound
in Theorem 1.1. The construction is based on the unit cell of width w and height
h sketched in Figure2.4. Ignoring the left and right boundary of Q for the time
being, the construction uses multiple levels, each of which consists of an array of
unit cells whose width halves from level to level (Figure 2.1).

As in the construction from Section 1.2, we shall proceed in steps. Without
loss of generality let us assume F > 0 (changing the sign of F only implies a sign
change of the equilibrium stress and thus has no influence on the compliance or the
energy scaling).

Specify unit cell and compute its energy. The unit cell is given in Figure 2.4,
where the white regions are full material and the gray regions represent a fine scale
branching construction according to Section 2.1 (regions A) or Section 2.2 (regions
B and C), all rotated counter-clockwise by 7. The white material strips correspond
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to the coarse strips in the rank-two laminate from Figure 1.2, hence we choose the
geometric parameters

d
2coso *

d= a:tan_l(%—w), a:%tana, b=

&\g

Abbreviating v| = \%2 (}), Vo = \%2 (*11 ), and 6 = —Fv, ®v; (a uniform compres-
sive stress of magnitude F in direction v;), the stresses in regions 1 to 5 are then
given by
o1 =(1-F) (i )@ (i a)+5, o=—(1-Fnen+s,
4 4
=(1-F)vi®@vi+6, 04 =(1-F)id+ 6, 05 = (1—F)coso (% %) 4 5.

The gray regions in Figure 2.4 all exhibit a uniaxial boundary stress of &# on all of
their boundaries so that the constructions from Sections 1.2 to 2.2 can be applied
after a rotation by 7. Note that while the wedges of type B always have a fixed
aspect ratio, the wedges of type C may be very elongated.

A lengthy but straightforward calculation, using Propositions 2.1 and 2.2, now
yields the excess energy

AJcenp = Comp,; + Volceu + 8Perceu —wh2F(2—F)
~hwIF3eS + & 4 B (g (4 p)),

where the summands correspond to the contributions from the regions A, B, C, and
the white region, respectlvely Assumlng w2 Flg -z (which we will later ensure),

the dominant terms are hw3 F3e3 + F WT Minimizing in & now yields the optimal
unit cell height and excess energy,

h(w) ~ \3/174/8, Alcenn(w) ~ VFwe.

Determine coarsest unit cell width and compute total bulk energy. Numbering
the refinement levels from 1 (coarsest) to N (finest), the sum of all level heights
must equal the total domain height 1, thus

N N
1~ ; h(w;) = ; h(wy /271 ~ ¢ Fwi/e.

From this we obtain that the coarsest unit cell width scales like

wi ~ \4/8/F.

Finally, the total bulk excess energy is given by

N
Alpuik ~ Z wi,vAJcell(Wi) ~ W%A-Icell(wl) ~ E\/ﬁ
i=1
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D//
D/// Q D/

D D

FIGURE 2.5. In the top left and bottom right corner of Q the con-
struction has to be adapted to the geometry of Q, using constructions
D,D'.D".D". D is the reflection of D across the diagonal pointing to
the bottom right, and D" and D" are reflections of D’ and D across the
other diagonal. The geometry of D will look very similar to a copy of
region D.

Introduce boundary layer. The branching has to stop before the unit cell height
becomes comparable to the unit cell width. We shall stop a little earlier, as soon
as wy ~ ﬁ The final branching level is connected to dQ via a material layer of
thickness ﬁ introducing an additional volume, compliance, and perimeter term

of ~ Uit If e SF 21/2  this is smaller than the bulk energy and thus does not

interfere with the overall energy scaling.

Treat left and right end domain ends. At the left and right end of Q, the coarse
level branching trees no longer reach the same height as at the center, since they hit
the left or right side of dQ. Using an approach analogous to Section 2.1, in which
the left and right end are divided into diagonal slabs, each containing one coarse
level branching tree (as in Figure 2.1), it is tedious but straightforward to show
that the scaling is not impaired. That this must indeed be so can be understood
quite intuitively by noting that the constructions in the domain corners may be
viewed as copies (up to slightly stretching or compressing the unit cells to achieve
compatibility with the wedge geometry) of a wedge from the bulk construction
(Figure 2.5). Thus they do not contribute a larger excess energy than the bulk.

Remark 2.3. In the previous calculation we have shown

min J& 0] - 155 < 0\/|F e,

oCQ
where the feasibility constraints for the construction are € < |F|*'/? (so that the
boundary layer contribution scales like the bulk energy), € < |F|¢* (so that wy <
¢), and & < |F|° (so that there is at least one layer of unit cells, i.e. w; > wy).
Of course, if F and ¢ are taken as constants which are fixed a priori, this result
immediately implies the upper bound in Theorem 1.1.

Remark 2.4. The previous construction is relatively simple to describe, but imposes
relatively strong constraints on the relation between € and F, if one does not con-
sider F as fixed. One can weaken those feasibility constraints by slightly improving
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the construction in a way that is no longer based on true unit cells, but looks more
like actually shown in Figure 2.1. In detail, the changes are the following.

(1) The coarse-scale branching construction (black in Figure 2.1) stays the
same as above, but the fine-scale construction (gray) in between no longer
respects the unit cell boundaries. Instead, the gray branching construction
extends from one black material strip to the next so that wedges of type B
are no longer needed.

