Climate Dynamics

Lecture 7: Introduction to quasi-geostrophic theory

1 Introduction

In the mid-latitudes there exists a particularly useful approximation to the full primitive equations discussed in Lecture 1. This amounts to a perturbation expansion about what is known as the geostrophic flow (discussed below). The resulting dynamical equations have been used extensively to analyze synoptic variability and baroclinic instability (mid-latitude storm and frontal phenomenon). We look firstly at the so-called geostrophic relations and their corrolary the thermal wind relation both of which are particularly important in understanding basic features of the general circulation of both atmosphere and ocean.

2 The geostrophic and thermal wind relations

It is often convenient to work with pressure as the vertical coordinate (as discussed briefly in class). Students are urged to read the transformation to this coordinate frame given in Gill’s book (Section 6.17). The (altered) primitive equations become somewhat simpler: du dt + fv = −Φ_x (1) dv dt − fu = −Φ_y Φ_p = − 1 ρ u_x + v_y + ϖ_p = 0

where ϖ =^{dp}_{dt} is the pressure equivalent of vertical velocity and Φ = gz is called the geopotential (it is related to pressure at a constant height in an obvious way). The geostrophic approximation consists of ignoring the first (momentum total derivative) terms in these equations to obtain

fv = −Φ_x (2) fu = Φ_y These equations hold approximately for most mid-latitude low frequency, large scale flows in both atmosphere and ocean. What they say is that the fluid flow is along contours of equal geopotential. A viewing of a standard weather synoptic chart shows this to be the case for most weather phenomenon and is really the basis for displaying such charts.

If we differentiate the first and second equations with respect to p and substitute the hydrostatic equation (the third from (1)) we obtain fv_p = 1 ρ^2 ρ_x fu_p = − 1 ρ^2 ρ_y where it is implicitly assumed that horizontal derivatives are evaluated on constant pressure surfaces. The hydrostatic relation then shows that fv_z = − g ρ ( ∂ρ ∂x ) p fu_z = g ρ ( ∂ρ ∂y ) p Using the perfect gas law which holds for atmospheric flows this becomes fv_z = g T ( ∂T ∂x ) p (3) fu_z = − g T ( ∂T ∂y ) p This shows that in the atmosphere vertical gradients in velocity result from horizontal gradients in temperature providing that the conditions for the hydrostatic and geostrophic approximation are met as holds for the large scale slowly changing part of the atmospheric flow. The second of equations (3) is particularly significant for the atmospheric circulation as it means that the poleward gradient in temperature of the lower atmosphere implies a large zonal flow aloft i.e. the jetstream. A realistic illustration of these relations is shown in Figure 1 which shows an approximate meridional section through the North American atmosphere on a particular day.

Note the close correspondence between meridional gradients of temperature and vertical gradients of zonal velocity.

3 The quasi-geostrophic approximation

Consider a particular flow regime at a particular latitude with a characteristic flow speed U and length scale L. Now define the Rossby number Ro ≡ U fL (4) where f is the Coriolis parameter for the latitude in question. For many flows of interest in the mid-latitudes, the Rossby number is small (∼ .01 − .1) and in particular the typical flows associated with synoptic variability (weather) satisfy this condition. Consider now the (inviscid) horizontal momentum equations for such flows: It is clear that a small Rossby number means that the advection terms are small compared to the Coriolis terms. Now since we are dealing with variability with a characteristic time-scale T =^U_L <<^1_f (as obviously occurs if Ro << 1) then the tendency terms for momentum are also much smaller than the Coriolis terms. The primary balance therefore in these equations must be between the Coriolis terms and the pressure terms (there is no other term available!). This, of course, is just a restatement of geostrophic balance. It is possible now to determine the balance at the next order of approximation and this is referred to as the quasi-geostrophic balance. To do this we write −→u = −→u_g + −→u_a (5) where −→u_a is called the ageostrophic flow and is assumed to be O(Ro) smaller than the geostrophic flow −→u_g . Further we approximate the Coriolis parameter using the so-called mid-latitude β-plane assumption:

f = f_0 + βy

which holds providing that y is not large compared to radius of the earth (good for weather and ocean basin flows). For validity we must have βy << f_0. Substituting (5) into the (inviscid) momentum equations and retaining only terms of first order we obtain ∂u_g ∂t + u_g ∂u_g ∂x + v_g ∂u_g ∂y + f_0u_a + βyu_g = 0 (6) ∂v_g ∂t + u_g ∂v_g ∂x + v_g ∂v_g ∂y − f_0v_a − βyv_g = 0

Note that we can neglect the vertical advection terms because the geostrophic flow is non-divergent implying that the vertical velocity of the flow results only from the (small) ageostrophic part. This fact gives us the further equation ∇ · −→u_a + ∂ϖ ∂p = 0 The temperature equation (see Lecture 1) also simplifies somewhat because vertical advection can be neglected: If we consider small perturbations T about a mean vertical temperature profile T_0 (again good for all problems of interest) then we obtain ∂T ∂t + u_g ∂T ∂x + v_g ∂T ∂y − (σp R ) ϖ = 0 (7) σ ≡ −RT_0p^{−1}d(ln θ_0)/dp The parameter σ is called the static stability. Together with the hydrostatic equation these four equations constitute the quasi-geostrophic approximation of the primitive equations and they hold to good accuracy for weather and large scale ocean basin phenomenon in the Earth’s mid-latitudes. Notice that they tell us how the geostrophic velocity evolves in time.

4 Linearization and Rossby waves

We may apply the quasi-geostrophic approximation to the shallow water equations derived in Lecture 3 as describing the horizontal flow of the linearized equations about a state of rest (the resulting equations represent the linearization of the full quasi-geostrophic equations about a state of rest). If we do this we obtain the quasi-geostrophic version of the shallow water equations:

(U_g )_t − f_0V_a − βyV_g = 0

(V_g )_t − f_0U_a − βyU_g = 0 h_t + c^2_n(U_{ax} + V_{ay} ) = 0 V_g ≡ 1 f_0 h_x U_g ≡ − 1 f_0 h_y If we take the curl of the first two equations and substitute for the divergence of the ageostrophic flow from the third equation we obtain and equation for h alone: ( ∇^2h − f^2_0 c^2_n h ) t + βh_x = 0

Consider now a general wave-like solution of the form h = h_0exp (i(ωt − kx − ly) then substitution easily produces the relevant dispersion relation

iω(k^2 + l^2 + f^2_0 c^2_n

) + βik = 0 or ω = −βk k^2 + l^2 +^{f 20}_{c2n} which is the same functional form as the Rossby waves on the equatorial beta plane discussed in Lecture 4 providing the identification l^2 +^{f 20}_{c2n} =^{β(2n+1)}_{cn} is made. Note the similarity of this to the WKB formula (16) in that Lecture (recall the eigenvalue condition which led to the dispersion relation (5)). The quasi-geostrophic approximation is in some sense then the WKB approximation of the equatorial beta plane for disturbances some distance from the equator.