
Atmospheri
 Dynami
sLe
ture 2: The for
ing for the primitive equations and physi
alparameterization1 Summary of primitive equations with usualapproximationsThe approximations deployed 
ommonly in large s
ale atmospheri
 appli
a-tions are the hydrostati
 and the negle
t of various Coriolis and spheri
al
oordinate terms detailed in se
tion 6.4 of Le
ture 1. The three momentumequations are therefore
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+ ∇ · −→u = 0 (5)and �nally the equation of state

ρ = ρ(q, T, p) (6)Thus we have seven equations in the seven unknowns (u, v, w, ρ, p, T, q).But as you will note for
ing terms have been inserted in several of the equa-tions whi
h represent 
ertain unspe
i�ed physi
al pro
esses whi
h need tobe spe
i�ed in terms of our seven unknowns. We now dis
uss in detail thevarious physi
al pro
esses whi
h 
ause these for
ing terms and how they areusually represented in atmospheri
 models.1



2 Diabati
 heating FT2.1 RadiationSolar radiation impinges on the top of the atmosphere at a roughly 
onstantrate (the Solar 
onstant). This radiation is either absorbed by the earth andthen reradiated as terrestial radiation or else it is re�e
ted dire
tly ba
k tospa
e (by the surfa
e or by 
louds). The solar radiation spe
trum peaks inthe visible range whereas the terrestial radiation peaks in the infrared andso they are referred to respe
tively as short and long-wave radiation. Theirdi�ering wavelengths re�e
t their di�ering thermal origins (one on the solarsurfa
e and the other from the earth). Within the atmosphere short-waveradiation is absorbed primarily by ozone (in the stratosphere) and aerosols(dust). It is absorbed at the surfa
e by both land and o
ean. Long-waveradiation is absorbed primarily by water vapor but also by 
arbon dioxideand other tra
e gases.Within the atmosphere the presen
e of long-wave absorbers (mainly mois-ture) ensures that the surfa
e of the earth is signi�
antly warmer than wouldotherwise be the 
ase. This is known as the greenhouse e�e
t. ConsiderFigure 1 whi
h represents an idealization of this situation.

Figure 1: Idealization of the atmospheri
 greenhouse e�e
t.where the symbols represent the radiative �uxes and e is the fra
tion ofthe upward long-wave radiation absorbed. Unless the �ux into an obje
tequals the �ux out then that obje
t is not in radiative equilibrium and itstemperature will adjust. Let us assume for the sake of argument that oursystem is in equilibrium (see however below). This means that for the surfa
ewe must have
K = I + B2



while for the system as a whole we have
I = B + (1 − e)K.Subtra
ting the equations leads to

K =
I

1 − e/2Using the bla
k-body formula that the temperature of a body with a
ertain in
ident radiative �ux is proportional to T 4 we obtain the surfa
etemperature Ts in terms of the temperature Tna that would apply in theabsen
e of absorbers
Ts =

(

1

1 − e/2

)1/4

TnaIf e = 1 then the greenhouse temperature is approximately 20% abovethe no atmosphere 
ase whi
h amounts to roughly 50◦K. Note that in this
ase the absorber temperature is obviously Tna. This is a rough model of theradiative equilibrium for the deep tropi
al surfa
e and atmosphere where theabsorber is taken as the troposphere.In reality the absorbers (mainly moisture) vary strongly as a fun
tion ofheight but the general prin
iple remains the same. The 
al
ulation for thereal atmosphere is known as a radiative transfer 
omputation and involvesthe pre
ise values of e appli
able to the 
on
entration of absorbers as wellas the (radiation) frequen
y dependen
y. When this is performed the result-ing radiative equilibrium temperature pro�le in the verti
al usually roughlyresembles the solid line in Figure 2.

