
Atmospheri
 Dynami
sLe
ture 9: The mean general 
ir
ulation1 Introdu
tionAs a �rst approximation the 
ir
ulation of the Earth's atmosphere 
an be 
on-sidered to be zonally symmetri
. Considerable progress in understanding haso

urred by making this assumption. There are two major 
omponents to this
ir
ulation, the Hadley and Ferrel 
ells. The �rst is thermally driven and is duebasi
ally to the temperature gradient between equator and pole. The se
ondis more 
omplex and is due primarily to the e�e
ts of baro
lini
 eddies whoselinear aspe
ts were examined in the previous Le
ture. As we shall see these twofa
tors are not un
onne
ted and it is possible to envisage a 
omplete theory ofthe global 
ir
ulation. This does not as yet exist in a 
ompletely satisfa
toryform however mu
h progress has been made in the past three de
ades. Weexamine now the nature of both 
ells in turn.2 Hadley CellThe idea of a thermal 
ell 
aused by the meridional temperature gradient be-tween equator and pole goes ba
k to the 18th 
entury and the English physi
istHadley. He was able to explain the nature of trade winds and others later the jetstream using the same 
on
eptual framework. One question that was not reallyanswered until this 
entury was why the observed Hadley 
ell extends only toaround 30◦. We address this below. First however we 
onsider the impli
ationsof a thermally dire
t 
ell on a rotating sphere.2.1 Angular momentum 
onsiderationsLet us assume that the meridional temperature gradients set up an overturning
ell with air rising at the equator, sinking further poleward and then returningnear the surfa
e as trade winds. In a
tuality this pro
ess is aided by the presen
eof moist 
onve
tion and hen
e diabati
 heating whi
h preferentially o

urs aboveregions of high surfa
e temperature (and hen
e moisture). For our presentpurposes we shall ignore this 
ompli
ation and fo
us purely on the dire
t thermal
ir
ulation. Su
h a situation a
tually o

urs in a more pure way on Mars wherethere is no moist 
onve
tion.Consider now par
els of air leaving the equator and heading poleward. As-sume that at the height this o

urs (around the tropopause) fri
tional for
es
an be ignored. The angular momentum of su
h a par
el is easily 
al
ulatedfrom �rst prin
iples and is
M = ΩX2 + uX = Ωa2 cos2 φ + ua cosφ1



where X is the distan
e between the par
el and the axis of rotation of theEarth and where φ is latitude and a the radius of the Earth. Assuming forsimpli
ity that the par
el has no zonal momentum when it leaves the equatorthen when it rea
hes a latitude φ0 in order to 
onserve angular momentum itmust satisfy
Ωa2 = Ωa2 cos2 φ0 + u(φ0)a cosφ0or in other words it must a
quire a (westerly) zonal velo
ity of

u(φ0) = Ωa sin φ0 tan φ0 (1)The values here are very large. At 30◦ a simple 
al
ulation gives u(φ0) ∼

100ms−1 and 
learly as the latitude be
omes greater huge values would o

ur.This simple par
el 
onservation of angular momentum is the basi
 
ause ofthe subtropi
al jet stream. At su
h high velo
ities very signi�
ant instabilitypro
ess be
ome possible (as we saw in the previous Le
ture) whi
h implies thatdissipation be
omes non-ignorable.At the lower levels of the atmosphere where the return �ow towards theequator o

urs, strong dissipative pro
esses 
onne
ted to the boundary layero

ur. Nevertheless 
onsideration of a par
el of air starting its return journeyto the equator shows that angular momentum 
onservation implies that it shoulda
quire a strong easterly 
omponent as it approa
hes the equator. Hen
e thenorthern hemispheri
 northeasterly trades. The zonal 
omponent of the tradesis only of order 5−10ms−1 be
ause of the enhan
ed dissipation of the boundarylayer. These agreements with the observed 
ir
ulations of the Earth was a majorsu

