Derivative Securities, Fall 2007 — Homework 4. Distributed 10/17/07, due 10/31/07.

A solution sheet to HW3 will be posted 10/25; a solution sheet to HW/ will be posted 11/8;
no late HW’s will be accepted once the corresponding solution sheet has been posted.

1. Let F solve the SDE dF = uFdt + oF dw, where y and o are constant and w is
Brownian motion. Find the SDE solved by

(a) V(F) = AF, where A is constant
(b) V(F)=VF

(c) V(F)=cosF

(d) V(F,t) = F3¢2.

2. We continue to assume that F' solves dF = puF dt+ocF dw, where 4 and o are constant
and w is Brownian motion. Find a function V(F') such that the process t — V(F(t))
is a martingale (i.e. the SDE describing V' (F') has no dt term).

3. This problem should help you understand Ito’s formula. If w is Brownian motion,
then Ito’s formula tells us that z = w? satisfies the stochastic differential equation
dz = 2wdw + dt. Let’s see this directly:

(a) Suppose a =ty < t; < ... < ty_1 < ty = b. Show that w?(t;11) — w(t;) =
2u(t:) (w(tis) — wts)) + (w(tier) — w(ts))?, whenee
N—
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(b) Let’s assume for simplicity that t;11 —t; = (b—a)/N. Find the mean and variance
of § = SV (w(tisn) — w(t)?.
(¢) Conclude by taking N — oo that

w?(b) — w’(a) = 2/bwdw—|— (b—a).

4. Here'’s a cute application of the Ito calculus. Let w(¢) be Brownian motion (with
w(0) = 0), and consider
Bi(t) = E[w*(1)].

Show using Ito’s formula that for k = 2,3, ...,

() = gh(k 1) /  a(s) ds

Deduce that E[w?(t)] = 3t2. What is E[w®(t)]?

[Comment: the moments of w can also be calculated from its distribution function,
since w(t) is Gaussian with mean 0 and variance 1. But the method in this problem
is easier, and good practice with Ito’s lemma.|



5. Consider the solution of
ds =r(t)sdt + o(t)sdw, s(0) = so. (1)
where r(t) and o(t) are deterministic functions of time.

(a) log s(t) is a Gaussian random variable. Show that its mean is f; [r(s)— 102(s)] ds,
and its variance [ 0% (s)ds.

(b) Show that s(T') = sg exp ([? — 15T + E\/TZ) where Z is a standard Gaussian,

1 rT 1 T
F:T/O r(s)ds and 02:T/0 o?(s) ds.

[Comment: The price of a non-dividend-paying stock has the form (1) under the
risk-neutral measure, if the volatility and interest rate are deterministic functions of
time. A forward price also satisfies an equation of this form, with r(¢) = 0, if the
volatility is a deterministic function of time. According to this problem, when the
time-dependence of r(t) and o(t) is is known in advance, we can value options by
using the standard Black-Scholes formulas with r and o replaced by 7 and 7.

6. Suppose a forward price process F' has lognormal dynamics with (constant) volatility
o. Assume the interest rate is  (also constant). In HW3 we used risk-neutral valuation
to show that the time-0 value of a European option with payoff F™(T') at time T is

e T Flexp (%O'QTTL(TL - 1)) .

Let’s give a different derivation of the same result, using the Black-Scholes PDE for
options on forwards.

(a) Substitute V(F,t) = h(t)F™ into the Black-Scholes PDE. What ODE must h(t)
solve? What is the appropriate final-time condition?

(b) Verify that h(t) = e "(T=Y) F"(t) exp (%UQ(T —t)n(n — 1)) solves the ODE you
found in (a), with the appropriate final-time condition.