Figure 2: Observed (dotted) and radiative equilibrium (solid) verti
al pro�leof temperature within the atmosphere.3



Also drawn on this Figure as a dotted line is the observed temperaturepro�le. Clearly the atmosphere is not in radiative equilibrium and instead,over most of the troposphere, radiation is a 
ooling in�uen
e. The reasonthis happens is be
ause the radiative pro�le is unstable to 
onve
tion of twotypes whi
h we will dis
uss in more detail below. The radiative transfer
al
ulation is known in prin
iple highly a

urately. Unfortunately what isnot known very a

urately is the physi
s 
ontrolling the nature and positionof the atmospheri
 re�e
tors and absorbers. The greatest di�
ulty is usuallywith predi
ting the position and 
omposition of 
louds.2.2 Conve
tion2.2.1 Dry Stati
 StabilityParti
ular verti
al pro�les of density in �uids may or may not be gravita-tionally stable (the atmospheri
 radiative equilibrium is in general not). Anobvious way to test this is to 
onsider two arbitrary par
els of the �uid andmove one verti
ally (and adiabati
ally) up to the height of the other. Ifit is less dense than the unmoved par
el then the system is gravitationallyunstable and the par
els will ex
hange verti
al ordering given a very smallperturbation of the system (and usually very rapidly too). Su
h an ex
hangeis 
alled 
onve
tion and usually o

urs on small horizontal s
ales. We 
anderive a 
riteria for determining if a given pro�le is unstable or not: Thedi�erential form of the heat equation (3) without heating 
an be 
ombined1with the hydrostati
 equation (2) to give the temperature equation for anadiabati
 as
ent of a par
el.
dT

dz
= −Γ ≡

gαT

cpwhere Γ is 
alled the dry adiabati
 lapse rate. For the atmosphere where
α = T−1 to a good approximation (sin
e it is 
lose to an ideal gas) wehave Γ = g/cp ≈ 10◦K per kilometer. Noti
e from Figure 2 that the ra-diative equilibrium pro�le temperature de
reases signi�
antly more rapidlywith height than this. If we 
ompare the density of the par
el raised adiabat-i
ally with another remaining in pla
e at this higer level then the equation ofstate tells us that sin
e the two par
els have the same pressure that the ma-jor determinant of density di�eren
e is the temperature di�eren
e between1after 
onversion to a form to show variations in z4



them. In the atmosphere one 
an ignore to �rst degree the moisture (tra
er)e�e
t on density and the 
ondition for stability is therefore simply that thetemperature of the atmosphere not drop with height at a rate greater thanthe dry adiabati
 lapse rate Γ. If this 
ondition is not met then par
els 
anrise with impunity (i.e. if they are perturbed very slightly) and the verti
al
olumn be
omes unstable. A pro
ess known as 
onve
tion then results inthe 
olumn overturning or mixing until stability is restored. In the o
eanat very high latitudes the massive 
ooling of the o
ean by the atmosphereresults in the surfa
e water be
oming 
older than that at depth and then theverti
al 
olumn be
omes unstable and o
eani
 
onve
tion takes pla
e. In theatmosphere the 
onve
tion pro
ess mentioned is not the most important formof 
onve
tion be
ause of the presen
e of moisture and its asso
iated phase
hanges whi
h add heat to par
els thereby 
hanging their stability properties.2.2.2 Moist stati
 stabilityIn general the atmosphere 
an only hold a parti
ular amount of water vaporat a given temperature and pressure. This amount is referred to as thesaturation spe
i�
 humidity qs. The greater the temperature of an air par
elthe greater its saturation spe
i�
 humidity. If the temperature of a par
eldrops be
ause of verti
al motion so that its moisture 
ontent q > qs then
ondensation takes pla
e. This involves the 
onversion of vapor to liquid andthe release of latent heat. The amount of heat per unit volume of moist airis given by
dQ = Lvρdqwhere Lv is 
alled the latent heat of vaporization and has the large ap-proximate value of 2.5 × 106Jkg−1. In the tropi
s there is about 20g ofmoisture per kilogram of air (whi
h o

upies about 1m2). If all this was 
on-densed (as happens in a thunderstorm with updrafts) then around 50, 000joules would be released. Clearly this is a non-trivial amount of heat and itturns out that latent heating is the engine for most tropi
al 
ir
ulations su
has hurri
anes and the like.Consider now a saturated 
olumn of air. The stability properties here are
learly di�erent to the dry 
ase 
onsidered previously. If a par
el is liftednow a 
ertain amount of latent heat will be released as the ex
ess moisture is
ondensed. The par
el will thus be less dense when it is 
ompared with theupper par
el relative to the 
ase of dry adiabati
 par
el as
ent. It follows thata 
olumn may be stable with respe
t to dry pro
esses but not with respe
t5