(2) In the construction based on Figure 2.4 the gray branching construction of
type A refines towards the unit cell boundary as well as towards the white
regions, and it is coated on either side with a thin material layer of thick-
ness 7 which serves to evenly distribute the stress. In the new refined con-
struction, these material layers are removed so that the finest layer of the
branching construction in the gray regions directly touches the white re-
gion (in which the stress then distributes evenly over a length scale of ‘f;—‘).
In effect, this changes the constraints of Proposition 2.1, since in its proof
the boundary layer contribution to the excess energy no longer scales like
(%, but instead (due to Corollary A.2 in the appendix) like /&|F|log ‘}—‘ o)

that the bulk energy scaling is not impaired even for € <

of € <L|F|*).
(3) Asaresult of the previous step, the base length of the wedges of type C can
now be chosen as € instead of | ;‘4 Furthermore, also in those wedges the
thin boundary material layer from the construction in Proposition 2.2 is re-
moved (so that the material strips across the wedge directly touch the white
region in Figure 2.4). This changes the energy scaling in Proposition 2.2:

The perimeter term is still VL, but the excess energy contribution from

L. .
Flog[FIF (instead

the boundary layer becomes %]F ]ﬂogﬁ (due to Corollary A.2) so that
the optimal N now is given by ¢F/ 71°g‘F| and the excess energy of a

wedge scales like /F /eL|log|F||.

Summarizing, in essence, the new construction has the same effect as if we had
changed the excess energy per unit cell from Figure 2.4 to

Aleen ~ L2y /I 4 pysFses 1 (F¥ 4 ew+eh),

where the summands correspond to the contributions from region C, all other gray
regions, and the white region, respectively. This time, the condition w > £ suffices

to achieve AJcep(w) ~ VWSF2e. Hence, the branching can now be stopped at wy ~
£ with a boundary material layer of width £ and energy contribution ~ /£, which
does not impair the overall scaling as long as € < F3. The other two constraints

(w; <¢and w; > wy) turninto € < F¢*and € < F.
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3 Lower bound by refinement of Hashin—-Shtrikman bounds

The Hashin—Shtrikman bounds are bounds on effective elastic moduli of com-
posite materials [14]. In particular they can also be used to bound the compliance
of a mixture of void and material under a given macroscopic stress field. A Fourier-
based discussion in the context of our 2D shape optimization problem can be found
e. g.in [4]. That discussion connects the proof of the bound to the identification of
an optimal rank-two laminate. This connection was used in [2] to show that for a
shear load as considered here, the Hashin-Shtrikman bound is not achieved by any
single-scale periodic composite. We will refine the calculation of [4, 2] to obtain
quantitative estimates of

o the cost associated with a misalignment of the geometry with the two prin-
cipal stress directions (Lemma 3.1),

e the cost associated with a non-optimal material fraction (Lemma3.1),

e the cost associated with a non-equal distribution of material between the
structural parts supporting either of the two principal stresses (Lemma 3.2),
and

o the cost associated with an unbalanced spatial distribution of the structural
parts supporting either of the two principal stresses (Lemma 3.3).

These estimates will be complemented with

e a Fourier estimate of the geometry perimeter (Lemma 3.5) and

e a Fourier estimate that accounts for the finite size of the geometry and
the fact that a uniform shear load has to be fully supported at the domain
boundary (Lemma 3.4).

Finally, the non-convexity of the space of possible geometries enters via the simple
fact - x = x for the characteristic function of the optimal geometry. The preceding
points will be combined into a proof of the lower bound using an argument by
contradiction.

Note that the lower bound for the uniaxial load case from Section 1.2 can be
performed in a similar way [16]. However, that case is much simpler since there is
only one principal stress direction instead of two so that the estimates concerning
the balance between both principal directions are not needed.

3.1 Fourier estimates on compliance, volume, and perimeter

We shall first collect the basic estimates and then combine them into the desired
proof. Let y : Q — {0,1} denote the characteristic function of the optimal geom-
etry 0, and let 6 = f;, x dx denote the corresponding material fraction. We adapt
the derivation of the Hashin—Shtrikman bounds from [2] for our purposes. Since
we have Neumann rather than periodic boundary conditions for the equilibrium
displacement, we will perform the calculation in continuous rather than discrete
Fourier space, for which purpose we also require the function

Y:%_ea
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extended to R?\ Q by zero. Note that the L?>-norms of ) and 7y can be explicitly
computed,

12220 =0, (7], = £6(1-6).

For a function f : R? — R denote by
F = [ e de
R

its Fourier transform (the inverse transform is given by g(k) = [z g(x)e*™** dx).

Finally, for k € R? abbreviate k = % and introduce the set B = {vi,—vi,vz,—v2}

% (1), m= % (') of the imposed shear

for the two principal directions v =
stress. k- shall stand for the counter-clockwise rotation of k by %.

