Putnam Exam: Series problems

1986A3. Evaluate Y22, Arccot(n? 4+ n + 1), where Arccot ¢ for ¢ > 0 denotes the number 6
in the interval 0 < 6 < /2 with cot § = ¢.

1986A6. Let a1, as,...,a, be real numbers and let by, bs, ..., b, be distinct positive integers.
Suppose there is a polynomial f(z) satisfying the identity

n

(1—2)"f(z) =14 aa”.

i=1

Find a simple expression (not involving any sums) for f(1) in terms of by, bs,..., b, and n
(but independent of ay,as, ..., a,).

1987A6. For each positive integer n, let a(n) be the number of zeros in the base 3 represen-
tation of n. For which positive real numbers = does the series

00 xa(n)

3
n=1 n

converge?

1988A3. Determine, with proof, the set of real numbers x for which
Z <— csC — — 1>
—\n n

converges.

1988B4. Prove that if .7 a, is a convergent series of positive real numbers, then so is
Z;:O:1(an)n/(n+1)~

1990B2. Prove that for |z| < 1, |z| > 1,

1—2)1—z22)(1 —222) -+ (1 — z2971)
(z _ x)(z _ zz)(z _ 933) - (z — zj)

1+§:(1+xj)( =0

1994A1. Suppose that a sequence ay, as, as, ... satisfies 0 < a,, < ag, + ag,11 for all n > 1.
Prove that the series Y>> | a,, diverges.

1996B4. For any square matrix A, we can define sin A by the usual power series:
00 —1)
sin A — Z (-1) A2t

Prove or disprove: there exists a 2 x 2 matrix A with real entries such that
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1997A3. Evaluate
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1999A3. Consider the power series expansion

Z ™

1— x—xQ

Prove that, for each integer n > 0 there is an integer m such that

2 2 2
an+an+1 = a,,

1999A4. Sum the series
i m2n
| = 3™ (n3™ 4+ m3n)

< 1}. For (z,y) € A, let

S(z,y)= Y, a™y",
<m<y
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1999B3. Let A= {(z,y) : 0 < z,y

=

where the sum ranges over all pairs (m,n) of positive integers satisfying the indicated in-

equalities. Evaluate
lim (1 —ay?)(1 - 2%y)S(z,y).
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2000A1. Let A be a positive number. What are the possible values of 372,
are positive numbers for which 7%, z; = A?

3, given that
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2001B3. For any positive integer n, let (n) denote the closest integer to y/n. Evaluate

—(n)
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2002A6. Fix an integer b > 2. Let f(1) = 1, f(2) = 2, and for each n > 3, define
f(n) =nf(d), where d is the number of base-b digits of n. For which values of b does
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converge?



