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Abstract

We consider the elastic energy of a hanging drape — a thin elastic sheet, pulled down by
the force of gravity, with fine-scale folding at the top that achieves approximately uniform
confinement. This example of energy-driven pattern formation in a thin elastic sheet is of
particular interest because the length scale of folding varies with height. We focus on how the
minimum elastic energy depends on the physical parameters. As the sheet thickness vanishes,
the limiting energy is due to the gravitational force and is relatively easy to understand.
Our main accomplishment is to identify the “scaling law” of the correction due to positive
thickness. We do this by (i) proving an upper bound, by considering the energies of several
constructions and taking the best; (ii) proving an ansatz-free lower bound, which agrees
with the upper bound up to a parameter-independent prefactor. The coarsening of folds in
hanging drapes has also been considered in the recent physics literature, using a self-similar
construction whose basic cell has been called a “wrinklon.” Our results complement and
extend that work, by showing that self-similar coarsening achieves the optimal scaling law
in a certain parameter regime, and by showing that other constructions (involving lateral
spreading of the sheet) do better in other regions of parameter space. Our analysis uses a
geometrically linear Foppl-von Karméan model for the elastic energy, and is restricted to the
case when Poisson’s ratio is zero.

1 Introduction

We consider a hanging drape — a thin elastic sheet, pulled down by the force of gravity, with fine-
scale folding at the top that achieves approximately uniform confinement. We are interested in
how the shape of the sheet varies with height. Since bending costs elastic energy, one expects to
see less bending far from the top. This effect can be achieved by two rather different mechanisms:
coarsening of the folds, or spreading of the sides. Our analysis includes a study of these two
mechanisms and how they interact.

Our viewpoint is variational: we focus on how the minimum elastic energy depends on
the physical parameters. Our elastic energy functional has three terms: the membrane energy
(which penalizes stretching), the bending energy (which penalizes bending), and a loading term
(representing the effect of gravity). The membrane energy is nonconvex, while the bending
energy acts as a regularizing singular perturbation. To capture the essential behavior in the
simplest possible setting, we use a Foppl-von Karman model with Poisson’s ratio 0 for the
membrane energy. The limiting behavior as the sheet thickness h — 0 is then quite easy to
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understand: the sheet hangs straight down, under tension due to the force of gravity. The
energy of this deformation is easy to find. Our main accomplishment is to assess (at the level
of scaling) the leading-order correction due to positive h. We do this by (i) proving an upper
bound on the minimum energy, by considering several constructions and taking the best; and
(ii) proving an ansatz-free lower bound, in which the correction due to positive h agrees —up to a
parameter-independent prefactor — with the upper bound. (This summary is slightly misleading;:
in fact the thickness enters our bounds through a nondimensional ratio that also involves the
gravitational force, the curtain’s height, and the length scale of the wrinkling imposed at the
top; moreover our results are not asymptotic as h — 0 — rather, they require mainly that h be
small compared to the length scale of the wrinkling imposed at the top. For a precise statement
of our bounds see Section 3.)

The coarsening of folds or wrinkles in a sheet under tension has also been considered in
the physics literature [9, 15, 18, 30, 31]. Our work is especially strongly connected with the
treatment of “heavy sheets” in [31], which uses a self-similar construction whose basic cell is
called a “wrinklon.” One of the constructions used for our upper bound involves coarsening
of the folds with no lateral spreading; it is essentially the same as the deformation studied in
[31] (see Remark 6.1). Our results complement and extend those of that paper, by showing
that the self-similar coarsening considered there achieves the optimal scaling law in a certain
parameter regime, and by showing that other constructions (involving lateral spreading of the
sheet) do better in other regions of parameter space. We note in passing that [31] also discusses
the coarsening of folds in “light sheets.” An analysis of that problem in the spirit of the present
paper has (to the best of our knowledge) not yet been done, though the blistering problem
considered in [6, 7, 19] seems closely related.

In focusing on the minimum energy, we obtain something like a phase diagram. Each of the
constructions used for the upper bound has a different energy scaling law, which can be expressed
in terms of two nondimensional parameters (see (3.5)). By considering which construction is
best, we divide the parameter space into regions according to the character of the optimal
construction. Since we obtain scaling laws not prefactors, our analysis leaves some uncertainty
about the exact locations of the “phase boundaries.” Our lower bound assures that our list of
constructions is complete, i.e. we have not forgotten any phases. However our results address
only the energy scaling law — they do not exclude the possibility that some other construction,
qualitatively different from the ones considered here, could also achieve the optimal scaling in
some region of parameter space.

Mathematically speaking, there is nothing novel about using the best of several construc-
tions to obtain an upper bound on the minimum energy. The challenge of finding a lower bound
that matches (with respect to scaling) the upper bound is however far from routine. Something
similar has been achieved in model problems motivated by twinning in martensite [23], uni-
axial ferromagnets [11, 21], the intermediate state of a type-I superconductor [10], structural
optimization [26, 27|, tension-driven wrinkling in thin elastic sheets [5], and compression-driven
wrinkling in thin elastic sheets [4, 6, 7, 19, 25]. All these papers consider nonconvex variational
problems regularized by higher order singular perturbations, which develop microstructure as
the coefficient of the regularizing term (call it h) tends to zero. There is a general framework,
known as “relaxation,” for finding the limiting energy as h — 0 [14]. While there is as yet
no general framework for analyzing the correction to the energy associated with positive h,
some principles are beginning to emerge [22]; one is the importance of interpolation inequali-
ties, which play a major role in many of the articles just cited and also in the present work.
In some settings the relaxed problem is very degenerate, providing little guidance about the
character of the microstructure. In the setting of this paper (as in [5]) the relaxed problem has
a unique solution, which determines the direction (but not the length scale) of the wrinkles. The



nondegeneracy of the relaxed problem makes the tension-driven wrinkling problems considered
here and in [5] quite different from the compression-driven wrinkling problems considered in
[4, 6,7, 19, 25].

Our work is closely related to contemporary work by the second author and Hoai-Minh
Nguyen [24] concerning the wrinkling seen in a confined floating sheet [18]. That problem has
many similarities to the one considered here: the sheet is in tension, the wrinkling is induced by
lateral confinement, and the length scale of the wrinkling is smallest at the unconfined edges of
the sheet. There is an underlying energy, considered already in [18]. The analysis in [24] adopts
a variational viewpoint similar to that of the present paper, proving matching (with respect
to scaling) upper and lower bounds on the minimum energy. The construction leading to the
upper bound uses self-similar coarsening, and is similar to the “type I deformation” discussed
in Section 6.1. The proof of the lower bound shows that changing the length scale costs energy,
using an argument closely related to this paper’s Lemma 7.8. There is, however, a key difference
between the hanging drape considered here and the confined floating sheet considered in [24],
namely: the hanging drape can relieve its confinement by lateral spreading, whereas in the
floating sheet this is prohibited by the boundary condition. This extra freedom means that
we must consider spreading as well as coarsening in connection with the upper bound, and it
means that many new arguments are needed for the lower bound. (The analysis of the floating
sheet also has complications not present here; in particular, the scale of the wrinkling at the
unconfined boundary is determined by energy minimization rather than being imposed as a
boundary condition.)

It is tempting to think that the energy-minimizing deformations should resemble the ones
used to prove the upper bound. This is the principle, for example, behind the argument in [31]
concerning how the length scale of the folding in a hanging drape varies with height. As noted
above, however, our rigorous results concern only the energy, not the spatial structure of the
energy-minimizing pattern. There are in fact relatively few problems involving microstructure
where the optimal patterns are understood. One is [12], which considers a model for the
refinement of martensite twins near an interface with austenite; another is [3], which considers
a model for the behavior of a sheet near the boundary of a wrinkled region.

The preceding paragraphs fall far short of a comprehensive review concerning the mechanics
of thin sheets and the associated mathematical challenges. With respect to wrinkling or folding,
we have emphasized work in which the length scale of the microstructure varies with position,
thereby omitting many recent contributions including [2, 16, 17, 20, 29]. Moreover we have
completely omitted other aspects of thin elastic sheets, such as the formation of localized defects.
For a broader review concerning the mechanics of thin sheets we refer to [1]. We also mention
in passing some more mathematical work concerning the energy scaling laws of specific defects
in thin sheets [8, 13, 28, 32].

Returning to our hanging drape, we now offer some heuristics to motivate the analysis that
begins in Section 2. Here and in the rest of the paper, we often speak of “wrinkles” rather
than “folds.” This is because we do not expect (and our model does not predict) sharp folds
similar to creases in a piece of paper; rather, we expect the out-of-plane profile of the drape to
be smooth (perhaps approximately sinusoidal). Also, we often speak of a “sheet” rather than a
“drape,” since we model the drape as a thin elastic sheet.

Recall that the boundary condition at the top involves small-scale wrinkling, which costs
bending energy. If the thickness of the sheet is large enough to make the bending resistance
important, then (as noted earlier) one expects to see less bending far from the top. This
can be achieved by two rather different mechanisms: coarsening of the folds or spreading of
the sides. A third option — compression of the sheet — is not anticipated since buckling is
energetically preferred over compression. Our results support the intuition that there should be



no compression, since our upper bound uses compression-free constructions while our matching
lower bound has no such hypothesis. (They do not, however, show that the minimizer is
compression-free.)

Gravitational effects oppose both the coarsening of the folds and the lateral spreading of
the sheet. Indeed, gravity pulls vertically, favoring a configuration that hangs straight down.
Coarsening increases the amplitude of the out-of-plane displacement, while spreading involves
horizontal deformation; the presence of either mechanism works against the effects of gravity.

The deformation of the hanging drape reflects the competition between these effects. A
gradual deviation from “hanging straight down” is preferred (by the gravitational effects) over
an abrupt deviation. Therefore we expect the wrinkling to gradually coarsen and the sheet to
gradually get wider as the distance from the top increases. Our upper bounds are consistent
with this expectation; moreover they provide guidance (consistent with that in [31]) concerning
the rate at which coarsening occurs, and they identify the parameter regime in which spreading
affects the scaling law. However while the spreading of a real drape is smooth, the spreading
in our constructions is only piecewise smooth. This is convenient, since it makes it easier to
estimate the elastic energy; and it is permissible, since our results concern the energy scaling
law (not the prefactor, and not the character of the optimal deformation).