We decompose the stress field into the constant & and a perturbation 17 which
has zero normal component on dQ (and which for convenience we extend by zero
outside Q). Introducing

¥ ={n:R* - R¥2|divp =0in R*,n =0in R*\ Q},

sym
we can thus rewrite the structure compliance and volume as follows,
(3.1) Comp"‘(6) 4 Vol(0)

= min /\6+n!2+xdx
nexd, Q
(6+n)(1—x)=00n Q

> limsup min/ 6+nP+x+(1—)K '|6+n[dx
K—0 nerd /o

= limsup min/ 6 +n>+x+(1—x) max [2(6+n):T—K\1]2]dx
Q

K—0 neLd TeRy2

> Vol(Q)(|6]>+6) + min/ M+ (1-x)[2(6+1n): 7] dx
nEXy /Q

using Fenchel duality in the second last step and restricting to a fixed, bounded test
field 7 in the last step. Note that we have also exploited the fact

(3.2) /ndx:O forallp € 22,
Q

All estimates for the elastic compliance and material volume are now derived by
testing (3.1) with different choices of 7. Note that the test field T plays a role dual
to the stress field, similarly to a strain. However, we are not restricted to choosing
T as the strain of a deformation, and we will later make use of this freedom.
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Estimates for material fraction and structure orientation. The simplest choice
of 7 is a constant. In that case (3.1) can be further simplified to

(3.3) Comp™™ () + Vol (0)
2V01(Q)(\6\2+2(1—9)6:T+9)+min/ n2—2yn : tdx
nexd, JR?

>0(|62+2(1—0)5 : T+ 0) + min /ymz—ﬁﬁ:rdk
(k) ER%E 5.t 7 (k)k=0VkeR? JR?

(162 +2(1—0)6 : T+ e)—/2|y|2u‘<i.fi<i|2dk
R
=((|6*+2(1-0)6:7+6 —6(1 — ) max(t7,73))
N ]_(L. IZLZ
+max(112,122)/Rz 19)? [1 —ﬁ%%)} dk,

where in the second step we used Parseval’s identity and in the third step we chose
the minimizing ) = P(k* - tk* )kt ® k+. Here, 7; and 1, are the eigenvalues of
7. To obtain a tight bound, one can maximize in 7 (ignoring the non-negative
integral), which leads to an estimate for the elastic excess energy

AIEL (0) = Comp(0) + Vol(6) — I3

elast
with 550 = 20|F| (2 - |F)).

Lemma 3.1 (Material volume and orientation). For B = {v|,—v,va,—Vv,} with

Vi :%(}), vzzﬁ(jl) we have

ATEY

elast

(0) > (202 | ar2 / 9P dist®(F, B) dk.
R2

Proof. Upon inserting the maximizing 7 = %‘_’ into (3.3) and subtracting JS’F’E on
both sides, we obtain

—0)? N - .
AL (0) = eI 8 [ 15 [1— (9 §) R k.

elast =

Now the result follows from 1 — [k (9 8)k*+|* > dist?(k, B), which can be seen
by writing k = (cos @,sin ) and then noting

1=k (99) k2 =1—4sin® cos? @ = cos?(2¢) = sin(2¢),
>

dist?(k,B) = (1 — cos())* 4 sin*(@) = 2(1 — cos(§)) = 4sin*(p) > sin>(2¢)
for =(@+%)modZ €[0,7). O

This estimate expresses how much excess energy is paid if the volume fraction
0 deviates from 6 = 2|F| or if the Fourier transform of the characteristic function
has support away from the preferred directions vy, £v;.
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Separating the two principal directions. Next let us separate the structural com-
ponents which mainly support stress in direction v; or v,. Let s : S' — {0,1} be the
characteristic function on the unit circle of the upper right and lower left quadrant.

We define

Silk) =s()pk),  fa(k) = (1= s(k)) (k)
and take the inverse Fourier transform to obtain fi, f> : R> — R. We would like
to show that f; and f> approximately have the same L?>-mass. To this end, we test
(3.3) with a constant 7 that slightly prefers one direction, i.e., we will perturb 7
from Lemma 3.1 by a strain that cannot be supported by the struts encoded in f, or
f1, respectively.

Lemma 3.2 (Material distribution between orientations). Fori = 1,2 we have

Fil 4F2 2 e0-0)\?
Ml 0) 2 ity (Ml — 252)

16(1-0)
7

Proof. Assume first || f1]|2, > . This time we use (3.3) with
26  4aF
8 e
for some o € [0, 1]. We obtain

V2 ® V)

F,0 4F2—4|F|60+6%>—8a(1-6)F 2
A (0) 2 (AR08 it [ g2 [1— (1, 1) R dk
>€(2|F‘ 6)* —9805(1 6)F / |f1|2 1_‘kj_ (la )kle]
- a o
8o (1-6 2
> — RO 4 16 1)1 (00— o).
Picking the maximizing o = % — éfu%ﬂze (which satisfies 0 < a < %), we obtain
12
2
Ft -0
AYioa(0) > gath (Il — )
/39(1 0)

In the alternative case || f1]|Z, < , the relation

1Al + 120172 = Iz + 12072 = 1917 = 177 = €6(1 - 6)

implies || f2[|7, > M . We repeat the above calculation with 7 = 22 — 4¢£y, @

4F? ZOI 6))2 -
v and in the end arrive at AJelagt(ﬁ’) > CRTAES (/202> = )°. Combining

both cases yields the desired result. O

So far we have estimates expressing that the structure should be composed of
struts aligned with the preferred directions v; and v, that the struts in both direc-
tions should have equal material fraction, and that the total material fraction should
be 2|F|. This does not yet rule out a structure in which the domain Q is e. g. split
into a left and a right half and all the struts in the left are aligned with v; while all
struts in the right are aligned with v,. An estimate about the spatial distribution of
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the struts in the two directions can be obtained by taking 7 piecewise constant. In
particular, we will partition Q into two regions and take the first and second test
field from Lemma 3.2 in the first and second region, respectively.

