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We consider a variant of the isoperimetric problem with a nonlocal term represent-
ing elastic energy. More precisely, our aim is to analyse the optimal energy of an
inclusion of fixed volume whose energy is determined by surface and elastic energy.
This problem has been studied extensively in the physical /metallurgical literature;
however, the analysis has mainly been either (i) numerical, or (ii) restricted to a
specific set of inclusion shapes, e.g. ellipsoids. In this article we prove a lower bound
for the energy, with no a priori hypothesis on the shape (or even number) of the
inclusions.
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1. Introduction

We consider a variant of the isoperimetric problem with a nonlocal term represent-
ing elastic energy. More precisely, our aim is to analyse the optimal energy of an
inclusion of fixed volume whose energy is the sum of surface and elastic energy. We
note that this problem has been studied extensively in the physical/metallurgical
literature. However, in this literature, the analysis has mainly been either (i) nu-
merical, or (ii) restricted to a specific set of inclusion shapes, e.g. ellipsoids. Such
studies give upper bounds on the minimum energy. In this article we prove a corre-
sponding lower bound, with no a priori hypothesis on the shape (or even number)
of the inclusions.

Elastic inclusions can be observed when a material undergoes a phase transfor-
mation between two preferred strains, which may e.g. be elicited by a change of
temperature. In this case, the phase transformation is initiated by the creation and
growth of a small nucleus representing the new material state. The saddle point
between the two uniform phases is represented by the critical nucleus whose energy
describes the energy barrier between the two uniform phases.

In the classical theory of nucleation, the size and shape of the critical nucleus is
determined by a competition between bulk energy and interfacial energy. While the
bulk energy favours the emergence of the new phase, the interfacial energy provides
an energy barrier for the creation and growth of the nucleus. In this situation where
all the terms contributing to the energy are local, the optimal shape of the inclusion
does not depend on its size. The minimisers are well known: In the simplest situation
when the interfacial energy is isotropic, the shape of the inclusion is a sphere. More
generally, when the interfacial energy is anisotropic, the minimisers take the form
of the well-known Wulff-shape, see e.g. (Wulff 1901, Taylor 1975, Fonseca & Miiller
1991).

The elastic energy introduces a length scale into the problem; in particular, the
shape of the optimal inclusion depends on its volume. The energy of inclusions in
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the presence of elastic energy has mainly been studied numerically or assuming an
ellipsoidal inclusion shape. Numerical simulations for the morphology and evolution
of the nucleus have been given e.g. by Voorhees et al.(1992) and Zhang et al.
(2007, 2008). In the physical literature, the shape (and the growth) of the inclusion
has been optimized within an ansatz, see e.g. Khachaturyan (1982), Mura (1982),
Brener et al. (1999) and Wang & Khachaturyan (1994). While such calculations
give much insight, they only apply for certain restricted classes of configurations.

Early work on mathematical analysis of energy—driven pattern formation in-
cludes the analysis by Kohn & Miiller (1992, 1994) of a toy model in elasticity
theory. Related problems have attracted increasing attention in past years with
the analysis of various models (Choksi & Kohn 1998, Choksi et al. 1999, Alberti
et al. 2009, Capella & Otto 2009, 2010). While most of the previous analysis does
not address the dependence of the energy on the volume fraction of the different
phases, recently the case of extreme volume fraction has gained more attention: In
(Choksi et al. 2008), the intermediate state of a type—I superconductor is studied by
ansatz—free analysis for the case of extreme volume fraction. Another recent result
addresses the energy scaling in a bulk ferromagnet in the presence of an external
field of critical strength (Kniipfer & Muratov 2010). In all of the above models,
the energy is characterized by a nonlocal term and a local, regularizing term of
higher order. One special feature of the elastic energy is the fact that the nonlocal
term is anisotropic. Insightful analysis has been developed on determining possible
configurations that are free of elastic energy, see e.g. (Dolzmann & Miiller 1995,
Miiller & Sverak 1996).

Our main result, theorem 2.1, is an ansatz—free lower bound for the energy when
the volume of the inclusion phase is fixed. Let us give an overview of the arguments
that are used in the proof. There are two main ingredients: The first ingredient is a
covering argument which reduces the task to a local problem by identifying a local
length scale where elastic and interfacial energy are in balance. The second main
ingredient is a lower bound for the elastic energy for the local problem. Here, the
analysis takes advantage of the discreteness of the phase function y which describes
the shape of the minority phase. In a related context, discreteness of y has been
used to prove rigidity results or to give lower bounds on the energy (Dolzmann &
Miiller 1995, Capella & Otto 2009). While most of the mathematical arguments in
this article are based on the sharp—interface description of the elastic energy, we
also present the two examples of diffuse-interface models and show how our results
extend to these models.

Structure of the article. In §2, we introduce the model and state our results
for both the sharp and diffuse-interface models. In §3, we give the proof of our result
for the sharp—interface model. In §4, we discuss the diffuse-interface models. Basic
results about geometrically linear elasticity are collected in the appendix.

Notation. The following notation will be used throughout the article: By a
universal constant, we mean a constant that only depends on the dimension d. The
symbols ~, < and 2 indicate that an estimate holds up to a universal constant.
For example, A ~ B says that there are universal constants ¢,C > 0 such that
cA < B < CA. The symbols < and > indicate that an estimate requires a small
universal constant. If we e.g. say that A < B for € < 1, this means that A < CB
holds for all € < ¢y where ¢y > 0 is a small universal constant.

The mean value of a function f on the set E is denoted by (f)g. For u € BV (E),
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the total variation of u is sometimes denoted by ||Dul| 5. The Fourier transform of u
is defined by 4(¢) = (2m)~%2 [ € u(z)dz, in particular Parseval’s identity holds
with constant 1. The set of d x d matrices is denoted by M(d), the set of symmetric
matrices by S(d) C M(d). The set of ’compatible strains’ V(d) C S(d) is

1
V(d) = {AeSd) : A= §(u® v+ v ® u) for some u,v € Rd}, (1.1)
where the tensor product u®v € M(d) is defined componentwise by (u®v);; = uv;.
Finally, for A, B € M(d), the contraction is defined by A : B = Z” A;i;Bij, and

the corresponding matrix norm is given by ||A|| = VA : A.

