
Atmospheri DynamisLeture 5: Quasigeostrophi theory1 Pressure as a vertial oordinateThe primitive equations an be rewritten in a somewhat more tratable form ifwe onsider pressure as a vertial oordinate. In general pressure drops mono-tonially with altitude so this amounts usually to just a strething transforma-tion. The use of the hydrostati equation and elementary alulus allows us torewrite the horizontal momentum equations in a somewhat simpler form as
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(1)where the �eld Φ ≡ gz is alled the geopotential and the total derivative beomes
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is the pressure oordinate vertial veloity. The hydrostatiequation an easily be transformed to
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(2)Rederivation of the ontinuity equation in pressure oordinates (Holton se-tion 3.1) results in a onsiderable simpli�ation to a solenoidal form:
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= 0 (3)Finally the �rst law of thermodynamis an be written as
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∂pis alled the stati stability parameter whih ombines the mehanial energyterm and the vertial advetion of temperature. It typially has a value of
5 × 10−4K(Pa)−1 in the mid troposphere.We have a new set of �ve variables u, v, ω, Φ and T (we are negleting thee�ets of humidity for the present) with �ve equations.1



2 Geostrophy and the Rossby numberAs was mentioned in the previous leture, large sale mid latitude (synopti)variability is haraterized by an approximate balane between the pressuregradient term and the Coriolis term in the horizontal momentum equations.The former an be replaed with the geopotential gradient term if we onsiderthe pressure oordinate equations. If we hoose a typial wind sale U andhorizontal length sale L as well as assume a partiular latitude by seleting aCoriolis parameter f0 then this balane an be expressed through the Rossbynumber
Ro =

U

f0Lhaving a value muh smaller than unity. This follows sine the Rossby num-ber gives the ratio in magnitude of the total time derivative and Coriolis termsin the horizontal momentum equations. In pressure oordinates this balaned�ow (the geostrophi �ow) is given by
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(5)In a horizontal sense then this �ow is at right angles to the gradient vetorof geopotential i.e. it is tangential to the ontours of geopotential. It is easilyheked that the horizontal divergene of this �ow vanishes implying that anysuh divergene in synopti �ow must arise from a deviation from geostrophibalane. Note that the ontinuity equation implies that vertial veloity (inpressure oordinates at least) is the vertial integral of horizontal divergeneand so must also arise from (small) deviations from geostrophi �ow.3 Quasigeostrophi �owA useful way to analyze synopti variability is to split the �ow into geostrophiand ageostrophi parts. For small Rossby numbers the latter omponent is small(the ratio of the magnitudes is approximately Ro) and so we an simplify ourequations using a perturbation analysis. Formally we write

−→u = −→u g + −→u ainsert this deomposition into equations (1), (2), (3) and (4) and retain onlyterms of �rst order in Ro (the geostrophi terms of order unity drop out). It isommon also to assume that the ratio of the variation in the Coriolis parameterto the mean value f0 is also of the same order as Ro. This assumption is knownas the beta plane approximation and allows us to write (by linearization)
f = f0 + βyand assume that
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The momentum equations then beome
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∂yNote that the vertial advetion term has vanished beause the geostrophiomponent of the vertial veloity is zero. Note also that the geopotential hasvanished due to the removal of the geostrophi balane terms. Every term inequation (6) has magnitude of order Ro. Sine the geostrophi �ow is non-divergent the ontinuity equation beomes
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= 0 (7)whih shows that vertial veloities assoiated with synopti �ows derivefrom the ageostrophi �ow. The hydrostati equation remains the same asequation (2) and beomes simply a diagnosti equation for the geopotential.Finally the temperature equation simpli�es to
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(8)where the over bar means a horizontal average (we are assuming horizontalvariations in temperature are small relative to vertial ones). We are assuming
Ttot(x, y, p, t) = T0(p) + T (x, y, p, t)where T0(p) is the horizontal mean temperature.Equations (5), (6), (7), (2) and (8) onstitute a solvable set of equationsin the variables −→u a,−→u g, ω, Φ and T and are known as the equations for thequasigeostrophi �ow. They are fundamental to the dynamial analysis of thesynopti �ow.4 VortiityThe vertial omponent of vortiity (we shall all this simply vortiity) asso-iated with the geostrophi �ow in the quasigeostrophi approximation is apartiularly useful dynamial variable. It is easily related to geopotential bydi�erentiating the �rst equation of (5) by x and subtrating the y derivative ofthe seond
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Figure 1: Idealised geopotential patternwhih implies a partiularly simple relation between geostrophi vortiityand geopotential whih reverses when a swith is made between hemispheres.Consider a simple geopotential pattern
Φ = sin(kx) sin(ly)whih is displayed in Figure 1 for k = l = 8π. The geostrophi �ow is alongthe ontours of geopotential and is easily shown in the Northern hemisphere tobe lokwise around the geopotential minima (lows) and onversely around themaxima (highs). In the Southern hemisphere the diretion reverses beause theCoriolis parameter reverses sign. The vortiity is given by
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(k2 + l2) sin(kx) sin(ly)i.e. overlaying the geopotential pattern but with the reverse sign. Thegreater the wavenumbers k and l the more rapid the irulation around thevorties.A prognosti equation for the geostrophi vortiity is obtained by a similarmanipulation using equations (6):
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− βvgwhere we have used the fat that the (horizontal) divergene of the gesotrophi�ow is zero. This may be easily rearranged to read
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∂pThis is the vortiity equation for quasi-geostrophi �ow and is to be om-pared with more general equations from the third leture. Note that the totalvortiity ςg + f an hange as a result of the vertial strething of vortex tubes(third term) or as a onsequene of the horizontal advetion of relative andplanetary vortiity (seond term). 4


