
Atmospheri DynamisLeture 2: The foring for the primitive equations and physialparameterization1 Summary of primitive equations with usualapproximationsThe approximations deployed ommonly in large sale atmospheri applia-tions are the hydrostati and the neglet of various Coriolis and spherialoordinate terms detailed in setion 6.4 of Leture 1. The three momentumequations are therefore
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+ ∇ · −→u = 0 (5)and �nally the equation of state

ρ = ρ(q, T, p) (6)Thus we have seven equations in the seven unknowns (u, v, w, ρ, p, T, q).But as you will note foring terms have been inserted in several of the equa-tions whih represent ertain unspei�ed physial proesses whih need tobe spei�ed in terms of our seven unknowns. We now disuss in detail thevarious physial proesses whih ause these foring terms and how they areusually represented in atmospheri models.1



2 Diabati heating FT2.1 RadiationSolar radiation impinges on the top of the atmosphere at a roughly onstantrate (the Solar onstant). This radiation is either absorbed by the earth andthen reradiated as terrestial radiation or else it is re�eted diretly bak tospae (by the surfae or by louds). The solar radiation spetrum peaks inthe visible range whereas the terrestial radiation peaks in the infrared andso they are referred to respetively as short and long-wave radiation. Theirdi�ering wavelengths re�et their di�ering thermal origins (one on the solarsurfae and the other from the earth). Within the atmosphere short-waveradiation is absorbed primarily by ozone (in the stratosphere) and aerosols(dust). It is absorbed at the surfae by both land and oean. Long-waveradiation is absorbed primarily by water vapor but also by arbon dioxideand other trae gases.Within the atmosphere the presene of long-wave absorbers (mainly mois-ture) ensures that the surfae of the earth is signi�antly warmer than wouldotherwise be the ase. This is known as the greenhouse e�et. ConsiderFigure 1 whih represents an idealization of this situation.

Figure 1: Idealization of the atmospheri greenhouse e�et.where the symbols represent the radiative �uxes and e is the fration ofthe upward long-wave radiation absorbed. Unless the �ux into an objetequals the �ux out then that objet is not in radiative equilibrium and itstemperature will adjust. Let us assume for the sake of argument that oursystem is in equilibrium (see however below). This means that for the surfaewe must have
K = I + B2



while for the system as a whole we have
I = B + (1 − e)K.Subtrating the equations leads to

K =
I

1 − e/2Using the blak-body formula that the temperature of a body with aertain inident radiative �ux is proportional to T 4 we obtain the surfaetemperature Ts in terms of the temperature Tna that would apply in theabsene of absorbers
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TnaIf e = 1 then the greenhouse temperature is approximately 20% abovethe no atmosphere ase whih amounts to roughly 50◦K. Note that in thisase the absorber temperature is obviously Tna. This is a rough model of theradiative equilibrium for the deep tropial surfae and atmosphere where theabsorber is taken as the troposphere.In reality the absorbers (mainly moisture) vary strongly as a funtion ofheight but the general priniple remains the same. The alulation for thereal atmosphere is known as a radiative transfer omputation and involvesthe preise values of e appliable to the onentration of absorbers as wellas the (radiation) frequeny dependeny. When this is performed the result-ing radiative equilibrium temperature pro�le in the vertial usually roughlyresembles the solid line in Figure 2.

Figure 2: Observed (dotted) and radiative equilibrium (solid) vertial pro�leof temperature within the atmosphere.3



Also drawn on this Figure as a dotted line is the observed temperaturepro�le. Clearly the atmosphere is not in radiative equilibrium and instead,over most of the troposphere, radiation is a ooling in�uene. The reasonthis happens is beause the radiative pro�le is unstable to onvetion of twotypes whih we will disuss in more detail below. The radiative transferalulation is known in priniple highly aurately. Unfortunately what isnot known very aurately is the physis ontrolling the nature and positionof the atmospheri re�etors and absorbers. The greatest di�ulty is usuallywith prediting the position and omposition of louds.2.2 Convetion2.2.1 Dry Stati StabilityPartiular vertial pro�les of density in �uids may or may not be gravita-tionally stable (the atmospheri radiative equilibrium is in general not). Anobvious way to test this is to onsider two arbitrary parels of the �uid andmove one vertially (and adiabatially) up to the height of the other. Ifit is less dense than the unmoved parel then the system is gravitationallyunstable and the parels will exhange vertial ordering given a very smallperturbation of the system (and usually very rapidly too). Suh an exhangeis alled onvetion and usually ours on small horizontal sales. We anderive a riteria for determining if a given pro�le is unstable or not: Thedi�erential form of the heat equation (3) without heating an be ombined1with the hydrostati equation (2) to give the temperature equation for anadiabati asent of a parel.
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cpwhere Γ is alled the dry adiabati lapse rate. For the atmosphere where
α = T−1 to a good approximation (sine it is lose to an ideal gas) wehave Γ = g/cp ≈ 10◦K per kilometer. Notie from Figure 2 that the ra-diative equilibrium pro�le temperature dereases signi�antly more rapidlywith height than this. If we ompare the density of the parel raised adiabat-ially with another remaining in plae at this higer level then the equation ofstate tells us that sine the two parels have the same pressure that the ma-jor determinant of density di�erene is the temperature di�erene between1after onversion to a form to show variations in z4