The article is organized as follows. Sections 2-5 are all in some sense introductory: Section 2
presents our model and discusses in general terms the properties of the low-energy configura-
tions; Section 3 presents our main result — the matching (with respect to scaling) upper and
lower bounds — and briefly discusses when (in terms of the physical parameters) lateral spread-
ing affects the energy scaling law; Section 4 rescales the energy to decrease the number of
independent parameters; and Section 5 discusses the “bulk energy,” which plays the role of a
relaxed problem (its minimum is the limiting value of the energy when h — 0). With those
preliminaries in place, we turn in Section 6 to the upper bound, which is proved by considering
several candidate deformations. Finally, Section 7 presents our lower bound, which is mathe-
matically speaking the subtlest aspect of the paper. A sketch of the main ideas underlying the
lower bound is given in Section 7.1.

Notation. We shall denote by C' a generic constant, i.e., a constant whose value may change
throughout the computation. The symbols ~, <, and 2 indicate that the estimates hold up
to a finite universal multiplicative constant C, e.g., a < b stands for a < Cb. The tensor
product u ® v is defined as the 3 x 3 matrix that is component-wise defined by (u ® v);; = u;v;.
When f(z,y) is a function, we often use subscripts to denote partial derivatives; for example
fo=0f/0zx and f ., = 0?f/020y. Finally, when a and b are real numbers, we write a A b for
the minimum of a and b.

2 The model

In this section we discuss the domain, the energy functional, and the boundary condition at the
top. We also discuss in general terms the expected behavior.

We assume the drape has (a small) thickness 2 > 0 and a rectangular shape of width 2W and
length L (we choose width 2W in order to have a symmetric domain [—W, W1]). We denote the
domain by Q := [-W, W] x[—L,0]. The curtain is clamped at the top I'r := {(z,y) € Q : y = 0}
while it is free to move elsewhere. The wrinkles prescribed at I'p will have a (small) wavelength
wp; their shape will be specified in a moment (see (2.2)). For simplicity we assume that W = kuwy
for some (typically large) integer k.

As usual in elasticity, the stable configurations of the drape are local minima of an “energy
functional,” obtained by adding the elastic energy and the work done by gravity. Our goal (as



discussed in the Introduction) is to understand how the minimum energy scales with respect to
the physical parameters. Evidently, we are studying the energy of the ground state.

For the elastic energy we use a geometrically linear Foppl-von Kdrmdn model, and we take
Poisson’s ratio to be zero. This is, admittedly, a qualitatively accurate model not a quantita-
tively accurate one: for real materials Poisson’s ratio is usually not zero, and the Foppl-von
Karman framework is only appropriate when the out-of-plane deformations have small slope.
We believe, however, that our choice captures the essential physics of the phenomena we wish to
study. This view is supported by the mechanics and physics literature on wrinkling, where the
Foppl-von Karméan framework is widely used. It is also supported by the mathematics literature
on thin elastic sheets, where energy scaling laws initially derived using a F&éppl-von Karmén
model have been shown to hold also in more nonlinear settings, see e.g. [7, 13]. (For further
discussion about the appropriateness of the Foppl-von Kdrman framework see e.g. [32].) Based
on the preceding considerations, our energy functional is:

Ep(u,&) = //Q le(u) + %Vf ® VE[2 4+ h2 V3P de dy + T//g)uy dz dy, (2.1)

where u = (ug, uy) denotes the in-plane displacement, ¢ is the out-of-plane displacement, e(u) =
V“%V“T is the symmetric gradient of u, and 7 > 0 is a given parameter (the ratio between the
gravitational constant and Young’s modulus of the elastic material). For our geometrically
linear Foppl-von Karman model to be reasonable we want the curvature to be much smaller
than 1/h. This means that any length scale in the deformation (in particular the period wg of
the prescribed wrinkling at the top) should be larger than h.

We turn now to the boundary condition u(z,0) and &(z,0) imposed at I'r (the top of the
sheet). The out-of-plane deformation & should be periodic with period wg (note that since
we assume W = kwy, I'r is filled by exactly k periods). Moreover we want to avoid strain
in the horizontal direction, and the deformation should achieve a specified overall horizontal
compression factor A. Finally, it is natural to choose u(z,0) and &(x,0) so that the bending
energy is minimized subject to these constraints. Focusing initially on the two-period interval
[—wo, wol, we seek wug, &p : [—wo, wo] — R such that

U0, (%) + &5 4(2)/2 =0,
UO(—’U)()) — UO(’U)()) = 2Aw0,

and such that the bending energy
wo
W[ & () da
—wo
is minimized subject to these constraints. Using the method of Lagrange multipliers one finds
that the choice

&o(x) = all sin(2mz /wo)
is optimal. Extending &y by periodicity, we are led to impose the boundary condition that
A 1 [*
&(z,0) = wO\Fsin(%'xwal), uz(z,0) == —2/ €.2(t,0)[*dt,  uy(z,0) =0 (2.2)
™ 0
at I'p.

The elastic energy of our boundary condition is k2 fl/VW 572m dz = 2Wh2A(87r2w0_ 2). For the

trivial planar deformation £(z,0) = 0, u,(x,0) = —Ax the elastic energy ffVW u2z dz is 2WA?2.
Our boundary condition has lower energy than the trivial one when

h < woVA(87%) 712, (2.3)



Thus it is reasonable to prescribe (2.2) only if (2.3) is satisfied.

2.1 The expected behavior

We now discuss the expected form of a deformation with small energy. This is, in effect, a
description of the deformation associated with our upper bound — which achieves the optimal
scaling, according to our lower bound.

Since we do not prescribe boundary conditions on the lateral part of the boundary, the sheet
is free to get wider (and, therefore, to relax part of the confinement forced by the boundary
conditions at the top). Using two different constructions, we will show that the energy required
to significantly change the value of u, (i.e. to release the lateral confinement) over the length
from the top of the sheet is at most of order W2A? min(Wi, L W3l 3). The energy required to
significantly decrease the amplitude of the out-of-plane displacement & scales like W(Aw% )7Ll L
If the sheet releases the confinement, then both of these terms contribute to the energy.

Assuming the sheet avoids compression, besides getting wider towards the bottom it needs
to waste some arc length in the horizontal direction in the region where it is confined. This
can be done by buckling out of the plane in wrinkles with an “average period” w = w(y). The
boundary condition at 'y sets w(0) = wg. The bending energy of a deformation consisting of
wrinkles with period w is 1672W Ah?w=2. It is obvious that this term prefers to increase the
period w as fast as possible towards the bottom of the sheet (away from I'7), but a rapid change
in the length scale w would require a large change in the amplitude of the wrinkles (large £ ).
Since the sheet is stretched in the vertical direction by gravity, the part of the energy coming
from stretching in the vertical direction prefers small £ ,. In the end, the competition between
these two preferences determines the rate at which the length scale w(y) increases.

In our constructions, the variation of w(y) is achieved using “building blocks.” Each building
block is a deformation defined on a rectangle of width w with sinusoidal profiles at the top and
bottom boundaries with period w and 3w respectively. The idea of using such building blocks
was already present in [6, 15, 19]; our building blocks are called wrinklons in [31]. As we’ll see
in Section 6, energy minimization requires the height [ and width w of a building block to be
related by [ ~ w2vV/TLh™ L.

The optimal number of building blocks — i.e. the number of generations of coarsening —
depends on several parameters. It is an increasing function of L (in a longer sheet there is room
for more generations of coarsening), and an increasing function of h (a thicker sheet is harder to
bend, so it decreases the amount of bending faster). On the other hand, the number of building
blocks is a decreasing function of wy (finer wrinkles require more bending, so a sheet with finer
wrinkles at the top prefers to coarsen the wrinkles faster), and a decreasing function of 7 (in a
heavier drape the effect of gravity is stronger, so out-of-plane displacement is more expensive,
which implies that coarsening is also more expensive).

If the sheet is very long, the coarsening process may finish at a height above the bottom of
the drape. As one goes further down, the out-of-plane displacement becomes an affine function
with the correct slope. From this point on, there are no more contributions to the energy and
the sheet does not change its shape (except for the vertical deformation due to stretching).

Our discussion has emphasized the properties of the deformation in the horizontal direction.
In the vertical direction the situation is much simpler. Since the sheet is pulled down by gravity
independently of the horizontal position, we expect the vertical deformation to be independent
of z (up to a small correction due to the wrinkling). In Section 5 we will formulate a one-
dimensional variational problem which will be used to identify the main part of the optimal
vertical displacement wu,,.



3 The main result
This section presents our main result, and provides some discussion to help elucidate its conse-
quences.
Theorem 1. Assume
TL >4, (3.1)
hATY? < wy < (2¢4)W, (3.2)

where ¢, > 0 is a small universal constant. Then there exist universal constants Cyg > Crg > 0
such that for any deformation (u,§) which satisfies (2.2) we have

1 1
—572L3(2W) + Crpe < ?ligr)l Ep(u, &) < —ETZL3(2W) + Cype (3.3)
where
€:= WAmin |hv7Llog (w_2 (hL A 4W2> + 1)
0 /TL ;

zé?&ri) {hflog < 2 /T + 1) + wiTLIt + WA min ((Vy) : (VZV>3> } ] . (3.4)

Remark. The first inequality in (3.2) is motivated by (2.3) (dropping the constant (872)~ /2

compared to (2.3) does not change the scaling law). The second inequality in (3.2) (with ¢, < 1)
says that the period of the wrinkling prescribed at the top is much smaller than the width of the
sheet.

We see that the minimum of the energy in Theorem 1 consists of two parts. One is the
“bulk energy” 127'2L3(2T/V) which comes (as we’ll show in Section 5) from the stretching of
the sheet in the vertical direction on account of gravity. The other is the “excess energy” due
to positive h; it is of order e. We observe that € does indeed vanish as h — 0; this is consistent
with the fact that wrinkling uses less energy in a sheet of smaller thickness.

2

Remark. The paper [31] distinguishes between “heavy sheets” and “light sheets,” and shows
that the rate at which wrinkles coarsen is different in the two cases. The assumption (3.1) means
that our drapes are “heavy sheets.”