to moist ones. Su
h a s
enario is 
alled 
onditional stability and typi
allyholds on average in the troposphere be
ause saturated 
olumns (
louds!) arenot always a
hievable in a given lo
ale. One 
an de�ne a so-
alled pseudo-adiabati
 lapse rate Γs whi
h represents the rate at whi
h temperature woulddrop in a saturated par
el if it was lifted with only heat being added through
ondensation. Typi
ally this has values of around 5 − 6◦K per kilometer.i.e. 
onsiderably less than the dry value.One feature of moist 
onve
tion makes it very di�erent to the dry pro
essand that is its �dire
tionality�. A saturated par
el 
an be raised and be
omemore buoyant than its surroundings due to latent heat release but the op-posite does not o

ur as it does in the dry 
ase. In general if one lowers apar
el it be
omes unsaturated and there is no absorption of latent heat. Thereverse pro
ess 
an o

ur under very parti
ular 
ir
umstan
es if it is able toretain liquid water and re-evaporate it as it des
ends. Su
h a pro
ess 
ano

ur in a thunder 
loud and is 
alled a downburst.2.2.3 Dynami
al impli
ations of moist 
onve
tionThe tropi
al atmosphere is strongly in�uen
ed by the release of latent heat inthe massive rainfall events that take pla
e there. In general, a heat sour
e ina �uid subje
t to gravitation, drives an overturning 
ell with uplift o

urringin the vi
inity of the heating. Due to 
ontinuity this implies 
onvergen
e inthe lower atmosphere and divergen
e aloft. In a later le
ture we shall derivea mathemati
al model of this pro
ess.There are two major tropi
al 
ells 
aused primarily by this heating. Oneo

urs in the meridional (latitude) dire
tion and is 
alled the Hadley Cell.The other o

urs in the zonal (longitude) dire
tion and is 
alled the WalkerCell. To see why this o

urs 
onsider Figure 3 whi
h maps the major areasof moist 
onve
tion in the tropi
s for last month (a typi
al situation).
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Figure 3: A typi
al map of global outgoing long wave radiation (OLR).The Figure displays the temperature of obje
ts emitting long-wave radia-tion to spa
e (Outgoing Long-wave Radiation or OLR). Low temperatures areasso
iated with 
loud tops while high temperatures are asso
iated with thesurfa
e. Thus the lower the temperature in general the greater the tropi
alrainfall a
tivity and hen
e the greater the latent heating. Noti
e that mostheating o

urs near the equator but also in very spe
i�
 lo
ations (parti
u-larly in the Indonesian region). Overturning 
ells therefore develop betweenthe equator and the subtropi
s (noti
e the absen
e of rain here due to theindu
ed downward motion) but also between equatorial regions of di�eringlongitudes. Note the absen
e of rain in the eastern equatorial Pa
i�
 again
aused by downward motion.Another signi�
ant feature of moist 
onve
tion is that, regarded as aheat engine, it is able to automati
ally supply its own fuel: The 
onvergent
ir
ulation indu
ed in the lower atmosphere means that the water vapor thatis lost during rainfall 
an be repla
ed by vapor imported horizontally fromlarge distan
es away. The distribution of water vapor in the verti
al shows astrong exponential fall o� from the surfa
e (see below) so therefore the lowerlevel moisture 
onvergen
e is mu
h more e�e
tive at importation than themoisture export due to upper level divergen
e. This positive feedba
k pro
essis responsible for the persisten
e and o