ess of the Hadley model of the general 
ir
ulation.2.2 Thermal balan
e 
onsiderationsThe presen
e of the meridional temperature gradient has dynami
al impli
ationswhi
h are distin
t from the angular momentum balan
e just dis
ussed. Clearlythen the hydrostati
 relation implies that su
h gradients must 
ause gradients ofpressure (or geopotential) and hen
e 
ir
ulations. Evidently this has a di�erentdynami
al origin than the 
onservation of angular momentum. For small Rossbynumbers, whi
h is a fair approximation for most observed �ows, the balan
eimplied by these gradients is given by the thermal wind relation dis
ussed ina previous Le
ture. Here meridional gradients of temperature imply verti
algradients of zonal velo
ity. If we assume that be
ause of dissipation, velo
itiesnear the surfa
e are 
lose to zero then the observed upper level strong westerly�ows must be 
onsistent with the observed poleward temperature gradients.In order to build a model of the Hadley 
ell we need to take this thermal
onstraint into 
onsideration as well as the angular momentum one. This is ob-viously of importan
e at high latitudes sin
e here a simple minded Hadley 
ellextending from equator to pole would imply as we saw, huge zonal velo
itieswhi
h would be in
onsistent with the thermal wind relation and the roughly
onstant meridional temperature gradients of the mid-latitudes. This 
ontra-di
tion suggests that if we ignore turbulent upper atmosphere pro
esses, then2



the Hadley 
ell 
annot possibly extend to the pole. Interestingly, as we saw inthe previous Le
ture, very strong verti
al shears in the �ow lead to baro
lini
instability that tries to redu
e the poleward temperature gradient. So their ef-fe
t on a Hadley 
ell extending �too far� to the pole would be to redu
e thethermal gradients and hen
e the lo
al jet and then the extent of the 
ell- aninteresting self 
orre
tion me
hanism.Simple models illustrating these ideas were developed in the late 1970s andearly 1980s by Held, Lindzen, S
hneider, Hou, Farrell and others. We will now
onsider a model due to Held and Hou [1℄ whi
h illustrates how we may meetboth the thermal wind and angular momentum 
onstraints on the �ow andobtain a 
ir
ulation resembling the observed one. Detailed dis
ussion of thismodel is given in the book by Lindzen [2℄.2.3 Held and Hou modelThese investigators assumed zonal symmetry and the Bousinesq approximationin a tropospheri
 of depth H . In addition they assumed that the atmosphererelaxes ba
k towards a radiative equilibrium with a 
hara
teristi
 time s
ale τ .It would be more realisti
 to assume a relaxation towards a radiative-
onve
tiveequilibrium but we ignore this 
ompli
ation. Further verti
al di�usive (turbu-lent) e�e
ts are in
luded using a Lapla
ian formulation. With these assumptionsthe steady state equations of motion be
ome1
∇ · −→u = 0 (2)

∇ · (−→u u) − fv −
uv tan φ

a
=

∂
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Θ0where P = p
ρ0

and Θ is the temperature and ΘE is the radiative equilibriumtemperature whi
h is assumed to fall in a pres
ribed way towards the pole andtowards the surfa
e:
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) and Θ0 = ΘE(0, H

2
). The parameter ∆H is the fra
-tional drop in boyan
y between equator and pole while ∆V is the fra
tional1The radius of the Earth is a and we retain extra spheri
al 
oordinate terms in the momen-tum equations in order to allow for a �thermal wind� balan
e at the equator. The essentialderivation of the equations 
an be found on pp101-102 of [3℄.3



drop of the same quantity between the tropopause and the surfa
e. Zero mo-mentum and heat �uxes are assumed at the tropopause whi
h has height H. Atthe surfa
e linear stress laws of the form
ν

∂u

∂z
= Cu

ν
∂v

∂z
= Cvare assumed (heat �ux is set to zero) and verti
al velo
ities are set to zeroat both verti
al boundaries. The solutions are assumed symmetri
 about theequator implying that v = 0 at this point.The invis
id solution of these equations with no meridional 
ir
ulation is aninteresting one. It must be in radiative equilibrium (i.e. we have Θ = ΘE) andwe easily derive an equation for the non-zero zonal velo
ity uE:

∂

∂z

(

fuE +
u2

E tanφ

a

)

= −
g

aΘ0

∂ΘE

∂φThis is a thermal wind like balan
e to the radiative equilibrium potentialtemperature. If we assume zero velo
ity at the surfa
e due to the drag therethen we 
an easily integrate this equation and derive an expression for the zonalvelo
ity
uE

Ωa
=

[

(

1 + 2R
z

H

)1/2

− 1

]

cosφwith the parameter
R ≡

gH∆H

(Ωa)
2

∼ .226for reasonable values of the parameters. Note the de
rease with latitude.It may be shown either by angular momentum 
onsiderations (see the bookby Lindzen) or by dire
t 
onsideration of the numeri
al solutions that this in-vis
id non-meridional solution does not hold even approximately in the tropi
sbe
ause of the presen
e of dissipation. In the se
ond equation from (2) thedissipation term be
omes ne

essarily very large relative to the Coriolis termsviolating the basis of invis
id solutions. The invis
id solution does however holdapproximately outside the tropi
s (the Coriolis term is mu
h larger) when themeridional (Hadley) 
ir
ulation vanishes providing naturally that the dissipationis small. The properties of the solution of the equations (2) 
an be derived in alimit of small dissipation from a number of basi
 (very plausible) assumptions:1. The upper bran
h of the Hadley 
ell 
onserves angular momentum.2. The thermal wind balan
e holds i.e. hydrostati
 and geostrophi
 balan
e.3. Surfa
e winds are small 
ompared to those aloft (due to surfa
e drag).4. Thermal di�usion is small in the potential temperature equation.4



Assumption 1 
ombined with 3 means that the tropopause winds in the Hadley
ell must satisfy equation (1) sin
e par
els of air lifted from the surfa
e at theequator must have small velo
ities and then 
onserve angular momentum asthey pro
eed poleward. The geostrophi
 balan
e 
an be written
fu +

u2 tanφ

a
= −

1

a

∂P

∂φIf this is applied at the surfa
e and the tropopause and the results subtra
tedand then 
ombined with the hydrostati
 relation we obtain
f (u(H) − u(0)) +

tan φ

a

(

u2(H) − u2(0)
)

=
−gH

aΘ0

∂Θ

∂φ
(3)where Θ is the mean (with respe
t to a verti
al integral) tropospheri
 tem-perature. This equation is a variant of the thermal wind relation dis
ussedabove. If we assume that surfa
e winds are small and use the 
onservation ofangular momentum equation (1) to obtain u(H) then we have

2Ω sinφΩa sin φ tan φ +
Ω2a2 tan3 φ sin2 φ

a
=

−gH

aΘ0

∂Θ

∂φThis 
an be integrated dire
tly with respe
t to latitude φ to obtain
Θ(0) − Θ(φ)

Θ0

=
∆H

2R
sin2 φ tan2 φ (4)This shows that the 
onstraints imposed serve to determine the meridionalvariation of the mean temperature. The extent of the Hadley 
ell (i.e. where

v 6= 0) 
an now be dedu
ed along with the mean equatorial temperature byimposing boundary 
onditions for it at the edge of the 
ell and by requiringthat the diabati
 heating for
ing in the temperature equation of (2) shouldintegrate out over the domain of interest to zero: A steady state solution wouldnot be possible otherwise sin
e the heat �uxes out of the domain of the Hadley
ell are zero be
ause v = 0 outside it.Outside the area of the Hadley 
ell (i.e. at high latitudes) the atmospheremust adjust to approximate radiative equilibrium by assumption 3 above sin
ethe left hand side of the potential temperature equation from (2) vanishes whenthere is no meridional velo
ity (and hen
e no verti
al velo
ity). Thus for 
onti-nuity of potential temperature at the edge of the 
ell we require
Θ(φH) = ΘE(φH)where φH is the latitude of the 
ell edge.The no net diabati
 heating 
ondition 
an be written as

∫ φH

0

(Θ − ΘE) cosφdφ = 05



where the 
osφ is required sin
e area around latitudinal 
ir
les shrinks in thisway. Substitution of the temperature equation (4) into these two 
onditionsgives us two equations for the unknowns φH and Θ(0). The relationship between
Θ and the (mean) equilibrium is shown in Figure 1.