The excess energy € is the minimum of two different terms — the first is the energy of the
construction when the sheet does not (significantly) release the lateral confinement; the latter
is the energy of the construction when the sheet releases (much of) its lateral confinement. It
is natural to try to understand, in terms of the physical parameters, the regimes in which one
or the other term dominates. To this end we introduce the non-dimensional parameters:

hL l
a:=— p[:= %\/TL, ro=—.

w%\/ 7L L
We focus on the case when the sheet is not extremely long, in the sense that o = - <
w2V/TL

2
(%TW> . Then we get the following formula for the “average” excess energy:
0

€

LWA

= min <aﬁ2 log(a + 1)’7«2%5%) {aﬁQ (log(ar + 1) + (ar)™) + WAmm ((Z) ’ <Z>3> }) :




We first neglect the last term %A min ((%) , (%)3> and investigate when

min log(ar + 1) + (ar) ™ < log(a + 1). (3.6)
re(0,1)
Since r € (0, 1), for (3.6) to hold, the function F(¢) = log(t+ 1) +¢~! must achieve its minimum
at a value i, that is smaller than «. Therefore (3.6) can be satisfied only if

1+5
5

Since the last term in (3.5) (the one we neglected) is positive, it is clear that when a < (14++/5)/2
the first term in (3.4) is larger, i.e. the sheet does not prefer to release most of the lateral
confinement. On the other hand, if « is considerably larger than (14+/5)/2 we expect the second
part of the right hand side in (3.5) to be smaller provided the neglected term is sufficiently small,
in which case most of the lateral confinement should be released.

a >

4 The rescaling

The scaling law (3.3) depends on numerous parameters: the sheet’s length L, its width W,
and its thickness h, the “gravitational” coefficient 7, and the period of the wrinkling at the
top wg. To simplify the analysis, it is convenient to reduce the number of parameters by
nondimensionalizing the problem and by using its special structure to eliminate A.

The effect of nondimensionalization is that it permits us to consider only the case W = 1/2.
This is achieved by measuring length in units of width. Explaining in detail: if (u,&) is a
deformation defined in (—W, W) x (—L,0), we define a new deformation (v, u) by:

v(z,y) = QW) u(2Wz, 2Wy), p(z,y) = 2W) L 2Wz, 2Wy).
The deformation (v, u) is defined in (—1/2,1/2) x (—=L/(2W),0), and we have
Eﬁ,l/Q,Li—,ﬁ)O (v, p) = (2W)_2Eh,W,L,T,w0 (u,§), (4.1)

where we have listed all relevant parameters for the energy as indices. The rescaled parameters
are:
h=@QW) th,L = QW) 'L, 7 = W), @y = (2W) L.

This nondimensionalization replaces L, h, and wp (which are lengths) by their quotients with
21V; similarly, it replaces 7 (which has dimension length™!) by its product with 21W. We observe
that (4.1) is consistent with (3.3), (3.4). Therefore to prove Theorem 1 it is sufficient to consider
the case W =1/2.

Our second reduction uses the special structure of our energy functional — specifically, the
fact that the membrane term is quadratic in v and quartic in £, while the bending term is
quadratic in &, and the gravitational term is linear in u — to eliminate the parameter A. Defining

v(a,y) = AT (), p(r,y) = ATV (),
we see that
Eﬁj’l(v? :U’) = A_2Eh,T,A(u’ 5)7

where h = A~Y/2p, 7 = A~'7. This relation is again consistent with Theorem 1. Therefore in
proving the theorem it is sufficient to consider A = 1.

In the rest of the paper we will assume that A = 1 and W = 1/2. Note that in this case the
second hypothesis (3.2) of Theorem 1 becomes

h S wo S Cy- (4'2)



5 The bulk energy

The first term in our energy scaling law (3.3) is the limiting value of the minimum energy as
h — 0. While the proof of this assertion is given later on (in the course of establishing our
upper and lower bounds), the present section lays necessary groundwork by considering a “bulk
energy” that includes only vertical stretching and gravity.

To motivate the definition of the bulk energy, we begin by substituting h = 0 in the definition
of our functional Fj. Gravity pulls downward, so we expect the vertical displacement to satisfy
Uy > 0, and assuming this we have

Eo(u,€) > //Q gy (2, ) + € (2, 9) /2 dz dy + 7 //Q uy (e, y) da dy
> //Q |uy7y]2(a;,y) + Tuy(z, y) de dy.

Therefore it is natural to consider the bulk energy functional, defined by

B(f) = //Q [yl 4+ 7f dedy, (5.1)

where f: [-L,0] = R, f(0) = 0 (f plays the role of uy). It is easy to find the unique minimizer

of B: ]
f(y) = (ry*+2rLy)/4, minB = B(f) = —ETQL3. (5.2)

The following estimate for f,(y) = 7(y + L)/2 will be useful later:

fy(y) >71L/4 if y e [-L/2,0],

0< fyuly)<7L/2 ifye[-L,0]. (5.3)

We see that to have f,(y) > 1 for y > —L/2 we assumed (3.1). For @, (z,y) := f(y), tz(x,y) ==

ua(,0), (2, y) = £(,0) we have
Eo(a,€) = //Q oo + €202+ Ny + By + Ealy[2/2 + [y + & /22 + 70, dady

= //Q ]ﬁyy\Q + 1y dzdy = B(f);

thus min, ¢) Eo(u, §) (subject to uy, > 0) is attained and is equal to B(f). We will see later
that for a deformation (u,{) to nearly minimize FEj, the vertical part of the deformation w,
must be close to f.

6 The upper bound

This section proves our upper bound for the minimum energy. As shown in Section 4, it suffices
to consider W =1 and A = 1. Our goal is therefore to show that

1
min Ej, (u, &) < —ET2L3 + Cype, (6.1)
provided (3.1) and (4.2) hold, (u, &) satisfy the prescribed boundary condition (2.2), and € is
defined by (3.4).
The proof of (6.1) uses three types of deformations. Our type I deformation involves self-
similar coarsening of the wrinkles, while the sheet remains horizontally confined. The coarsening



is achieved through multiple generations of building blocks; the period of the wrinkles is tripled
in each generation. If the vertical length of each generation is chosen in the optimal way, its
contribution to the energy is of order hv/7L. If the sheet is very long — more specifically, if
we reach a generation of wrinkles with period comparable to the width of the sheet — then
we change (within one generation) the out-of-plane displacement to an affine function (since
when £ is an affine function with the correct slope all the terms contributing to the excess
energy vanish). This construction involves no lateral spreading: the values of u,(—1/2,y) and
uz(1/2,y) are independent of y. The vertical deformation w, agrees with the minimizer f of
the bulk energy B.

To be energetically efficient, the coarsening process associated with a type I deformation
needs some room. We discuss the case when L is too small for coarsening at the end of Section
6.1. Since there is no room for coarsening, in this setting the type I deformation keeps the
profile of the wrinkling independent of .

Our second type of deformation is a modification of the first. It also involves self-similar
coarsening of the wrinkles, but in contrast with the first type the horizontal confinement is
relaxed at some point. To describe it, consider a type I deformation, and choose a particular
generation in the coarsening process. We denote by n the order of this generation (i.e. there are
n — 1 generations above) and by [,, the vertical length of the building blocks in this generation.
Our type II deformation is identical with the type I deformation through the first n — 1 gen-
erations of the coarsening process, but different starting at the n-th generation; it completely
releases the horizontal confinement of the sheet within the n-th generation (the value of u, at
the extremes +1/2 changes from +1/2 at the top of the nth generation to 0 at the bottom).

Full details of the type II deformation are given in Section 6.2, but here is a sketch. If we keep
uy = f, changing u, from order 1 to 0 over the length [,, results in the term \ux,y + Uy +§7w§,y|2
being of order ;2 (since Uy = 0 and the term involving derivatives of § is not larger than
Uzy). Integrating this term over the domain of size [,,, we find that this mechanism for releasing
the horizontal confinement has an energetic cost of order O(,, x (1/1,)?) = O(I;!). A different
possibility is to set wy ; 1= —ugy —& 2§y This obviously eliminates the term |ug,y +uy o +& €y
from the energy, but it increases the term |uy, + {?y /2|. For this alternative mechanism of
releasing the horizontal confinement the energetic cost turns out to be O(I,;3).

Our type III deformation is similar to a type II deformation with n = 0. It flattens the
sheet and eliminates the horizontal confinement over an interval of height starting near y = 0.
As with a type II deformation, there are two versions of this construction, corresponding to
different choices about which membrane term should be made to vanish.

6.1 The construction of a building block and the type I deformation

In this section we construct a deformation consisting of several generations of building blocks,
with the length scale of wrinkling being tripled in every generation. We first define a building
block, which is a deformation (v, u) (the horizontal and the out-of-plane displacement) defined
on [0, 1] x [0, 1] with wrinkles with period 1/3 at the top and with period 1 at the bottom with
periodic lateral boundary conditions (see [30] for a numerical study of the optimal shape for one
such building block). Our Type I deformation is then obtained by patching together rescaled
versions of the building block (the boundary conditions for the building block were chosen to
make this possible).

The building block is a deformation (v, ) : [0,1] x [0,1] — R2. It has a sinusoidal profile of
period 1/3 in a neighborhood of y = 0, and a sinusoidal profile of period 1 in a neighborhood
of y = 1. There is neither compression nor tension in the z-direction, and both the membrane
and bending energy are finite. Saying the same in mathematical terms: both z 4+ v(x,y) and
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wu(z,y) should be 1-periodic in z, and they must satisfy:
1 1 [*
ploy) = gosin(oma), vew) = 5 [ s OPd, s Dalye D1/ (62)
0
1 1 [*
,U“(‘T) y) = ; sin(27m:), U(l‘7 y) = _5 / ’:u,x(ta 1)|2 dt) T e [O> 1]7 y e [3/4) 1]7 (63)
0

Ha(ey)? =0 for () € 0,12, |ugl <1, lul<1 (6.4)

1
1)7;5(13, y) + 5

E,, = // [y + paptyl® + |y P dedy < 0o, Ep:= // IVZuf?dedy < co.  (6.5)
(0,1)2 0,1)2

Such a building block can be obtained as follows: let g1, g2 : [0,1] — [0, 1] be smooth functions
which satisfy

gl(y) =1, [AS [07 1/4}7
92(y) =1, yec[3/4,1], (6.6)
g+ =1, yelo1], (6.7)
191 ()] + 3lga(y)| < 3w, ye[0,1]. (6.8)

We define

pa(ty)*dt,  (z,y) € [0,1]%

wu(z,y) == 9;(72;1) sin(67x) + 927(:/) sin(27z),  v(z,y) = _% /0;1:

Using the properties of g1 and g9 it is easy to verify (6.2-6.5). Indeed, (6.2) and (6.3) follow
from (6.6) and (6.4) follows from (6.7) and (6.8). Finally, (6.5) is a direct consequence of the
smoothness of g; and gs.