2. Model and statement of results

In the framework of geometrically nonlinear elasticity, the energy associated to the
deformation y : 2 — R? of an elastic body with domain of reference Q C R?, d > 2,
is given by

/ W(Vy) dz, (2.1)
Q

where the nonconvex energy density VW describes the preferred states of the ma-
terial, see e.g. (Ball & James 1987, Bhattacharya 2003). Each preferred crystal
configuration of the material corresponds to a well of the elastic energy density.
We want to analyse the case where the elastic energy has two preferred phases.
Furthermore, we use the geometrically linear approximation of the nonlinear the-
ory (2.1) studied e.g. by Khachaturyan (1967) and Roitburd (1969), see also (Kohn
1991, Bhattacharya 1993). In this theory, the deformation is described by the dis-
placement u(z) = y(z) — x while the elastic energy is a function of the linear strain
e(u) = 3(Vu+V'u). Also, it is well accepted that on small scales the energy should
be complemented by a higher order term. Therefore, we include a sharp—interface
energy penalizing the interfaces between the two phases. Finally, we include a term
that captures the energetic favorability of the new phase.
The above considerations motivate considering the energy

etcu) = 0 [ 19N+ [ lletw) = xFIE =7 [ x, (22)

where F' € §(d). In this model, the two preferred phases are represented by 0, F.
The elastic energy ||e(u) — xF||? uses a trivial Hooke’s Law; this represents no loss
of generality since we seek a lower bound and our focus lies on its scaling law not
the prefactor. The characteristic function y € BV (R?,{0,1}) describes the region
occupied by the minority phase, see also Chapter 12 in Bhattacharya (2003). It
allows us to define the volume of the inclusion

po= /Rd X- (2.3)

The set A(u) of admissible functions for prescribed volume p is given by

A(p) == {(x,u) € BV(R?{0,1}) x H'(R",R?) : x satisfies (2.3)} .
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Theorem 2.1 (Scaling of energy). Let e(u) := inf(y wyea €(x,u), and define
6 := inf pey(q) || F — P||* where V(d) is the set of compatible strains defined in (1.1).
In any dimension d > 2 we have the upper bound

() + (v — O S max {7 i || P F BT ) (2.4)
and the lower bounds

e(p) + (v = o) Zmu'a (2.5)

e(p) + v 2 T || F|| 51 5T (2.6)

In particular (averaging the two lower bounds) we have

d—1 . _
npT if w <nt|F|—2,

2d—2

e(u) + ~ ou+ - 2.7
)+ ~ ou {n#‘lnﬂ%um ifus e, &0

Equation (2.7) gives the scaling of the minimal energy up to a universal constant.
The first term on the right, du, is related to incompatibility of the two phases;
it vanishes if they are elastically compatible. The second term is independent of
the compatibility between the two phases but depends on the magnitude of the
“eigenstrain” F'. For small inclusions, interfacial energy is dominant and the optimal
scaling is achieved by a sphere. On the other hand, for larger inclusions, the shape of
the minimiser is determined by competition between elastic energy and interfacial
energy. In this case the optimal scaling is achieved by an inclusion with shape of
a thin disc, whose large surfaces lie in the twin planes between the two phases.
Equation (2.7) shows that this well-known picture is energetically optimal.

When n — 0 with all other parameters held fixed, (2.4) and (2.5) show that

Ly e(p) = (6 — ).

Thus for n > 0 we have
e(p) = (6 — y)p + correction due to positive 7. (2.8)

In view of (2.4), it is natural to guess that the correction defined by (2.8) is of order
max {nlud%dl , n#‘il ||FH%;L% } However our results fall short of proving this,
since the left hand side of (2.6) is e(u) + yu rather than e(u) + (v — d)u. (For a
brief discussion why, see the end of §3.)

The energy barrier between the two uniform states in model (2.2) can be cal-
culated by a minimax principle: first, identify the global minimum e(y) of all con-
figurations with fixed volume p; then identify the maximum max, s e(n) over all
1 > 0. The corresponding minimizing configuration with this volume is the crit-
ical nucleus for the phase transformation. Its energy describes the energy barrier
between the two uniform phases, in the absence of defects or boundaries.

As a consequence of theorem 2.1, we identify three regimes that characterize
the energy scaling and the size of the critical nucleus for (2.2):

Theorem 2.2 (Critical nucleus). Let e(p) and 6 be as in Theorem 2.1. Then
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1. For v < 0, we have max, ¢ e(p) = 0o and argmax,, - e(p) = oo.

272d||FH2d72

2. For v > § and v < ||F||?, we have max,~¢e(u) ~ ny and

*

s~ niyt=2d)| F||24=2 for all u* € argmax,, o e(ft).

d d

3. Forv>> 6 and v > ||F||?, we have max,~oe(u) ~ niy1=% and p* ~ nly~

for all * € argmax,,_q e(p).

Theorem 2.2 is a direct consequence of (2.7). In the first of its three regimes the
energy barrier is infinite, so there is no critical nucleus of finite size. This excludes
a phase transformation in an infinite sample. Note that the first regime can only
occur for an incompatible inclusion. In the second and third regimes the size of the
critical nucleus is finite. Depending on the relative size of v and || F'||, the scaling and
the size of the critical nucleus is however quite different. In particular, the second
regime corresponds to a penny—shaped nucleus while the third regime corresponds
to an (approximately) spherical nucleus. The cases in Theorem 2.2 do not cover all
possible values of the parameters (for example, they do not cover the case v = ¢).
This is because we don’t have a lower bound directly analogous to (2.4).

We note that the physical relevance of theorem 2.2 relies on the following phys-
ical assumptions about the phase transformation: 1) The volume p is supposed to
be a continuous function in time. 2) For fixed time ¢ and volume u(t), the con-
figuration achieves the optimal shape. 3) Finite—size effects (such as nucleation at
a boundary or corner) are being ignored. 4) The critical nucleus has a reasonably
sharp interface.

Theorems 2.1 and 2.2 address the sharp-interface energy (2.2), but the same
ideas can also be used in a diffuse—interface setting. We shall explain this in §4 where
we define two diffuse-interface analogies of (2.2), &1 and &. Their minimum-—energy
scaling laws are the same as that of £:

Theorem 2.3 (Diffuse-interface energies). For v =0, we have

inf  E(x,u) ~ inf & (u)~ inf  &(x,u).
(x,u)€A(n) u€Aq (1) (X,u) €Az (1)

We remark that our estimates only capture the scaling but not the leading order
constant of the minimal energy. Consequently, the results do not give information
about the precise shape of the minimisers. While we expect that when p is large the
minimiser resembles a thin disc, this does not follow from our analysis. However, our
analysis shows that a thin disc (with an appropriate ratio of height and diameter) is
optimal in terms of the scaling of the energy. We expect that a more precise estimate
of the shape of the optimal inclusion would require the use of the Euler—Lagrange
equation for (2.2).