Figure 1: Verti
ally integrated potential temperature: Equilibrium and modelvalues.Approximate solutions 
an be obtained by assuming φ small (i.e. one makesstandard trigonometri
 approximations) and yield the relation
φH =

(

5

3
R

)1/2

∼ 35◦Remembering the de�nition of the parameterR above we see that this theorypredi
ts that the extent of the Hadley 
ell depends on the rotation rate ofthe planet as well as the relative meridional drop in the radiative equilibriumtemperature between equator and pole. On Venus where the rotation rate isvery small the Hadley 
ell may extend nearly all the way to the pole.Noti
e also from the meridional gradient of the mean temperature and equa-tion (3) that there is a dis
ontinuity in the zonal velo
ity at φH (it drops sud-denly) whi
h signi�es the formation of a jet. If we in
lude signi�
ant di�usion(the parameter κ) the solutions are smoothed out somewhat and the jet strength6



Figure 2: Tropopause values for zonal velo
ity for various values of the di�usion
κ. The theoreti
al 
urve is that derived above in the text.is redu
ed however the basi
 
hara
ter of the solutions is not greatly altered.Figure 2 is a plot of the solutions of tropopause zonal velo
ity for varying κ.Figure 3 is a plot of the stream fun
tion (for meridional velo
ity) and zonalvelo
ity over the full troposphere.The solutions are remarkably realisti
 given the simpli
ity of the model weare 
onsidering. Limitations are that the Hadley 
ell is too weak and the jet alittle too strong. The former problem is probably due to the negle
t of diabati
heating 
aused by moist 
onve
tion (whi
h winds up the 
ell strength) while thelatter may be due to the overly simple treatment of the e�e
t of baro
lini
 eddiesby a di�usive formulation. We take up this issue in another 
ontext in the nextse
tion when we 
onsider the Ferrel 
ell. One very interesting feature of thesolutions is that the strength of the meridional 
ell in
reases as the dissipationin
reases. Note however that the jet stream strength de
reases as this happens.3 Ferrel Cell and Eddies3.1 Life 
y
le of baro
lini
 eddiesIn the previous Le
ture we looked at the linear instability properties of the mid-latitude atmosphere. We found that disturban
es resembling observed synopti
storm systems and warm/
old front 
omplexes developed as a result of verti
alshears in the mean �ow. This pro
ess is known as baro
lini
 instability andobviously the fa
t that many observed disturban
es in the atmosphere resemblethese patterns means that this pro
ess is important to the general 
ir
ulation.The analysis of the previous Le
ture is limited in that disturban
es are assumed7



Figure 3: Meridional stream fun
tion and zonal velo
ity for various 
hoi
es for
κ the dissipation. Contour interval on the right is 5ms−1 and shaded valuesindi
ate negative zonal wind i.e. easterlies (the trade winds).
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to be linear. Evidently as the amplitude of su
h perturbations in
reases to val-ues 
omparable with the mean 
ir
ulation, this assumption no longer holds andvarious non-linear phenomenon (e.g. wave breaking, sho
k fronts and so on)be
ome important. Limited progress has been made in developing a generaltheory for these non-linear e�e
ts. Modelling studies 
urrently o�er us our bestanalysis tools for this 
omplex phenomenon. We study in this se
tion an ideal-ized study due to Simmons and Hoskins (1980). These investigators initializeda model of the primitive equations set on a sphere with an idealized zonally
onstant global temperature distribution and 
onsequent jet stream stru
ture.This is depi
ted in Figure 4a.