To define the type I deformation we patch together rescaled versions of the building block,
and use uy(z,y) := f(y) for the horizontal displacement. The new rescaled displacement wu,,§
(defined on a rectangle of size w x [ with the upper left corner at (xo, o)) is defined as:

Uz (2, y) = To + Wy x—xO,_y—yo , E(zyy) = wp $—$07_y—y0 .
w l w l

From |pu| <1 we get || < w. The period of the wrinkles at the bottom and upper end of this
building block are w and w/3, respectively. We also have

Ugz + 5%/2 =V + lu?m/Q =0,
w
Ugy + Uy + Eaby = T (Vy + Batty)
2
(Uy,y + 53;/2) - |f,y|2 = f,yfg; + 52/4 = (w/l)2 (f,yﬂ?y + (w/l)2,ufly/4) )
§ax = w_llhﬂm Eay = l_lﬂ,wya Eyy = wz_QM,yy'

In what follows we will always keep w < I. Then (6.4) implies |(w/1)?u%, /4] < p2,/4 and
|V2€12 < w2|V2pu/?, and the elastic energy of one building block (over the rectangle of size
w X [) is bounded by

w2 / 2, 2 2
2wl (7) (1+ f)Em + R2w 2By | + || (f2 +71). (6.9)
When summed over the whole domain © the second term becomes exactly (5.1). We are

interested in the first term which is the excess energy due to positive h (roughly speaking: the
energy due to wrinkling).
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We will patch together several generations of building blocks. Let N be the number of
generations (to be chosen later), and let [, and w,, := 3"wy for n = 1,..., N be the length
and width of the building block in the n-th generation, respectively. We may assume without
loss of generality that 35wy = 1/2 for some integer K.! Since one block has width w,, and the
width of the sheet is 1, each generation has w, ! identical building blocks. We sum the first
term in (6.9) over all building blocks to get

2

N
w, _
<2y [lnnTLEm + h2wL,Ey|,  (6.10)
n=1

N 1 w 2
Z wawnln [<ln> (1 + f’)Em + th;QEb

n=1

where we used (5.3) and (3.1) to obtain 1+ f' <1+ 7L/2 < 7L.
We know that for (6.10) to be small we want the two terms on the right-hand side to be

2
of similar value, i.e. %TLEm ~ hzw; 21, Ey. From w, = 3"wy (the period is tripled in each

generation) we obtain I, ~ 9"w(2)\/ TL EE—’:h_l. Motivated by this we set

ln = w2VTLh™' = 9"wivVrLh™t (6.11)
Using (4.2) we can now verify the previously used assumption w, < [,:
ln/wn =3"VTLwy/h > V7TL > 2. (6.12)

Let us first assume that the sheet is not very long in the sense that

K
> > L (6.13)
n=1

Then the length of the sheet L can be expressed as the sum of the lengths of all generations
of building blocks, i.e. ZN I, = L. Let us define N to be the smallest integer such that

n=1

SN 1, > L. Tt follows from (6.13) that N < K and so w,, < 1 forn =1,..., N. Using (6.11)

we obtain
8 hL hL
N=|lo —_——+1 ~ lo +1], 6.14
{gg(gww ﬂ g(WL ) .

where we assumed that

h > wiVTL/L. (6.15)
From the definition of [, we compute that one generation of wrinkles (w, ! identical build-

ing blocks) costs Chv/7L. Therefore, for L not too large the energy (6.10) is bounded by
hL
ChvtLlog (w?)\/i + 1) and

1 hL
min By, (u, &) < ——72L3 + Chv/TL1o +1]. 6.16
Now we treat the case when (6.13) is false, i.e., Ly := 25:1 l, < L. For y € [—Lo,0] we
define the deformation the same way as before. For that we need K generations, where each
contributes to the excess energy by a multiple of hv/7L. Since K is defined through 35wy = 1/2,

Tndeed, if (before nondimensionalization) there is a K such that 35 lwe < W/2 < 3%wo, then we can
consider a slightly wider drape, of width W such that W /2 = 3% wo (for an upper bound it does no harm to

increase the domain). After nondimensionalization (which divides all lengths by W), we get a problem in which
3K’u)o = 1/2.
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the excess energy for this part will be of order hv/'7L log(wgy 1). To define the deformation for
y € [—L,—Lg), we first observe that at y = —Lg we have

£(x,—Lo) = %Sin(%rx), oz, — L) = _% /0 "t -Loyd, wel].  (6.17)

We set lxy1:= VTL/h, and for x € [0,1],y € [-L, Lo) we define

+ Lo\ sin(2mx + L 1 [*

o) =an (R ) gy (UEE) VB o) = [ Lo,
K+1 m K+1 2 Jo

(6.18)

where g1, g2 are functions gi, g2 from (6.6-6.8), extended respectively by 0 and 1 into [1,00).
With the above choice of [x 1 it is easy to compute that the contribution to the excess energy
in [~(Lo + lx+1), —Lo] is of order hv/TL, while for y < —(Lg + lx+1) we have &(x,y) = /2,
ug(x,y) = x, so there is absolutely no contribution to the excess energy. We see that if L is
larger than Zf;l ln, the contribution to the excess energy is at most

1
ChvTLlog (2 + 1) . (6.19)
Wo
Hence, together with (6.16) we get that

1 hL
min Ej, (u,§) < ——72L3 + ChvV/TL1lo (w_2 ( A 1) + 1) ) 6.20

If (6.15) does not hold, i.e. if h < w3v/7L/L, it should be better energetically to just
propagate the deformation prescribed at I'r. In this case we set

ur(x?y) = u:v,(](x) = um(x70)v uy(x, y) = f(y)> é(xvy) = 60('7}) = 5(377 0)7 (6'21)

and we get the total energy bounded by
1
min Fy (u, &) < —ETQL3 + Ch*wy L. (6.22)

Finally, since log(1 +¢) > t/4 for t € (0,1) and % < 1 follows from h < w3v/7L/L, we see
that (6.20) and (6.22) can be rephrased as

min Ej (u, &) < —%T2L3 + ChV/TLlog <w52 (\Z% A 1) + 1) . (6.23)
Remark 6.1. Our type I deformations are equivalent to the ones discussed for heavy sheets
in [31]. In particular, our relation (6.11) is the equivalent in our notation of equation (4) in
[81], giving the optimal “length of the wrinklon.” Since {l,} is a geometric series (with ratio
greater than one) we have lg + -+ + I, ~ l,, so length scale of the wrinkles at height y —
call it w(y) — can be read off from (6.11): it satisfies |y| ~ w?(y)V/TLh™'. Rewriting this as
% ~ (7'11)_1/4(%‘)1/2 we see that it is the equivalent in our notation of equation (5) in [31].

6.2 The type II deformation

This construction is a modification of the previous one; besides coarsening the wrinkles it also
releases the horizontal confinement of the sheet. Let (u, ) be the deformation from the previous
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section, constructed using /N generations of coarsening for some N < K. We choose a particular
n such that 1 <n < N. We denote the y-coordinate of the k-th building block by

k—1
Sk 1= Z l;.
i=1
For y € [—sp, 0] the new deformation (U, () coincides with (u,&):

U(z,y) == u(z,y),
C(z,y) == &(x,y).

For y € [-L, —s,] we define

_Snty

Us(,y) = ¢ ( o ) ug(z,—sn),  C(x,y) = (_Snﬂf

)ele =)

In

where ¢ : [0,00) — [0, 1] is a smooth decreasing function which satisfies |¢’| < 2 and

)1 te€(0,1/3),
SD(t){o t € (1,00).

Then for y < —s,, we have

_SntY

Usra(,y) + Clw,9)/2 = ¢° ( l

) (Ug,o(2, —sn) + 5,23;(55, —sp)/2) = 0.

So far we did not define U, for € (=L, —s,). We will do this in two different ways, thereby
obtaining two different upper bounds for the energy. The first way simply sets

Uy(z,y) == uy(z,y) = f(y). (6.24)

For y € [—sp, 0] the excess energy is estimated by the second term in (6.23) (with L replaced
by s, in the numerator), and so we just need to estimate the excess energy in the part of the
domain y < —s;,,. We see

Usy + Uy + CaCyl® = 1(200) (=30 — 9)/ln)ua (@, —sn)l
+ () (=0 = 1) /ln)ly (@, —sn)€(w, —sn) [ < CL%, (6.25)

where we used that [£(-, —sp )|, [€2 (-, —sn)|, [uz(-s —sn)]s |¢'], ] < C. Using (6.12) we see that
ICul < 11|€1/1n < 2wn/l, < 1. So (5.3) implies

Uy + /217 = | fyl® = £y + (/4 < TLIC1? = TLIQ/ |1, 282 (0, —sn) < ATLL2E (3, — ).