them. In the atmosphere one an ignore to �rst degree the moisture (traer)e�et on density and the ondition for stability is therefore simply that thetemperature of the atmosphere not drop with height at a rate greater thanthe dry adiabati lapse rate Γ. If this ondition is not met then parels anrise with impunity (i.e. if they are perturbed very slightly) and the vertialolumn beomes unstable. A proess known as onvetion then results inthe olumn overturning or mixing until stability is restored. In the oeanat very high latitudes the massive ooling of the oean by the atmosphereresults in the surfae water beoming older than that at depth and then thevertial olumn beomes unstable and oeani onvetion takes plae. In theatmosphere the onvetion proess mentioned is not the most important formof onvetion beause of the presene of moisture and its assoiated phasehanges whih add heat to parels thereby hanging their stability properties.2.2.2 Moist stati stabilityIn general the atmosphere an only hold a partiular amount of water vaporat a given temperature and pressure. This amount is referred to as thesaturation spei� humidity qs. The greater the temperature of an air parelthe greater its saturation spei� humidity. If the temperature of a pareldrops beause of vertial motion so that its moisture ontent q > qs thenondensation takes plae. This involves the onversion of vapor to liquid andthe release of latent heat. The amount of heat per unit volume of moist airis given by
dQ = Lvρdqwhere Lv is alled the latent heat of vaporization and has the large ap-proximate value of 2.5 × 106Jkg−1. In the tropis there is about 20g ofmoisture per kilogram of air (whih oupies about 1m2). If all this was on-densed (as happens in a thunderstorm with updrafts) then around 50, 000joules would be released. Clearly this is a non-trivial amount of heat and itturns out that latent heating is the engine for most tropial irulations suhas hurrianes and the like.Consider now a saturated olumn of air. The stability properties here arelearly di�erent to the dry ase onsidered previously. If a parel is liftednow a ertain amount of latent heat will be released as the exess moisture isondensed. The parel will thus be less dense when it is ompared with theupper parel relative to the ase of dry adiabati parel asent. It follows thata olumn may be stable with respet to dry proesses but not with respet5



to moist ones. Suh a senario is alled onditional stability and typiallyholds on average in the troposphere beause saturated olumns (louds!) arenot always ahievable in a given loale. One an de�ne a so-alled pseudo-adiabati lapse rate Γs whih represents the rate at whih temperature woulddrop in a saturated parel if it was lifted with only heat being added throughondensation. Typially this has values of around 5 − 6◦K per kilometer.i.e. onsiderably less than the dry value.One feature of moist onvetion makes it very di�erent to the dry proessand that is its �diretionality�. A saturated parel an be raised and beomemore buoyant than its surroundings due to latent heat release but the op-posite does not our as it does in the dry ase. In general if one lowers aparel it beomes unsaturated and there is no absorption of latent heat. Thereverse proess an our under very partiular irumstanes if it is able toretain liquid water and re-evaporate it as it desends. Suh a proess anour in a thunder loud and is alled a downburst.2.2.3 Dynamial impliations of moist onvetionThe tropial atmosphere is strongly in�uened by the release of latent heat inthe massive rainfall events that take plae there. In general, a heat soure ina �uid subjet to gravitation, drives an overturning ell with uplift ourringin the viinity of the heating. Due to ontinuity this implies onvergene inthe lower atmosphere and divergene aloft. In a later leture we shall derivea mathematial model of this proess.There are two major tropial ells aused primarily by this heating. Oneours in the meridional (latitude) diretion and is alled the Hadley Cell.The other ours in the zonal (longitude) diretion and is alled the WalkerCell. To see why this ours onsider Figure 3 whih maps the major areasof moist onvetion in the tropis for last month (a typial situation).
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Figure 3: A typial map of global outgoing long wave radiation (OLR).The Figure displays the temperature of objets emitting long-wave radia-tion to spae (Outgoing Long-wave Radiation or OLR). Low temperatures areassoiated with loud tops while high temperatures are assoiated with thesurfae. Thus the lower the temperature in general the greater the tropialrainfall ativity and hene the greater the latent heating. Notie that mostheating ours near the equator but also in very spei� loations (partiu-larly in the Indonesian region). Overturning ells therefore develop betweenthe equator and the subtropis (notie the absene of rain here due to theindued downward motion) but also between equatorial regions of di�eringlongitudes. Note the absene of rain in the eastern equatorial Pai� againaused by downward motion.Another signi�ant feature of moist onvetion is that, regarded as aheat engine, it is able to automatially supply its own fuel: The onvergentirulation indued in the lower atmosphere means that the water vapor thatis lost during rainfall an be replaed by vapor imported horizontally fromlarge distanes away. The distribution of water vapor in the vertial shows astrong exponential fall o� from the surfae (see below) so therefore the lowerlevel moisture onvergene is muh more e�etive at importation than themoisture export due to upper level divergene. This positive feedbak proessis responsible for the persistene and oasional rapid growth of tropial7