3. Proof of theorem 2.1

In §3a, we give two lower bounds on the elastic energy. The proof of theorem 2.1 is
then given in §3b.

(a) Lower bounds for the elastic energy

In this section, we give two lower bounds on the elastic energy in propositions
3.1 and 3.5. The main result is the following lower bound for the elastic energy:
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6 H. Kniipfer and R.V. Kohn

Proposition 3.1. Let d > 2 and let x € BV (Bg,{0,1}). There exist constants cq
and aq such that if

Ixllipe) < caR? and IVXllBr < caR'Y, (3.1)
then we have

uGHli(r]gdde) le(u) = XFl T2, = CdRidHF”Q||X||2L1(BadR)- (32)

Although this estimate does not assume compatibility of F', it is most relevant in
this case: The case of incompatible F' leads to a higher elastic energy and is treated
in proposition 3.5. The two conditions in (3.1) state that the volume fraction of
the minority phase should be relatively small in Br and that the interfacial energy
should be small compared to dBg. Both conditions in (3.1) are necessary: If we did
not assume ||x|/z1(p,) < 1, then the configuration with uniform gradient ' would
not cost any elastic energy and hence would yield a counter example. The second
condition in (3.1) excludes stripe like patterns where the stripes are aligned with
the twin planes between the strains F' and 0. Such laminar structures also would
not yield any contribution of elastic energy (if F' is compatible).

We split the proof of proposition 3.1 into two parts. We first prove the case
d = 2 in lemma 3.2, before turning to the case of general d > 2 in lemma 3.4. The
proof for d = 2 relies strongly on the fact that the interfacial energy is discrete
on the boundary of two-dimensional sets. Since compatibility is a two—dimensional
issue (see also lemma 4.2), it is not surprising that the case d = 2 is special.

Lemma 3.2. Proposition 3.1 holds for d =2 and s = 1/5.

Proof. By the rescaling « — x/R and by a rotation, it is enough to consider R = 1
and F = diag(\1, A2). Furthermore, without loss generality, we assume Ay > |Ag].
We argue by contradiction and assume that (3.2) does not hold; i.e. for some fixed
universal but arbitrarily small constant ce, we have

l01u1 — Aixllz2(B,) + [|02u2 — XaX||L2(By) + |02u1 + Oruz|| 2B,y < c2dip, (3.3)

where we have set 1 := ||x|[z1(B,) (Here and below we write « in place of ay for

simplicity of notation). In the following, we will not keep track about the precise
form of the constants. Instead, we use the notation < if an estimate holds for a
universal but small constant. We thus write (3.3) as

||(91u1 — )\1X||L2(B1) + ||(92u2 — )\QXHLz(Bl) + ||(92u1 + 51u2||L2(Bl) < A fi. (3.4)

Step 1: Notation and choice of Q. It is more convenient to work with
rectangles instead of balls. We cut out three rectangles Q9 = Il(l) x Iy C Bsg,
i =1,2,3, where Il = [z 2] with 2" < 2{?, see figure 1. Also let
I =, Il(z). We choose the sets such that B, C Q®, in particular fQ@) X =
p. Furthermore, we may assume that the side lengths of Q) are of order 1, i.e.

|Il(i)| ~ 1, |Iz] ~ 1 (i.e. up to a universal constant). Note that this is possible for
a = 1/5; the argument is not optimized in «. By Fubini’s theorem and by adjusting
the sets slightly, we may also assume that, on the boundaries of the sets Q)| there
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(1)

I, QW Q(2) QB

(0) e

xio)Il(l)wﬁl)[1(2)9?32)[1(3)9”53)

Figure 1. Sketch of the geometry and notations used

is no concentration of energy and no concentration of the minority phase, i.e. the
following integrals are well-defined and we have (using (3.1), (3.4))

(3.4)

le(w) = xFll L2z, ogoy S lle(w) = xFll2p) < Ap, (3.5)
(3.1)

IVxllge_, o0 < VXl < 1, (3.6)
(3.1)

Xz o0y S IIxlleis,) < 1. (3.7)

Step 2: Only majority phase on QY. By discreteness of the surface
energy on lines and discreteness of x, (3.6)—(3.7) can be improved. In fact,

IVxllyz_ ago = 0, (3.8)
XNz, oy = O (3.9)

Indeed, since the sets Q) are one-dimensional, the measure in (3.6) is discrete;
hence (3.6) strengthens to (3.8). Furthermore since x € {0,1} and in view of (3.8),
(3.7) strengthens to (3.9).

Step 3: Smallness of ui, uz on dQ™. In this step, we show that (after
normalization) u; is small on all horizontal boundaries and s is small on all vertical
boundaries of the sets Q" i.e.

||u1||Loo(]1><{m;j)}) + ||u2||Lao({I(li)}><I2) < )‘lﬂu (310)

where ¢ = 0,1,2,3 and j = 0,1. Since the energy only depends e(u), we may
transform u by transformations that only affect the anti-symmetric part of Du. In
particular, by the change of variables

(0) (1)

T2 — Ty < > Ty @ — T2 < >
UL = Ul — =y gy \U1 (y — u1 (075
OB ORI R AEORINONS I E S
19! 19!
Ug = Uz + (W)} o iy — (W)} o @1
;vgl) _ng) Lix{zy "} ;vgl) _ng) Lix{zy "}

we may assume that the average of u; vanishes on both horizontal boundaries, i.e.
<u1>11><{zéj)} = 0, for j = 0, 1. (311)

Similarly, by the change of variables ug — ug — (u2) we may also assume

0.

{29 }x1y’

that the average of us vanishes on the left vertical boundary, i.e. (us) (@ Oyx1 =
1
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By (3.9), we now obtain L*—control of u; on both horizontal boundaries, i.e.