Since |£(z, —sn)| < wy and 1, = w2/ TLh™!, the previous inequality implies
2
Uyy + /22 = |f 2 < 4TLI2E (@, —s50) < 4TL%1;1 = AhVTL/l,. (6.26)

It remains to estimate the bending energy. For y € [-L, s,,] we have by (6.12)

C,m(wv y)|2 = @2‘57;“(%, _SN)‘Q 5 wrjz =V TL/(thL)7
Cay(@, y) > = @@, —sn) ;% S 1,7 Swy? = V1L (hly), (6.27)
(@ 9) [ = @ [€(x, —s0) 21, * S wiln* S w2 = V71L/(hly),
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and so

—Sn 1/2 / i3
h2/ - )/1/2 (V2|2 dady < A% (s — snﬂ)# = h/7L. (6.28)
max(—L,—Sn+1 n

Now we combine (6.28) with (6.25) and (6.26) to obtain

10g< r+1>—|—1 +ln*l;2>

<— 2L3 +C (h\/ Llog ( Al =+ 1) - z;1> . (6.29)
O

1
En(U,¢) < —ETQL3 +C (h\/TL

where we used that s, and [,, are comparable to replace s,, with [,, in the logarithm, and the
fact that hl,/(w3vV/TL) = 9" > 1.
The alternative way to choose U, will give the different upper bound

En(U,¢) < — 112 I3+ C (h\/ Llog ( il =+ 1> +lg3> : (6.30)
0

The essential idea is to choose U, so that
Usy + Uya + CaCy =0 (6.31)

for y < —s,. Whereas our previous choice incurred a substantial energetic cost from the term
|Ux,y—i—Uy7x+C7IC,y|2, our alternative choice makes this term vanish, at the expense of an increase
in Uy, + Ci/QP-

We can assume that [, > 1, since otherwise (6.30) is worse than (6.29). To satisfy (6.31) we
define

Uyfa) = ) = [ Voy(528)+ Gl )yl ds (632
for x € (—1/2,1/2) and y < —s,,. Then

Upa) = F4(0) = <‘l“’)>yy ([ s+ eatsmpetonnyaas)

—Sn+ vy T
<‘p2 < l >> / ua (5, y) + € (5,y)E(s,y)/2ds
" wy| 1V0
< TL/2+ Cl(¢P) gyl < TL/2+ C'1% S 7L,

Uy (2, 9)| <[fy(y)l +

(*7)
where we used that [,, > 1 and (5.3). Therefore

Uy (@.9) + (@, 9) /2] = 1£l? = Uy (@) = £ + Uy (@ 9) 3 () + CL () /4
< Uy, 9)]* = |£4* + CTLE,

The contribution to the energy from CTLC?y can be estimated as in (6.26); it is at most Chv/7L.
Since f is the minimizer of the bulk energy B we have that

</Q |Uy,y‘2 + 71Uy dxdy) - </Q |f,y|2 +7'fdmdy>

= B~ B(f) = 5 (D*BUNW, ~ .0y~ 1) = 1y ~ Ful By

AR

15

dedy <l ;4 =123 (6.33)
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The estimate for the bending energy (6.28) remains valid, and so the combination of (6.33)
with (6.31) implies (6.30).

6.3 The type III deformation

The construction in this section is closely related to the discussion at the end of Section 6.1,
which considered the consequences of “propagating the deformation prescribed at I'p” (see
(6.21)). Here we do something similar, but we release the horizontal confinement by a mechanism
similar to that of Section 6.2.

Choose any [ € (wp, L), and consider

Us(,y) == ©* (—y/1) uz(,0), Uy(z,y) == f(y),  C((x,y) :=¢(-y/l)&(z,0).

Then [Uy 1 (2,y) + ¢4 (2.9)/2| = 0 for all (z,y) € ©, and

// Uiy + e + CaCyPdardy S 15172 = 171,
Q

1/2

//Q Uy + /217 = |fyl?dady S TLIT! / U (2, 0)*de S wirLi™t.

Since I > wo, a calculation similar to (6.27) shows that 2?2 [[ [V2¢|?> < h?wy 2. Combining these
estimates gives

1
En(U,¢) < —57'2[/3 +C (RPwy?l+ 17 +wirLl™Y). (6.34)

In Section 6.2 we considered two different ways of extending U,. The preceding calculation
is like the first, but we can also consider the second. Using (6.32) to define U, and proceeding
as above we find the estimate

1

2L + C (RPwy 2L+ 17 + wir L) (6.35)
Since the right-hand side of (6.34) as a function of [ € (0, L) attains its minimum for [ > wy,
we immediately observe that (6.34) holds for all [ € (0, L). Finally, for the same reason (6.35)
holds for all [ € (0, L) as well.
Taken together, the upper bounds (6.23), (6.29), (6.30), (6.34), and (6.35) establish (6.1).
Thus we have proved the upper bound half of Theorem 1.

7 The lower bound

This section proves our lower bound for the minimum energy. As shown in Section 4, it suffices
to consider A =1 and W = 1. Our task is therefore to show that if (3.1) and (4.2) hold and
(u, ) satisfies the prescribed boundary condition (2.2), then the excess energy satisfies a lower
bound of the form

0 := Ep(u,§) — B(f) > Crpmin (h\/ﬁlog <w52 (\Z% A 1) + 1) ,

hl
min { hV7Llog | —— +1| + w2rLI™! + min (171,173 .
1€(0,L) { & (wg /7L ) 0 ( )

Here f is the minimizer of the bulk energy functional B, and Crp > 0 is a (sufficiently small)
constant that does not depend on the parameters of our problem (several smallness conditions
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on Crp will emerge in the course of the proof). We will argue by contradiction; in fact, our
strategy is to assume that

hL
6 <Crgmin | hvtLlog | ——+1],
= ( & (wgm )
hl
min { hvV7Llo +1| +w2rLl™t + min (174,173 7.1
1€(0,L) { & (w§~ /7L ) 0 ( ) (7.1)

and to prove using this smallness condition on ¢ that our lower bound (the opposite inequality)
must hold.

Remark 7.1. We can assume without loss of generality that the deformation (u,§) is smooth,
since mollification has only a small effect on the energy. (It is important here that our goal is
the scaling law, not the optimal value of the prefactor Cpp.)

7.1 The idea of the proof

Before beginning the proof in full detail let us sketch the main steps.

e Since the sheet is stretched vertically, it prefers not to change its out-of-plane displacement
&. The situation is similar to a stretched rubber band, whose preferred configuration is the
straight line joining its endpoints (and for which deviation from this configuration costs
additional elastic energy). We also know that when h = 0 it is optimal to have u, = f,
and we expect similar behavior for A > 0 (modulo small adjustments due to wrinkling).
We make these ideas quantitative in Lemma 7.2.

e In some cases we expect the sheet to spread laterally, releasing the horizontal confinement
prescribed at I'p. Mathematically speaking, spreading entails decreasing the value of |u,|,
which is of order 1 at y = 0. If the value of u, is decreased significantly over a length Iy, we
expect u; 4 to be of order lal. The term u, , appears in the energy in |ug y 4ty » + & 2€ |-
So we are left with two alternatives: either u,, and & ;§, are negligible, and u, , being
of order [, L over a domain of size [y makes the excess energy at least of order ly L or else
one of the terms w, , or £ ;& is of order [ ! In the second case other terms in the energy
come into play. In Lemma 7.3 we show that if the sheet releases a non-trivial part of its
confinement over length lp, then the excess energy satisfies § 2 min (lo_ L ly 3).

The result just sketched shows that if § < min(l;",1;°) then for y € (—lp,0) the sheet is
“fairly” confined. Though the rigorous result (Lemma 7.3) states this fact in an integral
form, a heuristic version of its conclusion is that uz(—1/2,y) ~ 1/2 and uz(1/2,y) ~ —1/2
for y € (—lo,0). It follows that

1/2 1/2 1/2

1~ (120020 < [ faplde< [ @ 2des [ ¢ pzan,
-1/2 /2 ’ /2

so at least one of the terms on the right-hand side must be of order 1 (see Lemma 7.6 for

the details).

e The type I deformation considered in Section 6 involves a coarsening cascade of wrinkles.
It is preferred over our other constructions in a certain (rather large) region of parameter
space. Qualitatively, coarsening is favorable because coarser wrinkles have less bending
energy. Lemma 7.7 makes this quantitative, by showing that the L? norm of the out-of-
plane displacement £ cannot stay uniformly small.
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e Continuing the discussion of coarsening: the boundary condition at the top makes (-, 0)
small in L2, while it follows from the previous step that &(-,yg) is large for some 7o €
(—lo,0) (if the confinement is not released, and if the excess energy is small). In Lemma 7.8
we show that there is an energetic cost associated with changing the scale of the wrinkling;
in fact, each doubling of ||£(-,y)||z2 costs an energy of order Chy/TL. This lemma is,
roughly speaking, a lower-bound analogue of the passage from (6.10) to (6.16). Its proof
builds on an argument from [24].

e The preceding bullets sketch the proof of the lower bound in the regime where self-similar
coarsening is desirable. We also prove lower bounds associated with other regimes (for
example when a type III deformation is best). If the bending term [|€ . (-,y)|| 2 does
not decrease much, we obtain the lower bound hzwa 2L by simply integrating the bending
energy over the domain. Otherwise we can assume that for some yy € (—L/2,0) the
bending term [ f?m(x, yo) dx is much smaller than at the beginning (y = 0). In this case
we consider n(z) = &(z,y0) —&(x,0). We show that || ,||z2 is of order 1 while ||n 4z /|2 is
bounded by Cwy!. These yield a lower bound for ||n||;2, obtained as a consequence of the
interpolation inequality ||1.2||72 < Cine (II0l|22]n22/|22 + |[7][52). But ||n||2 is controlled
by [Jq &3, which in turn is controlled by the excess energy. We thus obtain another lower
bound on the excess energy.

7.2 The dichotomy

We start with a lemma relating the excess energy to the out-of-plane displacement & and the
strain term w, , + §3J/2 — [y

Lemma 7.2. Let (u,&) be any deformation satisfying (2.2), and recall our definition of it excess
enerqy:

0= Eh(“’vf) - B(f)7

where f is the minimizer of the bulk energy B (see Section 5). Under the assumptions of
Theorem 1 the excess energy is nonnegative, and

[l + €42 = £ P dedy < /ﬂ/zfi,dxdygésé(w)l, (7.2)

1
// 5oy +tya + Eayl? + |uae +E5/27 + WV dudy < 6, (7.3)
Q
where /2 := (—1/2,1/2) x (—=L/2,0) is the upper half of the domain.
Proof. We know that

En(u,€) = / e+ E2/2 + Sty + gz + €

+T// uy dz dy
Q

2/Q|uy,y+£?y/2|2+7'uydxdy:B(uy)—%//guy,yfz—l—ﬁi/éldxdy.