Lemma 3.3 (Spatial distribution of orientations). Let X1, X2 be the characteristic
functions of Q1,Qp with Q1N =0, QUQ, =Q, andlet = (X — 1) i — fo (X —
1)x:idx, extended outside Q by zero. For any @ € R we have

N

elast

(0) > t4F* (5 —1)(1-20)

[ _ N — 2
—5 [ @+ R — ok () +F-Ra| d.

Proof. This time we test (3.1) with

= %_M(llﬁ +pm) with T = - ®vy, Th =v;®v;and some o € R.

Subtracting J*’” = 2(|F|(2— |F|) on both sides of (3.1), we arrive at

AIEL (0) 2Vol(Q)(4F2—4|F|+6)+;I€1;1213 /Q!n\zqt(l—x) [2(6+n):7]dx
‘ad
254F2(1—g)+min/ nP+2(1-x)5: 7
nexd, JQ

+2[(1— )01 G520+ (1- ) 12 (222 i n dx

= (4F*(1— )+£8F2(é 1)
=5 0= (R0) (D -2 (R6): (4 7)) w
+ min / P+ 2[(1-02 GO0+ (1) (242 |im da

= (4R (1)(1-20) min [|nP-2[5 (2 b (0= .
‘ad
Passing to Fourier space we obtain
AIEL (0) > taF* (L —1)(1 —2a)

elast
: . min ’ ‘2 [ (26 égaFr] )‘H’ (26 zaFrz)] T[dk
fi(k)ERGm s.t. A(k)k=0VkcR2JR?

- = _ — _ _ .12
— £4F2($—1) (l_za)_ N .(2(5—%061'7‘5] )kJ__'_,)’}sz_(ZG—‘;OtFTz)kL‘ dk,

where we chose the minimizing 7) (k) =k*- [ 20— 4O‘F U 20 4“F 2kt kt @kt

Reordering the different terms we arrive at the des1red result. U

We will later employ this result for a very particular partition of the domain. In
essence, we will use f1 and f, to identify regions 1 and €2; in which mainly struc-
tures along the first and along the second principal direction occur, respectively; £
and €, will then serve as the domain partition.
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Accounting for compactness of O. Next we employ a continuous Fourier ver-
sion of a lemma from [11], which captures the fact that the geometry is confined to
Q. For g : R — R with support in the unit interval and a monotonically increasing
function p : [0,00) — [0,0), [11] observes that

[Lptebiswa= [ oRe(a=pch ( [ lePak— [ i)
> p() ( loP ok~ wma>ﬁ)z;puyémﬁﬁ,

where in the last step we have used |g|> < ||g||L2([ Hg||L2 by Holder’s in-

equality. Essentially, this estimate shows that the Fourler transform of a function
with bounded support has a major part of its L>-mass beyond a frequency k of order
1. In our adapted version, the role of g is played by

le kla / ,}/ xl’ —2mix ki dx

the Fourier transform of ¥ in the x;-direction (whose support lies in x, € [0, 1]),
and the function p is replaced by an approximation of dist® (k,B). Our result is the
following:

Lemma 3.4 (Compact domain estimate). For any b > 0 and i = 1,2 we have
elast - 92 1+32||’}/||22/(bf{k|kv,\§%}|fl|2dk)2 .

Proof. For any a,b > 0 we have

) 2 vs)2 A
AGL(0) 2 5 [ ase®R B> 47 [ el Pk
> 412 // dks dk

Z o7 1+a2/b - ‘kv1‘<h}\f1| 2dky

> 421 // AP dky — 22 up | £y (kv ko) 2| ks
B 62 /s [ {kzi\k~v1\§%}‘f1| ? “ k2p|f1( : 2)’ !

Now we would like to estimate the square-bracketed term by [ | f1|>dk; in a simi-
lar manner as in the previous estimate from [11]. However, unlike v, the support of
f1 is not necessarily bounded so that the supremum in the square-bracketed term
cannot be bounded above by the L*-type term. Hence, let us divide the above

inequality by
¢ :/ ; de/ 2
’ {k: kv <5} |f1| HYHL2

to obtain

NG
e‘a‘f L > 4 2 ]+a2/b2/ !/ |71 dkz — SUP‘fl(kl’kZH ] dkr -
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47 8P, L1 kuko) > 43 supy, |7(kik2)” _ 4/2 717k 17

Choosing a = supy; &y~ frrqr, — < ¢, WP Lo a < ¢, SUPkZA T,

< 4‘[ , where the last step follows from the bounded support of .7 y(k1,-), we fi-
nally arrive at

2 C 2
o) slI7lE |
02 1+32/(bCp)?
which after inserting C;, yields the desired inequality for f;. The analogous calcu-
lation can be performed for f;. O

AJFE

elast

Intuitively, if b is chosen small, the above estimate basically turns into a bound

2 2 Fl
on f{k:\k-vdS%} |fi‘2dk of the form f{k:\k-w|§%} |ﬁ‘2dk N \/ AJelast( )/b?.

Perimeter estimate. The perimeter can be estimated in Fourier space as in [15,
Lemma4.3, step 2]. We reproduce the brief argument for the sake of completeness.

Lemma 3.5 (Perimeter estimate). For any L > 0 we have

1
Per(0 >f/ 92 dk.
o)y [ 1

Proof. For any L > 0,

1
Per(0) > ——
( )_27rL IBL(0 |c|

1 .
— £y k 1_ 2mic-k 2dkd
S22 o o 7001~ P ke

1 .
S 5k 2 l_eZmC-k 2dCdk,
~ 2nl? /{LkZl} [#)] BBL(0)| |

where the integral [5p, o) [1— e*™iek|2 dc is greater than L due to L|k| > 1 [15]. O

P +c)|72de

3.2 Proof of lower bound by contradiction

As a guidance, we may think of the construction from the previous section.
Figure 3.1 shows a sketch of its major features and of what this implies for the
Fourier transform of 7.