Figure 4: Zonally averaged plots of zonal velo
ity and potential temperature atthe beginning (a) and end (b) of a baro
lini
 wave life 
y
le experiment detailedin [4℄. 9



Figure 5: Horizontal stru
ture of disturban
e from previous Figure. The solid
ontours are pressure, the dashed are temperature.Noti
e the strong mid-latitude horizontal potential temperature gradients through-out most of the troposphere and the jet stream that is in approximate thermalwind balan
e with these gradients. The linearized modes of this state were then
al
ulated and the fastest growing mode (whi
h strongly resembled the modesdis
ussed in Le
ture 8) was used to perturb the model (a quite small amplitudewas used). A rapidly growing disturban
e resulted whose horizontal (surfa
e)stru
ture is displayed in Figure 5 after 5 days.After about this time no further growth o

urs (the disturban
e at this stageis 
omparable in magnitude to the initial mean state) and gradual de
ay takespla
e thereafter. The verti
al stru
ture after 10 days is displayed in Figure 5b.We noti
e a number of things have o

urred as a result of the eddy:1. The horizontal (meridional) temperature gradient has generally been re-du
ed.2. Consistent with this, the verti
al gradient in zonal velo
ity has been re-du
ed. This has made the total state mu
h less baro
lini
ally unstable.3. Westerly momentum from the jet has been transferred to the surfa
e.4. The jet has shifted poleward.3.2 Eliassen-Palm FluxClearly as a result of this eddy there have been very signi�
ant �uxes of bothzonal momentum and heat. A parti
ularly useful way of analyzing this pro
ess10



is provided by the so-
alled Eliassen-Palm �ux −→
F whi
h is de�ned as a ve
torin the y − z plane with 
omponents

Fy = −ρ0u
′v′

Fz = ρ0fRv′T ′/
(

N2H
)

H is a tropospheri
 s
ale height. This �ux is proportional to (minus) thezonal momentum �ux in the meridional dire
tion for its meridional 
omponentand to the meridional heat �ux for its verti
al 
omponent. In the 
ase thatthe quasi-geostrophi
 approximation holds the eddy adjustment is mediated byRossby waves and one may show that the Eliassen-Palm (E-P) �ux is propor-tional to the group velo
ity of these waves (see Gill, Chapter 13). The E-P �uxfor the model study above is depi
ted for times zero and eight days in Figure 6.

Figure 6: Eliassen-Palm �ux for a baro
lini
 eddy. Upward arrows indi
ate apoleward heat �ux while left dire
ted arrows indi
ate a poleward zonal momen-tum �ux. Contours indi
ate magnitude of the total �ux.11



There are a number of quite notable features here:1. At time zero there is a strong heat �ux (verti
al E-P �ux) operating onthe meridional temperature gradient. This �ux o

urs primarily near thesurfa
e. Noti
e that there is no zonal momentum �ux initially and thatthe Rossby wave �ux is upward towards the jet. These results are alsoobtained in linearized solutions.2. As the disturban
e rea
hes maturity, the Rossby waves propagate equa-torward at the level of the jet (and are a
tually absorbed here). Thisimportant pro
ess is asso
iated with a strong upper level poleward �uxof zonal momentum (
.f. the de�nition of the E-P �ux). There is nowlittle heat �ux o

urring near the surfa
e (some is o

urring at height) asthe Rossby waves have propagated verti
ally. The reason that this pro-
ess o

urs within the jet is that it has velo
ities 
omparable with thegroup velo
ity of the Rossby waves 
ausing the adjustment. Refra
tionand absorption of Rossby wave energy is therefore possible.The a
tual E-P �ux may be 
al
ulated using many years of observations of themid-latitude Northern hemisphere and one estimate is displayed in Figure 7.