+ h2|V2¢2 da dy

(7.4)
Since f is the minimizer of B (in particular it is a critical point of B), using the previous relation
we get

6 = Ep(u,€) — B(f) > %(DQB (uy — //uyy§2 + &, /Adz dy

(7.5)
// Uyy = fy)? + g€ + € /4dfﬂdy—// Uyy — foy+E&5/2)% + fy€ dady > 0.
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We see that if Ep,(u,§) is close to B(f) then uy , + fi/2 is close to f, and §?y is bounded. More
quantitatively, we have

/ﬂ Uy —l—f?y/2 — f7y|2da:dy <9,

TL/ 9 9
- £dxdy§//f,§ 2 <6,

where we have used that f, > 0 fory € (—L,0) and f,(y) > 7L/4 for y € (—L/2,0) (see (5.3)).
Finally, we observe that in (7.5) we have used only one of the four non-negative terms in Fj,
o (7.3) follows. O

We must consider the possibility that the sheet spreads laterally, releasing its confinement
(at least in part). In the following lemma we estimate the energy needed to do that.

Lemma 7.3. Under the assumptions of Lemma 7.2 there exist —1/2 < zop < —7/16 and
—3/8 < xy < —5/16, and a universal constant Cy > 0, such that either

i) there exists Iy € (0,L/2) such that
5max(l1, lil))) > C()

and

1
/ ug(z,y) — ug(x,0)dz| < 1/512 (7.6)
o
for ally € (—11,0);
it) or (7.6) holds for all y € (—L/2,0) (we set ly := L/2 in this case).

Before proving the lemma let us sketch the main ingredients in its proof. First, we use the
bounds from Lemma 7.2 to show that u, is in average close to f. In particular, [ |uy(z,y) —

f(y)|dy is small for generic x, and we can choose such generic zy and x; near x = —1/2 such
that the size of the interval (zg, 1) is of order 1.
To get (7.6) it is enough to estimate u , since f;ol Uz (T, yo) —uz(z,0)dr = f ux,y dx dy.

We write ugy = (Ugy + Uyz + E2€y) — Uyz — &y The first term on the rlght hand side can
be estimated using the excess energy o (see (7.3)). We integrate the second term in = and use
that by the choice of x, z1 both uy(xg,-) and u,(z1,-) are close to f; it follows by the triangle
inequality that u,(zo,-) is close to u,(z1,-).

It remains to estimate & ;€ ,. First, we write (z,y) = [ £4(x, )+&(z,0) and use Lemma 7.2.
Then using interpolation with £ ;, we obtain enough control over 571, In the end we obtain an

estimate for ‘f;;l uz(2z,y) — ug(x,0) dx‘ in terms of a function of § max(l1,[3), which concludes

the proof.
In proving Lemma 7.3, and in many other places in this section, we will use the basic
interpolation inequality

1
||<P/|ﬁ:2(1) < Cint <|"PHL2(I)H90”||L2(I) + mgH(PH%?(I)) ) (7.7)

which holds for any interval I C R and any ¢ € W%2(I) with a fixed universal constant Cjy;.
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Proof of Lemma 7.3. To start we need to choose xg and z; generically. By (7.2) we have
[t €72 £ Py <
// §2y/2dxdy < 46(rL)7 1,
Q/2
so we can choose —1/2 < z9p < —7/16 and —3/8 < x1 < —5/16 such that

0 0
/ gy (72, 9) + €2, (21,2 — £y ()2 dy <6, / & (21,y)/2dy S 5(rD)),  i=0,1.
_L —L/2

(7.8)
Now suppose (7.6) is not true for all y € (—L/2,0); then there exists a smallest [; € (0, L/2)
such that

> 1/512.

1
/ ug(x, —11) — ux(z,0) dz

0

By the boundary condition (2.2) we have w,(-,0) = 0. So (7.8) implies that for any y € (—l1,0)
and i =0, 1:

0
huy (i) — ()] < / gy (i) — Fo()| dy
0 0
< / gy (72, 9) + €, (21,92 — )] dy + / €2 (25,y)/2dy

Holder 0 1/2 0

< gy (20 y) + E2(20,9) /2 — )P dy ) + [ € (xiy)/2d

< [ v Y iy y)|~dy y(@iy y
- Yy

(7.8)
< 0V 4 6(rL)

We integrate the previous relation in y and use 7L > 4 (see (3.1)) to obtain

0
/ luy (zi,y) — f(y)| dy < 6217 + 61, i=0,1. (7.9)

—1

We define ' := [zg, z1] X [~I1,0]. Then

:‘// uxydxdy'
// |uxy+uyx+£m§y|da:dy+’// uyxdxdy' ‘// §x£ydajdy‘ (7.10)

By (7.3) the first integral on the right-hand side satisfies

/x Y g — 1) — a2, 0) da

0

Holder 1/2 2 1/2 1/241/2
/Q/ |ty + tUyo + Ealyldudy < QY (/Q [ty + Uy + €2y dxdy) <SR

(7.11)
For the second integral we have

0
L e eas| =| [ vt - (e an
Qf -1

0 0
< / Iy (@1y) = F)l dy + / g0 ) = £ () dy <6V 4 61y, (7.12)
—t1 —t1
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where the last inequality follows from (7.9). It remains to estimate the last term in (7.10):

’// §26y dxdy'

Since we already have bound on £, (see (7.2)) it remains to estimate & ;. To do this, we first
show a bound on & by integrating &, then we use interpolation with £ ;. For any y € [—[1, 0]
we have

1 x1 0
/ (e, y) 2 da = / / €@, 1) dt + £(z,0)
o o Yy
dm+2/$l €(z, )2 da

T 0 2
<9 / / ¢, (a,t) dt
o Yy 0

1 0 1
< 2y / / € (e P dtda + 2 / €(e, 02 dz < 1y (rD)" + u,
Zo Yy &

0

2
dx

where the last inequality follows from (2.2) and (7.2). We use the interpolation inequality (7.7)
for £ to get

</x:1 ’5@(%,3/)‘2 dx)Q ,S </x:1 |§(x7y)|2 dx) </x:1 |§,mm($,y)’2 dx)
1 2
+ |71 — @0 * </mo \f(m,y)zdx>

SO+ 0d) [ [alr )P o+ @0 (L) +ud)?

o

After integration in y we obtain

2 0 1 2
([ lectenpazay) <u [ ([ ieotepar)

Sun(rD) ™+ uf) [[| 1nlo )P dzdy+ bt (L) + w2
< (S (TL) ™ + wd)Sh ™2 4 11 (81 (7 L) 1 4 wd)?,

where the last inequality follows from (7.3). This combined with (7.2) implies

[ ertots] < lealinonlealinen

< Y/ (R(rL) L+ wdh) 6h=2 + L(8h (rL)~t + wd)2/6(rL) L. (7.13)

Combination of (7.11), (7.12), and (7.13) with (7.10) gives

1
/ u:p(xa _ll) —um(lt,O)d.’L'

0

S (01207 4+ 0V + o1y

+ 00 PRV (r D) w263 Y2 (e L) Y2 4 1 (7 L) 4 wod VA (rL) Y2
(7.14)
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We want to estimate the four terms on the last line of (7.14) in terms of 6y and 6l3. By (7.1)
we know

§<CLp (h\/leog (wg% + 1) +wir LI + l‘1> (7.15)
for any [ € (0, L). It is easy to observe that for [ > L the relation (7.15) holds as well since the
right-hand side of (7.15) is then larger than Cgh\/7Llog <wg% + 1), which is in turn larger
than 0 by (7.1). We now estimate the last line of (7.14) by making three separate applications
of (7.15):

(1) Taking [ := h=3/5(7L)Y/10 in (7.15) and using that log(1 + ) < 2t/ for ¢t > 0 we obtain

B\ 1/2
§<Crp <2h3/5 <> (TL)*/® + w2h3/°(r0)%10 + h3/5(7'L)1/10> . (7.16)
wo
Since the first term in the last line of (7.14) can be written as
5/6
51}/2h_1/2(TL)—3/4 _ (5121’,)1/6 (6h_3/5(TL)_9/10) ,

we can control it by estimating 8h=%/%(7L)~%/10. Using h/wo < 1 (see (4.2)), wo < 1, and
7L > 4 (see (3.1)), we obtain from (7.16) that

oh(r L)1 < Cup (2ArL) 0+ wd + (rD)7H) S 1,

which implies
SRV L) =34 < (513)1/8. (7.17)
(The implicit constant in (7.17) involves a positive power of Cp. But we may (and shall)

assume that Crp < 1; then (7.17) holds with an implicit constant that is independent of
Crg.)
(2) For the next term we use (7.15) with [ := h~'. Using log(1 +t) < t!/2 for ¢t > 0 it follows
from (7.15) that
§<Crp (hwo_l(TL)l/4 + wirLh + h) ,

so we have

wé/253/4l}/4h71/2(TL)71/2 < (511)1/4 (5w0h71(7_L)71)1/2

1/2
< Ol @) ((rD) ™ 4w+ wo(rL) ™)

< (81)Y* (7.18)
(3) The last two terms are fairly easy to estimate. First, we observe that §(7L)~! < 1. Indeed,
choosing [ := 1 in (7.15) gives

h
0S| hvTLlo +1 | +wirL+1)] <2+ wirL,
< & (wgm ) 0 0
where we used log(1+¢) <t and h < wy. Since 7L > 4 and wg < ¢, (see (3.1) and (4.2)),
we have §(7L) ™! < 1+w? < 1. Using this estimate for §, the last two terms are estimated

as follows:

O (rL) ™t = (8P4 (S(r L)L) A < (o),
wod" 20y (rL) 77 = wo(d) A(S(rL) T L) T S (6,
where we have used (3.1) and (4.2).
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Combining (7.17) and (7.18) with (7.14) and the last estimate we get that

T
/ Uy (m, —11) — ug(z,0) dz| < (811)% + (B1)Y2 + 61y + (613)Y6 + (81)/* + (814)%/*.

zo

By our choice of I; we see that

1/512 <

z1
/ g (z, 1) — ug(2,0) dz| < F(6 max(ly,13)),

0
where F(t) = t1/6 4 t1/4 4 t1/2 1 #3/% 1 ¢, Tt follows that

smax(ly,13) > Cy
for a universal constant Cpy > 0. O
Remark 7.4. By symmetry we can find 5/16 < xo < 3/8 and 7/16 < x3 < 1/2 for which either

i) there exists Iy € (0, L/2] such that
smax(lz,13) > Cp

and

/13 Uz (z,y) — ug(x,0)dz| <1/512, (7.19)
2
holds for all y € (—l2,0);
it) or (7.19) holds for all y € (—L/2,0) (we set ly := L/2 in this case).
We use this remark together with Lemma 7.3 to get

Corollary 7.5. There exist —1/2 < xy < —7/16, —3/8 < x1 < —5/16, 5/16 < x5 < 3/8,
7/16 < x3 < 1/2, and a universal constant Cy, such that either

i) for anyy € (—L/2,0)

< 1/512,

z1
/ Uz (z,y) — ug(x,0)de

0

(7.20)
< 1/512,

T3
/ a3, ) — (7,0
X

2

ii) or there exists lo € (0,L/2] such that
s max(lo, I§) > C
and (7.20) holds for all y € (—lo,0).
When the first alternative holds, we take the convention that ly = L/2.