Before proceeding to the details, let us introduce some notation. Throughout
this section, &' denotes the optimal geometry and is understood to depend on €
without explicitly indicating this dependence. Likewise, the characteristic function
x of O and its variants such as ¥, fi, f» also depend on €. We will use the small
O notation f(€) = o(g(€)) to indicate % —¢—0 0. Furthermore, ~ shall denote
equality up to a constant factor independent of € (but potentially depending on ¢
and F), and similarly, <, = shall denote less than or greater than up to a constant
factor.

~ o~
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7/ N
4 (g /7 N
~y/E 4 \

FIGURE 3.1. Left: Zoom into the optimal geometry from Figure2.1.
Right: Corresponding idealized sketch of the optimal geometry in
Fourier space; the black dots are where we expect the major mass to
be. The gray trapezoids indicate the regions outside which the support is
shown to be negligible.

We shall prove the lower bound by contradiction; assume the excess energy to

be o(v/e).
(3.4) 1) - 35 = AT (0) + ePer(0) = o(VE).

A short sketch of the argument is as follows. Using the estimates from the previ-
ous section, we will first show that fi, i = 1,2, essentially lie within the wedges
of Figure 3.1 (Proposition 3.7). From this and the fact § = } % § (which roughly
means that (| + f») approximately equals ( i + f2) * (f1 + f2)) we infer that f * f>
or equivalently f f> has negligible L?-norm (Lemma 3.9; for technical reasons, f;
and f, are replaced here by approximations g; and g,). Finally, based on f; and
f>» we decompose the domain €2 into the region where material struts are more or
less aligned with v; and the region where struts are aligned with v,. Using these
domains in Lemma3.3 and also the estimate that fj f, ~ O then finally yields a
contradiction.

Specifying all volume fractions. Lemmas 3.1 and 3.2 now provide the L>-mass
of %, fi,and f3.

Proposition 3.6 (Volume fractions). Under assumption (3.4) and for i = 1,2 we
have

6 =2|F|+0(Ve),
1772 = £2|F|(1 = 2|F|) +o(Ve),
Ifill7: = €FI(1 =2|F|) +o(Ve).
Proof. Lemma 3.1 yields the estimate

(0) 2 020" — paiF|(AL 1)1~ 48,

Fl

elast
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which can be solved for @ to yield @ = 1+o0(+/€) and thus the desired estimate
for 6. The second estimate now is a direct consequence of [|7]|2, = ¢6(1 — 6).
Likewise, the estimate from Lemma 3.2,

2
Fi 4F? 2 1e(1-0)
Ml O) 2 oy (W1 = 2572

together with max (|| /1]/2., || /2

12,) < 1712 = €6(1 — 8) ~ 1 and 8 ~ 2|F| implies

(12
HfllULZ — 9(12—9) _’_0(%)’
which produces the final estimate. U

Localizing the Fourier support of y. We now use Lemmas 3.1, 3.4, and 3.5 to
show that the Fourier support of f| and f> (and thus of ) is restricted to the wedges
shown in Figure 3.1 (right).

Proposition 3.7 (Fourier support of ). Under assumption (3.4) and fori=1,2 we
have

[ 1fPak=o(1)
R2\W;
for the wedge
Wi = {k eR? : dist(k, {£vi}) < V&, K| < L, [kovi| > 4f} .
Proof. The estimate from Lemma 3.1 together with Proposition 3.6 implies

AIEL (0) > 4 / 2dist?(k, B) dk > / e| £ dk
cn(0)2 g [ IPICEBIRZ X J it oty Y

so that the L2-mass of f; and f> outside a wedge of angle /€ around the preferred
directions must be negligible. Also, Lemma 3.5 for the choice L = /€ implies
that the L2-mass of § and thus £, and f> beyond the frequency 1 /+/€ is negligible.
Finally, 7, fi, and f, have negligible L>-mass at frequencies with |k|; = |k;| +
|ko| < 4/+/€. Indeed, assume the opposite, i.e. f{\k|1< 4 }\f1|2dk 2 1, then the

choice b = /€/4 in Lemma 3.4 yields AJ5. (0) > 2(52 1/[ +32||7lI7./b%] ~ Ve,
a contradiction. The analogous result holds for f;. U

Note that each bound in the definition of W; may actually be multiplied by an
arbitrary constant, since only the asymptotic behavior for € — 0 is considered. The
above choice, in particular the factor 4 in the last bound, will become clear in the
proof of Lemma 3.9, where it leads to a disjoint Fourier support of a number of
functions.

For later purposes it is convenient to replace f; and f» by approximations g, and
§>» whose support completely lies in W; and W,, respectively. If chosen properly,
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these functions enjoy useful boundedness properties as summarized in the subse-
quent proposition. For a compact notation, we also introduce the characteristic

function of Q,
1 if Q
X(x) = ifxeQ,
0 else,

A —omiti () . .
with X (k) = le Zmigk (1)smc(k1€)smc(k2).