(3.11) (3.5) ]
HulHLoo(hX{m(Qj)}) < ||81U1HL2(11><{I(21‘)}) < A, for j =0, 1. (3.12)

In particular, our supremum control of u; on the horizontal boundaries yields

(3.12) _
[{Qaur) g | < Aip, fori=1,2,3. (3.13)

We next use the cross-diagonal part of the energy to get similar control for ug on all
vertical boundaries of Q("). For this, we note that by Jensen’s inequality, we have

’<32u1 + Ouz) oo

(3.4)
,S ||82U1 + 81u2||L2(Q(¢-)) < )\Lu, for i = 1,2,3. (314)

Estimates (3.13) and (3.14) together yield [(01u2)gm | < Aip for i = 1,2,3. To-
gether with our normalization, this shows that ue is small in average on all vertical
boundaries of Q¥ i.e.

|<U2>{m(li)}><]2| < A p, fori=1,2,3. (3.15)

By (3.5) and (3.9), we then get control on ug on all vertical boundaries of Q¥ i.e.

(3.15),(3.4)
w2l oo o0y S Ku2) oyl F 10202l ooy gy < Aaps (316)

for i =0, 1,2,3. This concludes the proof of (3.10).
Step 4: Smallness of u1,us in Q. In this step, we show that u; is small
in average in all Q) i.e.

<U1>Q(i) < ALUJ, for ¢ = 1, 2, 3. (317)

We show the argument for ¢ = 1. In order to prove (3.17), consider an arbitrary
horizontal line I' in Q( and let Q be the larger of the two rectangles confined by
T" and 9Q), in particular |Q| ~ 1. We note that on both vertical boundaries of Q,
we have (3.16) and hence [(O1u2)5| < A1p. Arguing as in the previous step of the
proof, it follows that [(d2u1)5| < A1p. Since on one horizontal boundary of Q we
have ||u1]|p~ < A1y, this yields, (u1)r < Aqp. This concludes the proof of (3.17).

Step 5: Contradiction. In this step, we use the diagonal part of the elastic
energy to derive a contradiction. Indeed, we shall show that

(u)ge — (U)o 2 A1p (3.18)

contradicting (3.17). To see (3.18), we choose z7 € Il(l) such that JCIQ ui(x},g2)dys =
(u1)oa). We then have
91
ur(g1,92) = w(z],92) + [ Orua(Z1,g2)dds.

*

Ty
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Averaging over (g1, 72) € Q3, then yields

Y1
(i, G))ow = (ui(@,g2) + / O (&1, o) i ) o
z]

Y1 Y1
= (u1)gm + </ MX(T1,P2)dT) e + ([ Orur(Z1,P2) — Mix (@1, §2)d21) e
] ]
Y1
2 (un)gm +Mp+ ([ Orui(Z1,92) — X(F1, J2) M dT1) g (3.19)
z]

where the averages are taken in the variables (§1,72) and where we have used
fQ(2) X > p in the last estimate. The last term on the right hand side can be
estimated by application of Young’s inequality,

Y1
([ Owui(@r,92) — x(Z1, §2)MdZ1)qe < 01ua (@1, §2) — Mx(@1, 22)l| 2o)
31
which in view of (3.4) and (3.19) implies (3.18). O

The following result will be needed in the proof for higher space dimensions.
Note that this result does not only apply for characteristic functions, but instead
works for any % taking values in [0, 1]:

Lemma 3.3. Suppose that the sets Q) C R? | i =1,2,3, are given as in the proof
of proposition 8.2. Furthermore suppose that (3.10) holds. Then we have for any

X € BV(U;_; @, [0,1]),

et o) = XF Iy oy 2 IFIE IRy (320)
Proof. By assumption, the conclusion of Step 3 in the proof of lemma 3.2 is satisfied.
We then can argue as in Step 4 and 5 to get (3.20). O

We now turn to the proof of proposition 3.1 for general d > 2. In this case,
the surface energy on the boundaries Q") in generally is no longer discrete and
hence the argument leading to (3.8)—(3.9) cannot be used. The idea is to recover
an estimate related to (3.9) by averaging out (d — 1) dimensions and by using an
induction argument.

Lemma 3.4. Proposition 3.1 holds for all d > 2.

Proof. By the rescaling x — x/R and a rotation, we may assume that R = 1
and that F = diag(A1,...,Aq) where, without loss of generality, A\;y > ... > Ay
and A; > |A\g|. Proceeding by induction, we show that proposition 3.1 holds in d
dimensions if it holds both in (d — 1)—dimensions and 2 dimensions. The case d = 2
has been shown in lemma 3.2. By induction hypothesis, we hence assume that the
the proposition holds for all d’ with 2 < d' < d— 1. We will argue by contradiction
and hence (setting p := fBad X), We assume

le(w) = xFllr2m) < Aip. (3.21)
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10 H. Kniipfer and R.V. Kohn

Step 1: Notation and choice of Q. The geometry is a natural gen-
eralization of the one used in the proof of lemma 3.2: We choose sets Q) =
Il(i) x Iy x HC B3n,, where H = H;l:3 I; and where Il(i) = [argi_l),xgi)] and
I, = [:vg-o),xg-l)] with x§i71) < xg-i) for i = 1,2,3 and j = 1,...,d. Also let
I :=J; I!”. We choose the sets such that B,, C Q®, in particular Joo x = 1.
Furthermore, we may assume that the side lengths of Q) are of order 1, i.e.

|Il(i)| ~ 1, |I;| ~ 1. We also define IT as the extension through B; of all bound-
aries of the sets QY with normal e; or es, i.e.

3 1
0= [JBin({z"} xRTYH U Bin (R x {25} x RT2).
i=0 Jj=0

By Fubini’s theorem and by adjusting the sets slightly, we may assume that there
is no concentration of energy and no concentration of the minority phase on II, i.e.

(3.21)
le(w) = xFllzzay S lle(w) = xFllr2s)y < Aip, (3.22)
(3.1)
IVxllm < IVxlle, < 1, (3.23)
(3.1)
Ixllerany S lxlleys)y < 1. (3.24)

Step 2: Predominantly majority phase on part of boundary. Ford = 2,
we have used that the restriction of the measure ||[Vx|l on 1-d sets is discrete to
strengthen (3.6)—(3.7) to (3.8)—(3.9). This is not possible for d > 3. Instead, we
claim that we have only a small fraction of the minority phase on all surfaces of
9Q with normal e; and e, in the sense of

||A2X||L1(U?:0{wgi)}><12><H) + H)\1X||L1(U?:0 U;:O Il(i) X{I(Qj)}XH) < A1,u7 (325)

which can be seen as stronger version of (3.24). We present the argument for one
estimate in (3.25) (the other arguments being analogous), i.e. we show

||)\2X||L1({m§0)}><12><H) < )\IM (326)

In order to prove (3.26), consider II; D I, x H where II; is the projection of the

set (ibgo) x R¥=1 N By on the last (d — 1) components. Note that if o is sufficiently
small, then for some Z € R4™!, p ~ 1, we have

Iyx H C Ba, ,,(%) € B,(Z) c I,
where B, (#) C R is the (d — 1)-dimensional ball with center & and radius ~.
Furthermore by (3.23)—(3.24), the restriction of x on the set {xgo)} x II; satisfies
(3.1). Finally, the restriction of F' to directions in Hgo) has norm > ;. By the
induction hypothesis, it hence follows that

(3.22)
% [ XS o) = Xl ooy © A
(e} x Lo xH L2 bx1h)

Article submitted to Royal Society



Minimal energy for elastic inclusions 11

concluding the proof of (3.26).