asional rapid growth of tropi
al7



rainfall systems with the most spe
ta
ular example being the hurri
ane. Italso ensures the ubiquity and dynami
al dominan
e of tropi
al 
onve
tion onthe Earth.One of the greatest un
ertainties in 
limate models is the des
riptionof moist 
onve
tion. Clearly it involves a huge range of length and times
ales from 
ondensate motion through 
loud formation and up to global
ir
ulations. Clearly this entire turbulent like pro
ess is not resolvable andthe e�e
ts of the small s
ale features su
h as 
louds may only be treated in astatisti
al sense on the larger s
ales able to be modeled in a 
limate 
ontext.The pro
ess by whi
h this is done is 
alled 
onve
tion parameterization andis an area of 
onsiderable resear
h and unfortunately (but ne
essarily) adho
 formulation. This un
ertainty also a�e
ts the radiation 
al
ulation sin
emoisture in all its forms is radiatively a
tive.3 Turbulent Transfer3.1 Verti
alThe surfa
e of the earth, whether it be the o
ean or the land, representsa sharp dis
ontinuity in �uid properties. This means that it is an e�e
tivegenerator of turbulent motion in both atmosphere and o
ean. The turbu-len
e is generated by shears in 
urrents and winds and by 
onve
tion 
ausedby the often quite di�erent o
ean/land and atmosphere temperatures. Inthe atmosphere this turbulen
e is typi
ally greatest in a region referred toas the atmospheri
 boundary layer whi
h is about 1km thi
k. In the o
eanthe equivalent region is known as the mixed layer and is typi
ally 30− 100min depth. In these zones there are typi
ally very strong verti
al �uxes ofmomentum, heat and tra
ers. At the earth's surfa
e these �uxes mat
h andthis ex
hange between o
ean and atmosphere is fundamental to understand-ing the 
limate system. Unfortunately, as with moist 
onve
tion, it is notpra
ti
al to resolve the large range of s
ales asso
iated with this motion in
limate models. Resort is made to (turbulen
e) parameterization again andthis also remains an area of signi�
ant un
ertainty in models.The for
ing terms for the primitive equations due to turbulen
e are typi-
ally written in terms of the �uxes of momentum, heat and tra
ers. Thus the�ux of momentum is the time rate of 
hange of momentum passing upwardthrough a unit horizontal area. This is 
ommonly 
alled the stress −→
X and8



has units of Newtons per square meter. The a

umulation of momentum ina unit volume is easily seen to be the verti
al gradient of the stress so thefor
ing term may be written
−→
F =

1

ρ

∂
−→
X

∂zwhere we are now using z as our verti
al 
oordinate. In a similar mannerthe heat �ux H is spe
i�ed in units of Watts per square meter and then thefor
ing term for the heat equation may be written
FT =

1

ρ

∂H

∂zA similar equation applies for tra
ers. The key to parameterizing theverti
al turbulen
e obviously lies in the spe
i�
ation of the �uxes. A typi
alformulation is to assume that the �ux is proportional to the verti
al gradientof the quantity of interest e.g. for momentum
−→
X = ρν

∂−→u

∂zand then spe
ify the 
oe�
ient ν in terms of the lo
al sus
eptibility of the�uid to turbulen
e or mixing. This 
an sometimes be measured as a fun
tionof the so-
alled gradient Ri
hardson number (a dimensionless number)
Ri =

ρ

g

|∂−→u /∂z|2

∂ρ/∂zNote that if ν is treated as a 
onstant we get a Lapla
ian term for theturbulent transfer. This is known as a laminar Ekman �ow.The �uxes at the �uid interfa
e are 
riti
al for the large s
ale dynami
al
oupling between o
ean and atmosphere and many attempts have been madeto measure them. Empiri
al formulae exist and a typi
al set are
−→
X = ρcu |

−→u | −→u
Qs = ρcH |−→u | (Ts − T )
E = ρcE |−→u | (qs − q)

(7)where the c 
oe�
ients are dimensionless numbers that are 
lose to unity.The variables −→u , T and q are the velo
ity, temperature and humidity at a9



typi
al measurement height above the surfa
e (around 10m). The s sub-s
ripted variables are the surfa
e values while E measures the evaporationrate and Qs the sensible (turbulent) heat �ux. Note that evaporation is anupward �ux of moisture in the atmosphere but of heat in the o
ean. In thetropi
s the �uxes −→X and E are very important for
ing terms for determiningthe o
ean 
ir
ulation as we shall dis
over in later le
tures.3.2 HorizontalIn both atmosphere and o
ean horizontal eddying is an important pro
esshowever the s
ales are very di�erent. The typi
al atmospheri
 eddies of im-portan
e are the synopti
 storm systems and these are usually quite wellresolved in 
limate models as they have a typi
al dimension of 1000km. Of
ourse 
onve
tive systems are more problemati
 be
ause of the 
onve
tionparametrization issue. In the o
ean the typi
al horizontal eddy size is mu
hsmaller (around 20 − 50km) and therefore they are often 
rudely param-eterized in an analogous fashion to the verti
al turbulen
e. Re
ent largein
reases in 
omputing power has meant that o
ean resolution is be
omingmore pra
ti
al and many so-
alled eddy resolving o
ean models are beingexplored.

10