Proposition 3.8 (Decomposition of y). Under assumption (3.4), there exist func-
tions g1, g2, and g satisfying, for any p € (1,%) and a constant C > 0,

x=0X+g1+s+g,
suppg; CW;, i=1,2,
1f1 —g1ll2, 12— g2l25 llgll 2 = o(1),
lg1llzr, [lg2lzr, llgllr < C.

Proof. It is easy to see that the proof of Proposition 3.7 can be modified to show
that f; and f> have negligible L>-mass outside the wedges

W = {k e R? : dist(k, {vi}) < LV/e, [k < 51z, [kovi] > %} .

We will define g; and g, by restricting f; and f> to subsets of W; and W». In order
to still have boundedness of the g; in L?, we will thus have to apply a multiplier
theorem. To this end, for i = 1,2 and m,n € Z consider the sets

Qm,n — ((72m+1’ 72m] U [2m72m+1)) % ((72n+1’72n] U [2n,2n+1)) ,
Onn= 75 (111) Onn
Vi= J  Omn-
O W0
We have V; C W,. Let us now define g1, g2, and g via
60 = {ﬁ(k) ifk eV,

0 else

and y=x — 60X = g1 + g» +g. By the Marcinkiewicz Multiplier Theorem [12,
Theorem 5.2.4], for any p € (1,00) we have

giller, lg2ller, gl < Cmax(p,;t5) ¥l = Cmax(p, ;15)" {A1-6) 67+6 (1-6)

for a fixed C > 0 (note that the coordinate system has to be rotated by ¥ to apply
[12, Theorem 5.2.4]). Furthermore, by definition, the L?-norms of fi—g1, f>— g,
and g or equivalently the L>-norms of their Fourier transforms are bounded above

by [|7ll 22\ (o) = 0(1). O
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In the next paragraph we will try to obtain a more explicit characterization of the
functions g and g», using the fact that they essentially represent a decomposition
of the characteristic function y (or rather of 7).

Exploiting the properties of characteristic functions to characterize the decom-
position of . Now we will exploit the fact that x is a characteristic function, i.e.
X =X -x. By inserting y = 60X + g| + g» + g and comparing the supports of the
different terms on either side of § = ¥ = , we will see that g| g, is negligible, a fact
which should be wrong intuitively: it is easily conceivable that non-negligible 3
and g, with support as in Figure 3.1 will not produce negligible g * g>. This will
ultimately lead to the desired contradiction.

Lemma 3.9 (Characterization of Fourier decomposition). Under assumption (3.4)
and for g1, g» from Proposition 3.8 we have

lg182ll2 = o(1),

g1l

g1 =(1-20)g1+ —7EX +¢&,
llg21?
g =(1-20)g+ 72X +&
for two functions & and &, satisfying, withi=1,2,

161+ Gallz2 = o(1),

[ &de=o0.
R2
}\él-yde:ou).

/{kImaX(leJ<~Vz)2éE
Proof. The relation § = } * § implies
X=X =28+ —8+8+208 7 — 07X+ X —20X 2+ (&1 +82)* (&1 +&2).
Using X« X =X, X+ 1 = 1. 18+ 2.2 = llgx ]l > < lglliz. 185 Xll.2 = llgX 2 <
gl and [Ig#2ll2 = llg*2 < \/llgll2llgl7e < V/1glLz, we arrive at

(1-20)2+6°X = g1 %81+ 8248 +281 %2+ F
or equivalently
O0(1—0)X+(1-20)(g1+82+8) =81%81+82%&2+281 % & + 7,

where the remainder 7 is o(1) in L?. The basic idea now is the following: All terms
involving g or r can be neglected. Among the remaining terms in the equation,
none intersects the support of | * >, hence no term balances g * g,. This implies
that g, * g, must also be negligible. Let us proceed to the details:

The supports of g;, §;* &}, and g1 * §» do not intersect for i # j. In particular,
supp(81%82) C{k : |k-vil,|k-va| > 4%/5} only intersects the support of 7, g, and X
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so that the above equality implies
II£1*§zlliz§%/ 1(1-260)g+6(1—06)X —F>dk = o(1).
{k: kv | kva|> 2= }

To better characterize g1 * g, and g> * &, define the two residual functions &;, &,
via

A A . llg11?
g1 =(1-20)8 + — L2X+51,

N A L el o

The residuals &;, &, satisfy

[ s [ G-(1-20)5 X ax—~(1-26) [ gidr——(1-26):(0) =,

I \|§z+ugz|\Lz 2l

1€+ &l = 181 %81+ 82% 82— (1—26)(81 +82) —
A A A lly—gll*
=(1-26)g— 7281 %8+ (6(1 —68) — —F2)% | = o(1)

as well as

&l de=o(1),
/{k:max(bvl,k-vz)zl}‘ ’ ()

Ve
since in the region max(|k-vi|,|k-va|) > f’ the only terms with non-negligible 1.2-
mass are §;xg; and (1—26)g;, i = 1,2, so that in this region g;xg; — (1—260)g; =0
up to an L? negligible error. O

Remark 3.10. Note that the above information can be used to see that the L*- and
L?-mass of g| and g, outside Q are negligible. Indeed, for i = 1,2 we have

o(1) = |lg182]1 722y > gigrdr = g, (g7 +28ig+8%) dx
( R\Q
HngU (R2\Q) +/ 2818+g )dX> ||gz”L4 (R2\Q) +2/ g,gdx

where the integral is bounded in absolute value via Holder’s inequality by 2||g|| ;2] gi
< C|lgllz2 = o(1), using Proposition 3.8. Also,

”L6

=o(1),

lgillz2 o) < l8ills@o)lgil, 4 ®\Q)

again using Proposition 3.8 for the L3-norm.
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Deriving a contradicting spatial separation of g\ and g;. We would like to bet-
ter understand &; and &,. We first change g and g, slightly to make [|g; * 2|/ 2
exactly zero. To this end, introduce the characteristic functions

Yo () = {1 if x € Qand g2 (x)] < |g1(x)],

=X—- .
0 else, X2 Xs

Intuitively, x,, indicates the region in which the struts are roughly aligned with v,
and x,, the region in which the struts are aligned with v;. Now we can define

Gi="s» G2=VYp» E1=&+81-G1, E2=8&+8 G,
and we obtain the following characterizations.