Proof. We obtain this result by combining Lemma 7.3 with Remark 7.4, choosing Iy := min(ly, l2).
O

The next step in the proof of the lower bound is to show that [ &% (z,yo) dz and [ |ug . (2, y0)+
5,21(33» Y0)/2| dx can not be simultaneously small for any yo € (—lo,0).
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Lemma 7.6. For any yo € (—lo,0) we have either

3
/ fi(:c,yo) de>1/4
o

or
T3
/ |z e (2, 0) +§?x(x,y0)/2\ dx > 1/16.

x0

Proof. Let yo € (—lo,0) be fixed and x; € (z9, 1), 2, € (x2,23). We have
U:c(xry 0) - uaz(ml) O) = uz‘(xra Z/o) - ux(xla yO) + [(Ux(ﬂ?r, 0) - uac(l'r) 3/0)) - (ux(ajh 0) - U;C(l’l, yO))]

= /I U (%, y0) Ao + [(Uz (27, 0) = ua (27, y0)) = (ua(21,0) — e (21, 90))]

l

ar 1 1 [
— [ st ) + 5 @y de — 5 [ Elm)do L]
T Zy

l

Therefore

e e
2/ &, (z,yo) da > 2/ &, (z,yo) da
xo x

> ug(x,0) — ug(xy, 0 +/ Uz (T, y0) + § (z,y0)dz + [...]
)

Tr
>y (21,0) — tp (2, 0) — /
x|

We integrate the previous relation with respect to x; and x, to obtain

1 3 1 3 T3 1
2/ fi(%,yo) dz > ][ ][ Uz (21, 0) = ug (2, 0) dy dxl_/ Ux,x(m7y0) + igi(xvyO) dz
0 - 0 2 25 0
s 0) sl o) | = | £ a1,0) = ot ) da
xo xr2
L[, = 1,
> 5 §(z,0)dz —1/16 — Ug (2, Y0) + §§7x(:c,y0) dz, (7.21)
xr1 o

where the last inequality follows from (7.20) (averaging an integral adds a factor of reciprocal
length to it, e.g. %m < 5—%21/%6 = 35) and (2.2) (which is used to replace uy(z;,0) —

Uz (wr,0) by [€%/2dx). We estimate the first term on the right-hand side by

5/16

1 [ 1 [

/ €2 (2,0)dx = / (2 cos(2mzwyt))? da > 2/ cos?(2mrwy ) dx > 1/4,

2 Je 7 2 Ja —5/16
where we used that [} cos?(0t)dt > |I|/4 provided that 6|I| > 2. (In the present setting
|I| = 10/16 and 6 = 27 /wy > 27 /¢y, by (4.2); since we always assume ¢, < 1, the condition
holds with room to spare.) This concludes the proof since either we have

f,
Zo

dz >1/16

1
uz,x(‘rv yO) + 55; (:Uv yO)

or else

oo =

1
uw,x($7y0) + §€i($7y0) dz >
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7.3 The energy required for coarsening

When the type I deformation achieves the optimal scaling, we expect that the wrinkles must
coarsen as one moves down the sheet. The following lemma justifies this, by giving a lower
bound for the maximal amplitude of &.

Lemma 7.7. There exists a universal constant C7 > 0 such that

K ma " £ (z,y)dz > C <h2l0 A 1)
= X , > —_— .
ye(—10,0) J oo Y "\

Proof. If § > 1/32? the assertion is almost trivial; indeed, since z3 —xg > 1/2 and h < wg < ¢y,
(see (4.2)), we have

1wl
322 6

@3
KZ/ € (z,0)dx > wi > h?* >
o

in this case.

If on the other hand § < 3% then we argue as follows. For any y € (—lp,0) Lemma 7.6
implies
3 2 T3 1
(["wmar) + [ aten) + el ar > 1 (.22)
Zo

Zo

Using the interpolation inequality (7.7) and |I|? = |23 — x0|?> > 3/4 we obtain

(/1:3 5’ﬂ”(“”ﬂv?J)IQcif,;)z
(/: |5($ay)|2dx> v </:

2
< C?

wnt

2 12 3 s 2
o

— 3
<C [K/ 1€z, y) [ do + Kﬂ :

0

We integrate (7.22) in y and use the previous inequality to obtain

0 x3 2 0 T3
lo/16 < / (/ éi(x,y>dx) dy + / / (2 0) + €2 (20, 40) /2]y
—lo foits) —lo Yo

B 0 T3 B
< CK / / € aal, ) da dy + Clo K2
—lg Jxg

v ([0 2 2
+ 1 /l / |t (2, y0) + €2 (2, y0) /2| dady
—to Y To

(7.3) _ _ _ _
< CKSh™2+ CloK? + 6'21)/* < CKsh™2 + CloK? + 1o/32.

1/2

using the assumption that § < ly/(32)2. We have obtained
lp/32 < K6h™2 4 [gK?,

which implies

K = max |€(z,y)|*dz > C4 T/\l .

y€(—1o,0) xo
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The next lemma shows that coarsening costs energy:
Lemma 7.8. Let
1/2 1/2
a:= / €2(x,0) de, b:= max / & (z,y) d,
~1/2 ye(=10,0) J—1/2

and assume
b > 4a, h% < Da (7.23)

for some constant D > 0. Then there exists a constant Ca(D) > 0, depending on D, such that

1/2 1/2
/ / xydxdy—l—h2/ / mxydxdy
lo 1/2 lo

1/2 B
/l / ‘uxx x,y) —1—52 (x,y /2| dzdy > Co(D)hVTLlog(b/a), (7.24)

1/2
where b :=b A (8Cin) "

Proof. Let B
N := |logy(b/a)/2] > 1,
where N > 1 follows from (7.23) and the fact that 4a = 2win=2 < 2¢2 772 < (8C;) ™! (the last

inequality is a smallness condition on ¢,). Then b > 22Vq and for i = 0,..., N we can define
1/2 A
y; *=max s y € [—lp,0] : / (x,y)dx = 2%a
—-1/2

(note that yo = 0).
We will prove that for ¢ =0,..., N —1 the left-hand side of (7.24) in (yi+1,yi) X (—1/2,1/2)
is of order at least hv/7L. Fix i € {0,...,N —1}. We see

4 1/2 1/2 Yi 2
%= [ @i [ Eu(x.v)dy | + (. y)| do
—-1/2 —-1/2 Yit1
2
1/2 | prus 1/2
< 2/ {y(z,y)dy| dz+ 2/ & (x, yi) da (7.25)
—1/2 |Jyiza —-1/2
1/2
i / "€ (2, y)dydz + 2 2%a,
1/2 Jyita
which immediately implies
172 ryi )
(yi — yH_l)/ / §i(z,y) dy dz > 2%a. (7.26)
—1/2Jyita

By Lemma 7.6, for any y € (—lp, 0) either

1/2
/ |uxxxy)—|—§2 a:y/Q‘ dz > 1/256

or else

1/2
/ fi(m,y)dxz 1/4.
~1/2
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In the latter case, for y € (y;+1,¥;) it follows from the interpolation inequality (7.7) that

1/2 2
1/16 < / € (x,y) dx
~1/2
1 1
1/2 2 1/2 2 1/2
<c2, (/ 52(x,y>dw> (/ %m@:y)d) +/ 2(a,y) da
—1/2 —1/2 —1/2
1/2 1/2
<202, / 2(a,y) da / € (r.y)da | +202,F
~1/2 ~1/2

<207 22(i+1)a/1/2 €2, (x,y) da + 2Cnt
— wnt _1/2 LT\ 64012nt’

and we can absorb the last term into the left-hand side to get

y LT

4 1/2
22(”1)@/ 2 (zy)de > 1.
~1/2

Using (7.23) we obtain

1/2 1/2
/ |t o, y) + €2, (2, ) /2| dw+h2/ 2z y)da
1/2

> min (1/256, K2/ (aQQ(Hl))) > C(D)

We integrate this inequality in y over (y;+1,v;) and use (7.26) to get

1/2 v r1/2
/ §2 (z,y dxdy+h2/ / 2m(:v y) dz dy
Yit1 1/2 Yig1 7 —1/2

Corve 7L 2%a (yi — yis1)h?
+/ / Ugp (T, Y + & (z,y)/2]" dzdy > ————— + C(D)~2—"
Yir1 71/2‘ (#.9) +€a(@0)/ ‘ 8 Yi — Yit1 (D) 22%iq

> C(D)hVTL,

where the last inequality follows from the AM-GM inequality. Since N > log(b/a), summing
the previous relation for ¢ = 0,..., N — 1 implies (7.24). O

7.4 The lower bound half of Theorem 1

We are finally ready to prove the lower bound half of Theorem 1. We assume throughout
the following discussion that the assumptions of Theorem 1 are valid. As explained at the
beginning of this section, we shall argue by contradiction; in particular, shall assume that (u, )
satisfies (7.1).

By Corollary 7.5 there exist —1/2 < z9 < —7/16, —3/8 < 1 < —5/16, 5/16 < xa < 3/8,
7/16 < w3 < 1/2, such that either there exist iy € (0,L/2) with the property that for any
Yy € (—lo, 0):

<1/512,

Tl
/ o, ) — o (x, 0) dz

0

(7.27)

a3
/ ug(z,y) — ug(x,0) dz

2

<1/512,
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and
dmax(lg, 13) > Co, (7.28)

or else (7.27) holds for all y € (—L/2,0) (in this case Iy = L/2).
We use the notation from Lemma 7.8, i.e.