Step 3: Reduction to 2—d. In this step, we reduce the argument to the two—
dimensional case by averaging out H-dependence. For this, we define ©w = (U, 2) :
I x I = R?and ¥ : I} x Iy — [0,1] by

Ui(z1,x2) = ][ wi(z1,z0, 21 )dey,  X(x1,22) = ][ x(z1, 22,21 )dx L,
H H

where i = 1,2. Correspondingly, we define the 2-d strain matrix F := diag(\;, A2).
We note that by Jensen’s inequality we have

[ e =xBIP 5 [ fetw) - CED)
IixIp Q

We claim that (after normalization) @; is small on all horizontal boundaries and %5

is small on all vertical boundaries of the sets I; x 12(1')7 ie.

||ﬂ1||Loo(11X{ng}) + ||ﬂ2HLao({z(li)}><[2) < )‘lﬂu (328)

where i = 0,1,2,3 and j = 0,1. Assuming for a moment that (3.28) holds, we can
apply lemma 3.3 to get

(3.27) _
le(w) = xFllr2@) 2 le@) = XFllr2(rixn) 2 Mk

which contradicts (3.21). This concludes the proof of the lemma if (3.28) holds.

Step 4: Smallness of T on 9(I; x Iéi)). It remains to prove (3.28), which is
done in this step. By a change of coordinates (as in Step 3 of the proof of Lemma
3.2), we may assume

<E1>11><{mgj)} =0 for 5 =0,1 and <E2>{m§0)}><12 =0. (329)

It follows that for j = 0,1, we have
(3.29)
@l e x oy S 1O L, w00y
< 0w = MXl g gy w0y FIMX oy 290
(3.27) (3.22),(3.25)
S 0w — )‘1X||L2(11x{x;j)}xH) + HAlY”Ll(le{zg)}) < Arp, (3.30)

where we have used Jensen’s inequality in the third estimate. From (3.30), we get

|<(92ﬂ1>Q(i) < A, fori=1,2,3. (3.31)
As in (3.14), estimate (3.31) yields control of ug, i.e. we get [(01T2)ge| < Aip
for i =1,2,3. By (3.29), it then follows successively that the average of o is small
on all vertical boundaries of Q" i.e.

|(2) (0} p,] <€ Mps for i =0,1,2,3. (3.32)
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12 H. Kniipfer and R.V. Kohn

Now, as before, using control of elastic energy (3.22), we obtain

||E2||Loo({wgi)}><[2) 5 |<ﬂ2>{wgi)}><]2| + HaQEQ - Y/\2||L1({wgi)}><lg) + ||A2YHL1({1Y)}><12)
S |<ﬂ2>{x§i)}><[2| + H62u2 - X/\2||L2({x§i)}><12><H) + ||)\2Y|‘L1({m§i)}><]2)
< M, fori=1,2,3,

where we have used (3.32), (3.21) and (3.25) in the last estimate. This concludes
the proof of (3.28) and hence of lemma 3.4. O

We next address a lower bound for incompatible strains:

Proposition 3.5 (Lower bound for incompatible strains). We have

3 2 : 2
et ) Xy 2 g IF = PI? e

Proof. By a rotation we may assume that F' = diag(A1,...,Aq) and, without loss
of generality, Ay > ... > A\g and \; > |\4|. Furthermore, we may assume that u
is a minimiser for fixed x. Then, in view of lemma 4.1, the elastic energy can be
expressed in Fourier variables as

inf —xF|? = X|* ®(n) d
e [ et =xPI = [ () de,

where n = ¢/|¢] and where ®(n) = ||F||? — 2||Fn||? + (n, Fn)?. By Parseval’s
identity and since x is a characteristic function, it follows that

[ etw = xI? = in () [ 5P = it o) [ = inf 2 [ x
Rd In|=1 Rd In|=1 Rd In|=1 Rd

The proof is concluded by the lower bound on @ in lemma 4.2. O

(b) Proof of theorem 2.1

In this section, we give the proof of theorem 2.1. We first note that by rescaling
in length, one of the parameters u, 7, || F'|| can be scaled to 1. We choose to remove
n, ie. we rescale x = n~ ', F = nF, pn = n~ % and E = 12~ %E. Furthermore,
since the energy dependence on v is trivial, we may assume v = 0 in this section.
Skipping the hats in the sequel, the non-dimensionalized version of the energy is
then given by

Beew = [ 19+ [ et~ xR

while theorem 2.1 is equivalent to

Theorem 3.6. For any d > 2, there is a constant C (depending only on d) such
that

d*l
a < || F||-2,
inf  E(x,u) < 1nf ||F— 1> p+C . lf/‘ < ||_2d
(o) €AR) ||FH A if > P2
(3.33)
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ug = const. in norm. dir.

| n (twinning direction)

up =0 <Vuw=v@i=>|T  uy=0
e e —

R

Figure 2. Construction of ug for inclusion with large volume

Also, there are constants c1,co (depending only on d) such that

inf  E(y,u)> inf ||[F—P|?p+ecip™ (3.34)
(xu) €A(p) PEV(d)
and
2d—2 2d—2
inf  E(x,u) > co||F||2e=Tp2a-1. 3.35
el Elou) 2 el PPt (3.35)

We shall discuss the upper and lower bounds separately.

Proof of theorem 3.6 — Upper bound. This result is well understood in the physical
literature, see e.g. (Khachaturyan 1982). We give a simple proof which does not
require the use of Fourier transform.

