Putnam Exam: Sequence problems

1985A3. Let d be a real number. For each integer m > 0 define a sequence {a,,(7)}, j =
0,1,2,... by the condition

a4 (0) = d/2", and am(j +1) = (am(5))* + 2am(5), j =0

Evaluate lim,, .o a,(n).

1985B2. Define polynomials f,(z) for n > 0 by fo(xz) =1, f,(0) =0 for n > 1, and

T faa(@) = (4 Dol + 1)

for n > 0. Find, with proof, the explicit factorization of fi9o(1) into powers of distinct
primes.

1987B4. Let (z1,y1) = (0.8,0.6) and let x, 11 = x, cos Yy, — Y, siny, and y,11 = T, siny, +
Yncosy, forn =1,2,3,.... For each of lim,,_.,, x,, and lim,,_. o, y,,, prove that the limit exists
and find it or prove that the limit does not exist.

1990A1. Let
T0:2, T1:3, T2:6,

and for n > 3,
Tn = (n + 4)Tn_1 — 4nTn_2 + (471, — S)Tn_g.

The first few terms are
2, 3, 6, 14, 40, 152, 784, 5168, 40576, 363392.

Find, with proof, a formula for T,, of the form T, = A, + B,, where (A,) and (B,) are
well-known sequences.

1992A5. For each positive integer n, let

0 — { 0 if the number of 1’s in the binary representation of n is even,
" 1 if the number of 1’s in the binary representation of n is odd.
Show that there do not exist positive integers k and m such that
Ak+j = Ck+m+j = AQk42m+j,
for0<j<m-—1.
1992B3. For any pair (z,y) or real numbers, a sequence (a,(z,y))n>0 is defined as follows:
ao(z,y) = =,

2 | 2
ani1(x,y) = W for n > 0.



Find the area of the region {(x,y)|(a,(z,y))n>0 converges}.
1993A2. Let (x,)n>0 be a sequence of non-zero numbers such that
xi — Ty 1Tpy1 = 1forn=1,23,....
Prove there exists a real number a such that x,,; = ax,, — x,_1 for all n > 1.

1997A6. For a positive integer n and any real number ¢, define z;, recursively by xq = 0,
r1 =1, and for k > 0,
cxpy1 — (0 — k)ay,

k+1
Fix n and then take c to be the largest value for which x,,; = 0. Find z,, in terms of n and
kE, 1<k<n.

Tp42 =

1999A6. The sequence (a,),>; is defined by a1 = 1,a2 = 2, a3 = 24, and, for n > 4,

2 2
6a;, _1an_3 — 8ap_1a; _»
an =

Ap—2Qn—3

Show that, for all n, a, is an integer multiple of n.

2001B6. Assume that (a,)n>1 is an increasing sequence of positive real numbers such that
lim a,,/n = 0. Must there exist infinitely many positive integers n such that a,_;+a,+; < 2a,
fori=1,2,....,n—17

2002A5. Define a sequence by ay = 1, together with the rules as,y1 = a, and as,;o =
a, + a,.1 for each integer n > 0. Prove that every positive rational number appears in the

set
Ap—1 11213
Tnm>ly=9-, 2,7, =, =,...¢-
ap, 1'2°1°32

11
2003B2. Let n be a positive integer. Starting with the sequence 1, TR form a new
n
) ) 2n —1 ) .
sequence of n — 1 entries —, —,..., ———, by taking the averages of two consecutive
4’ 12 2n(n —1)

entries in the first sequence. Repeat the averaging of neighbors on the second sequence to
obtain a third sequence of n — 2 entries and continue until the final sequence produced as a

2
single number z,,. Show that x, < —.
n