rainfall systems with the most spetaular example being the hurriane. Italso ensures the ubiquity and dynamial dominane of tropial onvetion onthe Earth.One of the greatest unertainties in limate models is the desriptionof moist onvetion. Clearly it involves a huge range of length and timesales from ondensate motion through loud formation and up to globalirulations. Clearly this entire turbulent like proess is not resolvable andthe e�ets of the small sale features suh as louds may only be treated in astatistial sense on the larger sales able to be modeled in a limate ontext.The proess by whih this is done is alled onvetion parameterization andis an area of onsiderable researh and unfortunately (but neessarily) adho formulation. This unertainty also a�ets the radiation alulation sinemoisture in all its forms is radiatively ative.3 Turbulent Transfer3.1 VertialThe surfae of the earth, whether it be the oean or the land, representsa sharp disontinuity in �uid properties. This means that it is an e�etivegenerator of turbulent motion in both atmosphere and oean. The turbu-lene is generated by shears in urrents and winds and by onvetion ausedby the often quite di�erent oean/land and atmosphere temperatures. Inthe atmosphere this turbulene is typially greatest in a region referred toas the atmospheri boundary layer whih is about 1km thik. In the oeanthe equivalent region is known as the mixed layer and is typially 30− 100min depth. In these zones there are typially very strong vertial �uxes ofmomentum, heat and traers. At the earth's surfae these �uxes math andthis exhange between oean and atmosphere is fundamental to understand-ing the limate system. Unfortunately, as with moist onvetion, it is notpratial to resolve the large range of sales assoiated with this motion inlimate models. Resort is made to (turbulene) parameterization again andthis also remains an area of signi�ant unertainty in models.The foring terms for the primitive equations due to turbulene are typi-ally written in terms of the �uxes of momentum, heat and traers. Thus the�ux of momentum is the time rate of hange of momentum passing upwardthrough a unit horizontal area. This is ommonly alled the stress −→
X and8



has units of Newtons per square meter. The aumulation of momentum ina unit volume is easily seen to be the vertial gradient of the stress so theforing term may be written
−→
F =
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∂zwhere we are now using z as our vertial oordinate. In a similar mannerthe heat �ux H is spei�ed in units of Watts per square meter and then theforing term for the heat equation may be written
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∂zA similar equation applies for traers. The key to parameterizing thevertial turbulene obviously lies in the spei�ation of the �uxes. A typialformulation is to assume that the �ux is proportional to the vertial gradientof the quantity of interest e.g. for momentum
−→
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∂zand then speify the oe�ient ν in terms of the loal suseptibility of the�uid to turbulene or mixing. This an sometimes be measured as a funtionof the so-alled gradient Rihardson number (a dimensionless number)
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∂ρ/∂zNote that if ν is treated as a onstant we get a Laplaian term for theturbulent transfer. This is known as a laminar Ekman �ow.The �uxes at the �uid interfae are ritial for the large sale dynamialoupling between oean and atmosphere and many attempts have been madeto measure them. Empirial formulae exist and a typial set are
−→
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(7)where the c oe�ients are dimensionless numbers that are lose to unity.The variables −→u , T and q are the veloity, temperature and humidity at a9



typial measurement height above the surfae (around 10m). The s sub-sripted variables are the surfae values while E measures the evaporationrate and Qs the sensible (turbulent) heat �ux. Note that evaporation is anupward �ux of moisture in the atmosphere but of heat in the oean. In thetropis the �uxes −→X and E are very important foring terms for determiningthe oean irulation as we shall disover in later letures.3.2 HorizontalIn both atmosphere and oean horizontal eddying is an important proesshowever the sales are very di�erent. The typial atmospheri eddies of im-portane are the synopti storm systems and these are usually quite wellresolved in limate models as they have a typial dimension of 1000km. Ofourse onvetive systems are more problemati beause of the onvetionparametrization issue. In the oean the typial horizontal eddy size is muhsmaller (around 20 − 50km) and therefore they are often rudely param-eterized in an analogous fashion to the vertial turbulene. Reent largeinreases in omputing power has meant that oean resolution is beomingmore pratial and many so-alled eddy resolving oean models are beingexplored.
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