Part 1: The case of large inclusions. We first give the construction for
the case of larger inclusions, i.e when p > |F|| =2 In this case, the shape is
determined by a balance of elastic energy and surface energy. The idea is to choose
the inclusion to have approximately the shape of a thin disc Q7 r with diameter
R and thickness T" where T' < R. The disc is oriented such that the two large
surfaces are aligned with one of the twin planes between F' and 0. Since the desired
result is a scaling law, it will be sufficient to specify how T and R scale with the
parameters. In particular, we do not need to optimize the precise shape of the disc.

The construction is as follows: Let P be the projection of F' on the set of
compatible strains. In particular, P has the representation P = % (v@n+nEv)

for some v, n € RY with ||n|| = 1 and furthermore |[v@n| < || F||, see lemma 4.2. The
construction is symmetric with respect to the cylindrical coordinates z := (x,n),
r = |z — (x,n)nl.

Consider two points (1) = —z(?) on the axis r = 0 with distance d and consider

the intersection B,(z(V)) N B,(x?), where p > 0. Now for any 0 < T' < R, we can
adjust d and p such that the intersection is a lens with thickness of order T and
diameter of order R. We next define x by

X = XQr,r> where QT,R = Bp(x(l))me(;C@))'

Assuming that the consistency condition 7" < R holds, the interfacial energy for
this configuration is estimated by [p.|Vx| < RY'. It remains to choose the
deformation u. For this, we define ug : R? — R? by u¢(0) = 0 and Vug = v®mn in
Q1. r- Outside of Q7 r, we let ug be constant on all lines which are normal to the
surface 0Q7 r. In the remaining area, we set uy = 0, see figure 2. In particular,

1 forx € Qr g d
< R <
IVuo(2) | S |F||{ TR o egonn @I SIFIT forz e R (3:36)
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14 H. Kniipfer and R.V. Kohn

Let 0 < ¢ <1 be a smooth cut—off function such that { = 1 in B and ¢ = 0 outside
Bar. We choose ( such that furthermore [V(| < 1/R. We then define u : R? — R?

by u := (ug. Correspondingly, the elastic energy is estimated as follows
[ lew = xFI? < 17 =PI @ral+C [ vl
R4 RAN\QT,r
where

(3-36)
Loovap s [ vl [ PIVul? S IFPRAT,
RNQT, R B2r\Br B>r\Br

We choose T such that the volume constraint (2.3) is satisfied, i.e. |Qr,r| = p and
in particular, R~!'T ~ pu. It follows that

2d—2

E(x,w)—||F = P|*u S R4 FI22R™ < ||F||350 poar,
where we have chosen the optimal radius R = ||F ||ﬁuﬁ One can check that
R, T, defined above, satisfy the consistency condition 7" < R if u > ||F||72¢ is
satisfied. This concludes the proof of the upper bound for large inclusions.

Part 2: The case of small inclusions. It remains to consider the case
p < ||F|| =22 In this case the surface energy dominates. Accordingly, we choose the

inclusion to have the shape of a ball with volume p and radius of size R ~ ,ul/d, i.e.
X = XBg. In particular, the interfacial contribution of the energy is estimated by
[w 5 R (3.37)

]Rd

Now, let ¢ be a smooth cut—off function with 0 < ¢ <1 and such that ( =1 in Bg
and ¢ = 0 outside Byr. We may furthermore assume that |V(| < 1/R. We define
up : RY — R? by uo(0) =0 and Vuy = P. In particular,

luo(@)l S RIFI, [[Vuo(@)ll < [IFI, for all z € Bap.

Now, choosing u := (uyg, the elastic energy can be estimated as follows

et = FI? < |P =PI (Bel+C [ (ol V¢ +CVuollcP)

Bar

IN

|F = P|? |Bg| + C|F||> R* < ||F - P| |Bg| + CR*
|F = P|)? p+Cp'T, (3.38)

A

where we have used p < ||F||72¢ in the third inequality. Estimates (3.37) and
(3.38) together yield the upper bound for small inclusions. O

Proof of theorem 3.6 — Lower bounds. The first lower bound (3.34) is easy. Propo-
sition 3.5 gives a lower bound for the elastic term, and the isoperimetric inequality
gives a lower bound for the surface energy term. Combining the two results gives
(3.34).

The only remaining task is to prove

inf  E(x,u) 2 |F||I5=T 301 (3.39)
mn u) 2 - -1, .
(o u)eA(n) X a
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Minimal energy for elastic inclusions 15

In order to show (3.39), we combine an application of proposition 3.1 with a decom-
position argument. Let M := supp x. Without loss of generality we assume that all
x € M are points of density 1 of M. For all z € M, let

R(z) := inf{r . M N B,(z)| < comm{1,|MmBT(x)|%|\F||Jd—31}},
(3.40)

where ¢y is a sufficiently small universal constant to be fixed later. We note that
both sides of the inequality in (3.40) are continuous functions in r. Furthermore,
the inequality in (3.40) is not satisfied for r = 0 (since x has density 1 in M), but
always satisfied in the limit » — oo (since |M| < c0). This ensures the existence of
R(z) satisfying (3.40). Furthermore, we observe that R = R(x) satisfies one of the
following conditions: Either

|M N Bgr(x)] < |F||~ and |M N Br(x)] = coRY, (3.41)
or
IM N Bg(z)| > |F|™2* and |MNBg(2)|=T = c|F|7 TR (3.42)

Let us explain how definition (3.40) is motivated by the two constructions in the
proof of the upper bound: In fact, for each of these constructions, take the smallest
ball that covers supp x and consider the density of the minority phase in this ball.
Then, up to the constant cg, in (3.41) the density of the minority phase in Br(x)
corresponds to the density of the upper bound construction for the case of small
inclusions. Similarly, up to the constant ¢y, the density of the minority phase in
(3.42) corresponds to the density of the upper bound construction for the case of
large inclusions.

Trivially, M is covered by J, ¢ s Br(z)/5(z) and by (3.41)-(3.42), the radii R(z)
are uniformly bounded in terms of | F|| and p. Hence, by Vitali’s covering lemma,
there is an at most countable subset of points x; € R? such that the balls B Ry /5(T4)
are disjoint while M is still covered by the balls Bg, (z;). Let R; := R(z;), R} :=
R;/5, R := aqR;/5 (where aq4 is the constant from Proposition 3.1) and let B; :=
Br, (%), B} := Br: (%), B} := Bgy(x;). In particular, B; N B} = () for i # j and

M C 2, B;. Tt follows that

1=1

i=1

where F|4, A C R?, is the fraction of the energy localized on the set A, i.e.