Lemma 3.11 (Characterization of domain decomposition). Under assumption (3.4),
letting = denote equality up to a remainder with L*-norm of o(1) we have, for
i=1,2,

GimgiXg ~ g~ gX = fi
as well as

%:G1+G2+6X7
GG, =0,

~ly 1 =
Xei = 2X — gr—gy i

Proof. g; =~ g;X follows from Remark 3.10. Note that for i = 1,2 and j # i we have

oo < | iR ax< [ gl ax < NI gigallz = (1)

{xeQ: gilx)|<lg,(x

from Lemma 3.9. This directly implies

lgi—8&ixg 2 < llgi—Xgill2 +11Xgi — 8iXg:ll 12 = ||gi — X gill .2 +||giXg; I 2 = 0(1)

from which we finally obtain

lgi —Gillz < |lgi — &iXg: |2+ 18Xl 12 + g Xgill 2 = o(1)

and thus E; =~ & as well as By + &, =~ & + & ~ 0 via Lemma 3.9.

The relations ¥ = G| + G, + 6X and GG, = 0 follow directly from the defi-
nition of the G;. This now implies G;(x) € {—6,0,1— 6} for almost all x as well
as {x € R? : x,,(x) =0} = {x € R? : G;(x) =0} or equivalently (G; + 6X)(x) €
{0,0,1} with {x € R? : x,,(x) =0} = {x € R* : (G;+ 6X)(x) = 6}. Thus, for
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J# i,

_ (G+6X)—(Gi+6X)* _ Gi—G;—26G,;
Xey = ooy Xt ai-e)

+E—E—-G2—20G; 8 +20gi—||gil?, X /¢—Ei— G} —26G;

_ g -
=X 6(1-0) =X+ 6(1—0)
iz g 20(si—Gi)+g;-Gf 1 o
= (1 - fe(lfg) )X - 0(1-0) + 0(1-0) ~ §X — m7

. 6(1-9

using ||Gi — gill;2 = o(1). [l8ill3: = I£ill}: +o(1) = “ 57 +o(1), and |G} -
g7l = Jre |G,-—g,~|2\G,~+g,~|2dx < ||G;i — gill 2 |Gi — gill 161|Gi + gill7s (wWhere G;
is bounded and g; is bounded in L° by Proposition 3.8). U

The previous lemma shows that Z; and Z, or equivalently &; and &, are inti-
mately connected with the characteristic functions y,, and y,,. Recall that él and
éz are supported at frequencies smaller than 1/y/€. In other words, the predomi-
nant length scales of & and &, and thus of y,, and J,, are larger than /€, which
itself is the largest significant length scale occuring in ). This would mean that the
regions with struts supporting stress in direction v; and struts supporting stress in
direction v, are spatially separated, which cannot be optimal. To quantify the sub-
optimality, we now finally apply Lemma 3.3 for the two regions indicated by x,,
and y,,. To thisend, let y; = ¥ — X f, Vidx for % = (x — 1) X, = Gi — (1 — 0) 1,
(recall x(x) =0 and x,,(x) = 1 < G;(x) = —6) and observe

Gi—(1-6)x,, dx Jogi—(1-8)(% —giigy) dx
y,-:G,-—(l—G)xgi—%ngi—(l—e)xgi— 2 1(2

Q)
g (1-0) (g — X) Py (1m0 (X ) gt T
=& ( )(xgi 2) Vol(Q) gt+( )(2 %gi)Ngz+97

where == stands for equality up to a function with L>-norm of o(1). Inserting this
relation in Lemma 3.3 now yields

Al (0) = (4F? (5 = 1)(1 - 201)
2 =7 _ ——2
_46L2 R2 glkl'(l(—xalaa) kl—l_gzkl ( )kL (l—e)a(lgz—lgu) dk+0(1)'

Note that ||, — Ze, 17> = X, — Xe.|I7. = ¢ and furthermore that g1, §», and

-8  &-&
6(1—-0) 06(1-0)

Koo — Xt =
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all have different support (up to an L?>-negligible overlap, see the definition of g;
and Lemma 3.9). Hence, assuming 0 < o < %, we obtain

AIEL (0) > 14F2 (5 —1)(1 —20)
a0 IR ( % )RR R (7 ) Rk
— (10202 | fg, — R |72 +0(1)
> (4F? (5 —1)(1 —2a) - %Z/RZ AP (1=20)* +| /2] *(1 —2)* dk

— 01— 8)2a% +o(1)

:eLFz [6(1-0)[(1-2a)—(1-2a)*]—(1-6)*a*| +o(1)
02
~(F?(1-2|F|)

after maximizing over 0 < o < % (note that for o@ = 0 the square bracket is zero
with positive derivative of order one). This yields the desired contradiction so that
we must have JEF( (0] —JF0 > (/g as e — 0.