/2 /2
a= /1 £2(z,0) du, b= ( max /1 £2(z,y) dx) A (8Cin) L

1/2 y€(—l0,0) J—1/2

We distinguish between two cases: b > 4a (when the wrinkles are expected to coarsen) and
b < 4a (when they are not).

Case 1: b > 4a. Using the same idea as in (7.25) we get that

b< 250// ¢, dx dy + 2a.
Q

Using b > 4a and a ~ w§, the previous relation implies [[ £2, > wjly . Now it follows from (7.2)
that

§> (rL) // & > wirLig". (7.29)
Next we want to show that
_ hlg
6 > hV7rLlo <w 2 < A 1) + 1) . 7.30
g 0 \/E ( )

We distinguish two subcases, when hly/(w3v/7L) < 1 and when hly/(w3v/TL) > 1. The defini-
tion of the first subcase is equivalent to hv/7L < wirLly ! which together with (7.29) implies

wg V1L V1L

where the second-last inequality follows from the fact that the argument in the logarithm is less
than 2.

Turning to the second subcase: we must show (7.30) when hly/(wiv/TL) > 1. Let Cy be
the constant that was chosen in Lemma 7.7. We may suppose that ¢ is small in the sense that

hi hl
0= ngngl > hvVTL 2 hvTLlog ( 0 4 1) > hv1Llog <w02 <0 A 1> + 1) ,

2
wgVTL

§ < 2(Cyw?)h/TL1og ( Po 1) , (7.31)
since the opposite inequality implies (7.30). By the initial conditions (2.2)
1/2
a= / £2(z,0)dz = wir2/2,
~1/2

in particular thanks to wg > h (see (4.2)), condition (7.23) holds with D = 272, By Lemma 7.2
20 is more than the left-hand side in (7.24), and so using Lemma 7.8 and Lemma 7.7 we get
that

- 20172 [ h2
20 > CohvTLlog(b/a) > CohVTLlog 5 5 Al ). (7.32)
Wo
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We now observe using (7.31) that

20172 h31, ~ hly 201 m2h/TL

w%é B w%x/TL . 0
hlg 1
> — - ,
0

SO

h2l, hio
CyhV/TL1og | 2C 2) > OyhVTL | 1 —logl +1]]. (7.33
ShV T 0g( s w%é > CyhV'T og wg\/i og log r ( )

Since log(t) — loglog(t + 1) > log(t + 1)/2 for ¢ > 1, combination of (7.32) and (7.33) implies

5> —hﬁmm <10g ( W ) ,4log <2(;1§2>) > hv/7Llog (w02 (\ZLL A 1) + 1> ,
(7.34)

where we used that hly/ (w3 V7TL) > 1 and wg < ¢, (with ¢, sufficiently small). This completes
the proof of (7.30) in the second subcase.

We now easily conclude the validity of the lower bound half of Theorem 1 when b > 4a. In
fact, if lp < L/2 then adding (7.30), (7.29), and (7.28) gives

hl
0 2 hvTLlog <w02 <\/LL A 1> + 1) —|—w%7Ll61 + min {lal,la?’},
T

while if o = L/2 we have

hL
6 > hV/TLlog <w02 < AL)+1].
~ VTL

Case 2: b < 4a. Since b < 4a and 4a = 2w87r_2 < 22772 < (8Cin;)~! for small enough c,,

we immediately see that the value of b = maxye(_y, 0) fiﬁz €2(x,y) dz agrees with b.
To prove the lower bound in this case it is sufficient to show that

§ > min <h2w0 L, , S, (h*wy 2l +wir LI~ + min (17, 13))> : (7.35)
€

Indeed, since t > log(1 + t) we have

hl hl
2w 2l > hW/TLlo +1]>nm/7LIo <w—2 ( A 1) + 1)
0otz 8 (w% =3 = s\ \Vz

for any [ > 0, and so the desired lower bound for ¢ follows from (7.35).
The rest of this section is devoted to proving (7.35). We note for future reference that the
prescribed boundary conditions (2.2) satisfy

1€C, 0)|’%2(_1/271/2) = wgw’2/2 =a,
||§7$(.70)H%2(_1/271/2) - 2,
||£,$$('7 0)”%2(_1/2’1/2) == 872w52.
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If Hﬁ,m(‘aym%z(,l/z 12) 2 2wy ?/(8C2,,) for all y € (—L/2,0) then our task is almost
trivial, since

) > h2/ & o (z,y)dady 2 hPw; L, (7.36)

which implies (7.35).
Thus it suffices to consider the situation when |[€ ;o (-, y )HL2 (—1/2,1/2) < 2wy ?/(8C2,,) for

some y € (—L/2,0). Recalling (see Remark 7.1) that we may assume (u, §) are smooth, consider
the first yo € (—L/2,0) (i.e. the one with smallest |yg|) such that

1/2
/ 52 (z, yo)dx<ﬂ'w /(8C’Z )
—1/2

Note that by the definition of yo we have [¢% (z,y)dz > m2wy 2/(8C2,,), for all y € (yo,0),
hence

(7.3)

0 ,1/2
5 > h? / / s 2 () dady 2 hPwg?[yol. (7.37)
Yo v —

Let
0(w) = €(0,0) - E(,g0)  for w € (~1/2,1/2)

and observe that
1/2 1/2
Il = | = | 1€ 0) ~ )P s

~1/2
1/2 0
</ <|yor £ (2,y) dy) ar <l [[ &aray. (139)
-1/2 Yo Q

We now distinguish between two subcases: when |yg| > lp and when |yo| < lyp. Focusing
initially on the subcase |yo| > lp: our main task is to show that

§ > wirLyo| ™ . (7.39)

Since yo & (—lp,0), the relation b < 4a does not imply f_lﬁ2 €2(z,y0) dr < 4a. Therefore we
must consider both of the following possibilities:

(i) Suppose fi{% €2(x,y0) dor > 4a. Then the triangle inequality gives ||n||;2 > 2v/a — Va =
Va = wo/(v/2r), and (7.38) gives

w?/(272) < |Inl[2 < ool //Q €2 dzdy < |yol86/(7L),

which implies (7.39).
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(ii) Suppose f_%% €2(z,y0) do < 4a. Then we see using the interpolation inequality (7.7)

Hf,z('a?JO)‘|i2(—1/2,1/2) = (/

—-1/2

1/2

2
‘572:1:('%7 yO) dx)

) 1/2 ) 1/2 )
< 2Clnt / 3 (.’II, ?JO) dx/ §7x1‘(x7 yO) dx
~1/2 ~1/2

2 1/2 2 ’
+ 2Cint / 5 (.CL‘, y0> dx
-1/2

S 2012nt 4a 7r2w0_2/(80i2nt) + 320i2nta2
=1/2+3202,,0*> < 1,
where the last inequality holds for small enough a (hence small enough ¢,,). Therefore
Inalle = 1620502 = [1€2(90) ]2 > V2 -1,
[nazlle < €2z (022 — 1§z (yo)ll 22 S wo_l-

By interpolation (7.7)

(V2= 1) < [Inallz2 < Cinllnll12|

77,:cacHL2 + CintHnH%2'

The second term satisfies
Cintlnl72 < Cant(I16C,0) 22 + 1€C, 90) | 22)? < 16C 0 < 8Cinecp,m 2 < (V2 —1)%/2

for small enough c¢,,. Thus it can be absorbed into the left-hand side of the previous
relation. Combining these results with (7.38), we get

1< ol <//Q£?ydxdy> wg?,

L
5>z // €2 > wirLlyo| Y,
8 Q

confirming the validity of (7.39).

and so

To conclude the treatment of the subcase |yo| > lp we must show that (7.35) holds. Com-
bining (7.37) with (7.39) gives

6 2> h2wg % |yo| + waTLlyo| " (7.40)
If lp = L/2 then (7.35) follows from (7.40) (using that |yo| > lp). If on the other hand lp < L/2
then we have (using again that |yg| > o)
8 2 h2wy 2|yo| + wiTL|yo| ™ + min(ly*, 15?)
> h*w ?|yo| +wiTLlyol ™ + min(Jyol ™" [yl %),
which implies (7.35). The subcase |yo| > lp is now complete.

Turning now to the other subcase, when |yg| < lp: using Lemma 7.6 we see that for any
y € (—lo, yo) either

1/2
1/4 < / € (x,y) dx
1/2
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or

1/2
1/256 < / e o (2, 9) + €2 (2,9) /22 da. (7.41)
—1/2

If for a given y the first case is true, we use the interpolation inequality (7.7) to get

1/2
1/4 < / € (2,y) do

-1/2

1/2 % 1/2 1/2
-1/2 -1/2 1/2

Since b < 4a ~ w% and Cjpda < 1/8, the previous estimate implies
1/2
15ud [ iy

“1/2

We combine this estimate with (7.41) to get
1/2
/ B a2 (2, y) + & (2,y) /2] + K%, (2,y) dz > min(1/256, Ch*wy ) > hwg 2,
-1

where we used that wg > h (see (4.2)). We integrate this in y over (—lp,yo) to get

1/2
/ / | i)+ €5 0) 2 4 1S 9) ey 2 K205 )

This combined with (7.37) implies
§ > h2wy 2. (7.42)

Since b < 4a, we have that f1/22 £2(x,90) dr < 4a and arguing as we did earlier (in case (ii))
gives (7.39).
To conclude the treatment of the subcase |yo| < lp we must show that (7.35) holds. If
lo = L/2 then (7.42) gives
§ 2 h*wy%ly = h*wy2L/2, (7.43)

which implies (7.35). If on the other hand Iy < L/2, then we know
6 > h2wy 2lo + witLlyo| ™" + min(ly*, 15 %).
Since |yo| < lo, we have that w27 L|yo| ™" > w3 Lly", this gives
§ 2 h*wy%lo + witLlyt +min(ly ', 15 %),

which implies (7.35). This completes the treatment of the subcase |yg| < lp. The lower bound
half of Theorem 1 has now been fully established.
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