Ea(u) = /A VXl + /A le(u) — xFII*

We claim that the following two estimates hold

IMnB]| 2 IMNBj| 2 |MNBi, (3.44)
Eip(x,u) 2 |[F|% |M N BY|3 (3.45)

Article submitted to Royal Society



16 H. Kniipfer and R.V. Kohn

The desired lower bound is then a consequence of (3.44)—(3.45). Indeed, we have

3.43) X (3.45

( ) 2d—2 = 2d—2
Blww = Y Eplew 2 |FIFT Y MBI
=1 i=1
(3.44) > . 3an . i
~ HFII%ZWQBA%(E) | F|| 35T 5a=T
=1

where in the last estimate we have used that Y, ¢’ < (3, ¢;)? whenever ¢; > 0
and 0 < 8 < 1. It remains to prove (3.44)—(3.45). In order to show (3.44), we note
that by the minimality of R, the following estimates hold:

If M N B <||F|~2® and |M N BY| <||F| =24, then

|M N BY| (3§1) |M N B

3.46
(gR;i/5)4 ~ R¢ (3.46)
Similarly, if [M N B;| > ||F||=2? and |[M N BY| > ||F|| =24, then
(IM 0 BT ||F|[ 55 642 |M 0 Bi| =5 || F|| 55
7 > 2 .
(aqhi/5) - R
Finally, if |[M N BY| < ||F||~2¢ < |M N B;], then
MAB! M N B,| 7T || F|| =5 MNB;
| R [z T || F] > | | (3.47)

(0aRi/5) = RY RI

3

Estimates (3.46)—(3.47) together yield (3.44).

In order to prove (3.45), we differentiate between three cases: In the first case,
we assume that (3.41) holds. Since the density of the minority phase is much smaller
than 1 in B and hence also in Bj, we get by the isoperimetric inequality that

(3.44)

/ Vx| dz > |[M B |M N B (3.48)
B,

Note that in the above formula, the surface energy on dB] is not counted. This

version of the isoperimetric inequality applies since we are in a low volume fraction
case. It follows that

(3.48) . (3.41) _ _
Blew = [ [Vde 2 raB| T 2 R 0 s
B;

In the second case, we assume that (3.42) holds and furthermore
/ Vx| de > R (3.49)
B;

In view of R; ~ ||F||?/?4=D|M N B;|*/(?4=1)  we immediately obtain

3.42) 2d—2
~Y

BLY i 24-2
Bl = [ [Vlde 2 RO pjE B
B,
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It remains to consider the case when (3.42) holds and furthermore [, Vx| dz <

Rffl. In this case, choosing ¢y small enough, the assumptions of proposition 3.1
are satisfied (on B}). An application of this proposition then yields

IM N BY|F|? 344) |MNB2|F|* (.42 2d-2 243
E\BQ(X’U) 2 R ~ T ~ ”FHM*l |M0Bi|2d71-

The above estimates yield (3.45) which concludes the proof of (3.39) and hence of
the theorem. O

As we noted in the Introduction, it is natural to conjecture that the upper
bound (2.4) is within a constant of being optimal. In the context of Theorem 3.6
this amounts to the conjecture that

inf  E(yx,u)> inf |[F—P|?pu+c
(x:u)EA(1) (x )_Pewd)H 1w

phT if p < ||F||7%,

2d—2 2d-2 _2d

[F||ze=7 pze=rif > || FI| 7>

Our methods seem incapable of giving such a conclusion, since the (real-space)
argument used to prove (3.34) is insensitive to the value of inf pey (g || F—P||?, while
the (Fourier and Sobolev-estimate-based) argument used to prove (3.35) treats the
elastic and perimeter terms separately. To do better, it would seem necessary to
find a Fourier-based argument that treats the elastic and perimeter terms together.

4. Two diffuse—interface models

Diffuse—interface models are widely used in the literature on elastic phase transfor-
mations; recent examples include the work by Poduri & Chen (1996) and Zhang et
al. (2007, 2008). We present two diffuse-interface variants of our model (2.2) and
show that in the absence of bulk energy, i.e. when v = 0, the scaling of the minimal
energy for the diffuse—interface models is the same as the one of the sharp—interface
model.

In the first model, the energy is formulated in terms of the strain e(u). We set

= 77—2 e(u)||? 1 (e(u
Eiw) = o [ IVe@IE+ [ Wte(w) (11)

with double-well potential given by Wy (e) := min{]e||? ||le — F||?} where F is (as
usual) a symmetric matrix. The second model we want to discuss is given by

2
Ex(tu) = L / VR + | FJ? / Wi(R) + / le(w) — XFI%  (42)
TFT2 Jo » »

where the standard double well potential W1 (t) := ¢?(1—t)? penalizes the deviation
of the order parameter ¥ € H'(R?) from a characteristic function. Model (4.1) is a
strain—gradient version of (2.2). Models like (4.2) are often preferred for numerical

work since the minimization over u (given ¥) can be efficiently computed using
FFT (Zhang et al. 2008).
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18 H. Kniipfer and R.V. Kohn

In (4.2) the “phase” is determined by a scalar-valued order parameter x. In
connection with (4.1) it is convenient to define an analogous scalar-valued order
parameter by

X(@) = CIFD™ (le@)l = lle(w) = Fll + |1 F]]). (4.3)
Note that 0 < x <1 by the triangle inequality, and

VXIS IFI7HVe(u)]- (4.4)

As in the sharp—interface setting, we want to characterize the energy of inclu-
sions with fixed volume of the minority phase. For this, we choose

ax) = H{x>1/2} (4.5)

for both models (4.1)-(4.2); accordingly, the admissible functions for & and &; are

Ar(p) = {ue H'RURY () =},
Ao() = {(tw) € H'(RY x H'RYRY = f(3) = i}

Another possibility would be to use the L!-norm of ¥ in definition (4.5). However,
this is not a good notion for our purpose since then minimisers for fixed volume
would tend to spread out to infinity (never approaching a phase transformation).

Neglecting bulk energy (i.e. setting v = 0), theorem 2.1 can be generalized to
the above diffuse—interface models as stated in theorem 2.3. The proof proceeds as
follows:

Proof of theorem 2.3. By the same rescaling as in §3b, we may assume n = 1. The
proof of the upper bound for the two diffuse-interface energies is easy and follows
by replacing the sharp interfaces in the constructions in the proof of theorem 3.6
by diffuse-interfaces with thickness of order 7/||F||?. Therefore the only nontrivial
task is to prove lower bounds for 5~1 and 52.