So far we have shown that for fixed F and ¢ there are an & > 0 and a con-

stant C > 0 such that mingcq J&5[0] — JS’F'[ > Cy/€ for all € < &. However,

mingcqo JeFL [ﬁ] — J:;F’f

JS’F’E > C./g for all € > g. Combining both inequalities we arrive at the desired

result, mingq J&F[0) —JS’F’Z >Cy/&/|F|/¢€ forall e < |F|.

is monotonously increasing in € so that mingq J&5![0] —

Appendix: Compliance associated with diffusing a uniaxial stress

Here we provide a detailed compliance estimate for a boundary layer in which
the impact of a localized load diffuses over a larger material area. This estimate is
merely needed for the refined construction in Remark 2.4, which allows to weaken
the conditions on how small € has to be relative to F' for the upper bound on the
energy scaling to hold. The load situation occurring in Remark 2.4 is of the type as
in Figure A.1, right, where a thick material layer is under a uniform stress parallel
to the layer (horizontal in Figure A.1) and is additionally loaded on either side
(here top and bottom) with a stress normal to the layer and localized along a small
segment of length d. The fact that the normal stress is applied locally, instead
of evenly distributed over the whole width, results in an excess compliance (the
compliance for the given d minus that for the case d = w), which is the quantity
needed in Remark 2.4. Now the excess compliance in Figure A.1, right, is bounded
above by twice the excess compliance in Figure A.1, center right, which again can
be reduced to the excess compliance in Figure A.1, left, via Corollary A.2. The
compliance in Figure A.1, left, is estimated in Proposition A.1.

Consider a rectangular piece of material with side lengths w and %', respectively,
loaded as shown in Figure A.1, left. As mentioned above, this load geometry may



S

32 R. V. KOHN AND B. WIRTH

i
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FIGURE A.l. The load geometry considered in Proposition A.1 (left)
can be interpreted as a segment of a larger rectangular geometry over
which the tensile stress diffuses (center left). The same holds for the
load geometry from Corollary A.2 (center right and right).

be thought of as a segment of a larger rectangular domain at both sides of which
a tensile stress is applied in a small region of width d (Figure A.1, center left).
The tensile stress then diffuses over the whole width of the rectangle. Let X4
denote the set of admissible stresses, i. e. those symmetric tensor fields which are
divergence-free and satisfy the given boundary conditions.

Proposition A.1 (Compliance of stress diffusion). The compliance mingcy,, [, |0|* dx

of the configuration in Figure A.1, left, is bounded above by @(1 +Z5InY%).

Proof. It suffices to provide an admissible stress field o or, via the identification

o= ( dnd —ding
—d1¢ ¢
the equilibrium stress is described by the Airy stress function

w X%
¢ (Xl,XQ) :Fj.
Similarly, an Airy stress function describing a uniform tensile stress within a ver-
tical strip of width d < w is given by

>, a corresponding Airy stress function ¢. Note that for d =w,

2
3 (c1.x2) F2i if x| <%,
1,X2) =
By —4)  else.
Now an Airy stress function admissible for the load configuration in Figure A.1 left

can be constructed (abbreviating r = |/x7 4 x3) as

¢(r,0)—¢¥(n0) ifr<y,
(Pd(xlaxZ) :¢W(x1ax2)+ Tw w(w
(P(E,O)—(P (fao) else.
This yields the stress field
F(5—1)1
ol(xi,x0) = (§ ) + 4 —FI+ 251 —¢f @¢})
0 else,

~ I\J\&.

if r <
if § <

o, Y

S

N\%
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with e = (—sin@,cos @), where (x1,x) = (rcos @, rsin@). We can thus bound
the compliance above by

o

3 3
o) o‘vd\dezdm:%<%>2F2(<%—1>2+<%>2>+<%—%<%>2>F2
1=—% Jx=
—F+52(1—sin (p) £ singcos @ 2
/ % ﬂsm(pcos(p F”(l —cos? (p))‘ rd(Pdr

1>2+<§>2>+<% 2(5)%)F?

[( W)2 4 F2 — Eweog (p} rdodr

=33

(

w\:a
3 Mg o

F2(
w/2

+
H\

r=d/2 )

252
—2 P (14 ZInY).

g

The previous proposition says that if the load at the bottom is concentrated in
a region of width d, then the excess compliance over the situation of a uniform
stress distribution (i. e. d = w) is bounded by %wzF 2In 7. This stays true even if an
additional horizontal load is applied on the left and right boundary as in Figure A.1
right.

Corollary A.2. The compliance mingey,, o |0|>dx of the configuration in Fig-
ureA.1, right, is bounded above by %z(ﬁz + F? —|—F2g In %)

Proof. We decompose the equilibrium stress field according to 6 + o with & =
(£ 9) so that o must be the equilibrium stress field for the configuration from
Proposition A.1. Now the compliance is given by

/|€r+o\2dx:/ |6[2dx~|—/ |c|2dx+2/tr(cT6)dx
Q Q Q Q

L2 . o oo
The first term is - F 2, the second is bounded by Proposition A.1, and the third is
zero since O satisfies

f w/2 (X],Xz)( ) (FOW) VXQ 6[ %]7
Jo? oerx) () dva = (§) vxi € [=5, 5]
so that [, 6dx = Vol(Q) (3 2). O
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