Figure 7: Observed wintertime E-P �ux derived from observations (NMC anal-ysis).The agreement with the time average of Figure 6 is a
tually quite good. Thenorthward �ux of zonal momentum due to baro
lini
 eddies is evidently a verynon-linear phenomenon and not what one would expe
t from a simple-minded12



di�usive model of the e�e
t of eddies on the jet stream. Noti
e however thatthe poleward heat �ux 
an be understood with a fairly simple linear di�usivemodel of the e�e
ts of eddies and 
onsistent with this, o

urs during the linear(growth) phase of the baro
lini
 eddy life 
y
le.3.3 E�e
t of eddies on the mean stateFollowing the methodology introdu
ed in Le
ture 4 to study boundary layereddies we split the �ow into a zonal mean 
omponent A and a zonally varying
omponent A
′ whi
h satis�es A′ = 0. It is easily shown now that

dA

dt
=

d

dt
A +

∂

∂y

(

A′v′

)

+
∂

∂z

(

A′w′

)

d

dt
≡

∂

∂t
+ v

∂

∂y
+ w

∂

∂zwhi
h allows us to write the zonal momentum and temperature equations as
∂u

∂t
− f0v = −

∂

∂y

(

u′v′

)

+ X (5)
∂T

∂t
+ N2HR−1w = −

∂

∂y

(

T ′v′

)

+ Q/cpwhere X is the zonal mean stress due to small s
ale eddies (su
h as those inthe boundary layer) and Q is the zonal mean diabati
 heating due to radiationand 
onve
tion. It is interesting now to 
onsider long time averages of theseequations where the tenden
y terms are very small. Su
h a time average shouldevidently 
over at least the time s
ale of a baro
lini
 eddy. Clearly the eddy termin the �rst equation whi
h as we saw above is large in the upper troposphere,must be balan
ed by a mean meridional 
ir
ulation term from the left hand side(ignoring stress in this region). Likewise in the se
ond equation, the eddy term(in the absen
e of diabati
 heating) must be balan
ed by the verti
al adve
tionterm i.e. there must be a mean verti
al as well as meridional motion asso
iatedwith the eddies. This simple-minded analysis suggests that the baro
lini
 eddiesmust indu
e a mean 
ir
ulation. We explore this further by introdu
ing a meanmeridional mass transport stream fun
tion χ satisfying
ρ0v = −

∂χ

∂z

ρ0w =
∂χ

∂yNoti
e that the 
ontinuity equation is automati
ally satis�ed now. If we
onsider the time average 
ir
ulation then the two equations from (5) 
an nowbe 
ombined to obtain
∂2χ

∂y2
+

f2

0

N2
ρ0

∂

∂z

(

1

ρ0

∂χ

∂z

)

=
ρ0

N2





R

H

∂

∂y

(

Q/cp −
∂

∂y

(

T ′v′

)

)

− f0





∂2

(

u′v′

)

∂z∂y
−

∂X

∂z







13



If we 
onsider a double Fourier expansion for χ in y and z then the left handside of this equation is proportional to −χ and so we obtain the qualitativerelation
χ ∝ −

∂

∂y
(diabatic heating) +

∂2

∂y2
(large − scale eddy heatflux)

+
∂2

∂y∂z
(large − scale eddy momentum flux)−

∂

∂z
(stress)The �rst term drives the Hadley 
ir
ulation as dis
ussed above. This has χ >

0. The eddy heat �ux has a (positive) maximum in the (northern) mid latitudesasso
iated with baro
lini
 disturban
es (see Figure 7 above) and so the se
ondterm implies a negative χ. This mid-latitude mean 
ir
ulation is 
alled the Ferrel
ell. The eddy momentum �ux has a maximum, as we saw above, in the uppertroposphere in the subtropi
s. It follows that the third term 
ontributes apositive value to χ equatorward of the subtropi
s and a negative value polewardof this lo
ation i.e. in the mid-latitudes. Thus this term strengthens both thetropi
al Hadley 
ir
ulation and the mid-latitude Ferrel 
ir
ulation. The mid-latitude Ferrel Cell owes its existen
e purely to the presen
e of baro
lini
 eddiesand in terms of magnitude is 
onsequently 
onsiderably weaker than the HadleyCell.Referen
es[1℄ I.M. Held and A.Y. Hou. Nonlinear axially symmetri
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