We focus first on &. Given (¥, u) € As(fi) we begin by constructing an appro-
priate sharp—interface function y. For this, we observe that

1 - - - = -
o LV IR [ o 2 [ vavimm 2 [ e
R4 R4 R4 1

J4<x<1/2
It follows by the co-area formula and Fubini that there is ¢* € (1/4,1/2) such that

1 - -
o LIV IFE [ w2 [ v, (1.6)
R4 R4 R4

where x € BV (R?,{0,1}) is defined by x(x) = 0, if Y(z) < ¢* and x(z) = 1 if
X(x) > ¢*. In particular, since ¢* < 1/2 and in view of (4.5) we have || x|/ 2 @(X).
It remains to give a lower bound for the elastic energy. We have

Eu = / letw) - XFI? = / e(w) = xFI? - R, (4.7)
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where one easily calculates that
R = [ @@ =-3F)+@=0F): R=0F $ Bat [ 1P -3
S Ea+FI? [ WD) 5 &), (1)
R

By (4.6), (4.7) and (4.8), it follows that &(Y,u) = E(x,u) — &(X,u), whence

~

E(x,u) Z E(x,uw). Since ||x|lr1 2 @(x) and since the scaling law (2.7) for the

~

minimal energy is monotone in g when v = 0, this means that

inf &y(u) > inf  E(x,u).
u€ Az () 2u) 2 (xuw)EA(n) bow)

Our final task is to bound &; from below by gg. Given u € A, (ji), we define ¥
by (4.3), and we note that by definition (y,u) € A2(u). It is clear from (4.4) that
2 2

n n 2
TEE ~ T vel

It is also easy to see that
IFI2X% (1 = X)* + lle(u) = xF||* < min{[le]?, e — F|1*}

(the proof uses the fact that x(e) is a Lipschitz-continuous function of e with Lip-
schitz constant of order ||F||™!, and the properties that x(0) = 0 and x(F) = 1).
Thus & (u) 2 (X, u) which concludes the proof. O
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Appendix A.

The Fourier representation of the elastic field has been extensively studied e.g. by
Khachaturyan (1982). For the convenience of the reader, we give the derivation
following Capella & Otto (2009):

Lemma 4.1. For any x € L}(R?), we have (setting n := £/|¢|)

. 2 ~12
it [l =PI = [ e ds (A1)

ue H1(R?, Rd)
where ®(n) = ||F||? — 2|Fn|* + (n, Fn)2.
Proof. Fourier transformation of the elastic energy yields

[l -xpirde = [ [3€wiviog -erPd  (42)
Rd R4

Taking the first variation in (A 2), we get that for all £ € R?, ¢ € C?

Re ({RC+(®E: (E@u+0®E+2xF) = 0,
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20 H. Kniipfer and R.V. Kohn

where we used 4(—¢) = 4(&),ix(—&) = ix(£). Since F is symmetric, it follows that
(& W)€ + [¢]*0 + 2ixFE = 0.

Multiplying this equation with &, one gets 4(¢) = ix|¢|~! ({(n, Fn)n — 2Fn) with
n = £/|€|. Inserting this formula into (A 2), a straightforward calculation then
yields (A 1). O

The following lemma characterises the set of compatible strains V(d):

Lemma 4.2. Suppose that F € S(d) has eigenvalues A\ > ... > Ag (counted by
multiplicity) with Ay > |Aa|. Then

inf ||[F—P|? = inf ®(n) =N +...+ )3 A, 012, A3
puf )l I =" Inf &(n) = A3+ ...+ Ag_y + max{Aq, 0} (A3)

where ®(n) = ||F||? — 2|Fn|? + (n, Fn)?. In particular,

FeV(d & MAa<0and)j=0for2<j<d-1.
Proof of lemma 4.2. To show the first equality in (A 3), we write P = (u Qv +v®
u)/2. The equality then follows by using the Euler-Lagrange equation as in the

proof of lemma 4.1 (with 4 replaced by v and £ replaced by v). To show the second
equality in (A 3) it suffices to prove that

inf ||F—P|I> <A +...+ X, +max{)\s,0}> < inf &(n), (A4)
PeVv(d) |n|=1

since we just have shown that the extreme right and left terms in (A 4) are equal.
Let e; and e4 be the eigenvectors for A; and Ay and set

u= )\1/261 + (—min{\g,0})"%e; and v = )\1/261 — (— min{Ag, 0})2eq.

The choice P = (u®@v+v®u)/2 then leads to P = A\;(e1 ®e1)+min{ g, 0} (eq®eq),
which yields the left inequality in (A 4). We turn to the right inequality: Note that,

substituting n? =1 —n3 — ... — ng, a straightforward calculation yields
4 2
on) = > (N+ M =An) + D 200 =) (M — Aj)nin]
j=2 2<i<j<d
d
= Y @5+ Y Bi(niny).
§=2 2<i<j<d

where @;(n;) > 0 and ®;;(n;,n;) > 0. If Aj > 0, then ®;(n;) > A3. This already
yields (A4) if Ay > 0. Otherwise there is 2 < N < d such that Ay_; > 0 and
An < 0. Let aj := —\j, hence 0 < an < ... < ag, and z; := (A — /\j)n?. A short
calculation shows that, to conclude the proof of (A 4), it is enough to show

min >0Q0($N,...,.’L'd) 2 _OéZ? (A5)
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where

d d

pan,...oxa) = D a2=2 ari+2 Y. may, (A6)
j=N j=N

N<i<j<d

The result now follows by straightforward minimization which is sketched below:
Clearly, in order to prove (A 5), we may assume that o; # «a; for i # j (the general
case follows by continuity of (A 6) in the coefficients «;). Derivating (A6) in x;
yields ;o =xn + ...+ 24—« for j = N,...,d so that at every point, the partial
derivative can only vanish in a single direction (since a; # «; for i # j). It follows
that the minimum is not achieved in the interior, but instead at a point where
all ; = 0 except at most one x; # 0. A short computation then shows that the
minimum of (A5) is given by the value —a2 and it is achieved by zny = ... =
Z4g—1 = 0, 4 = ag. This yields (A5) and thus concludes the proof for the second
inequality in (A 4). O
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