
Intro. to Math. Modeling REVIEW PROBLEMS April 20, 2005

1. A certain species has a birth rate of 250 per 1000 every year, and a death rate of 220 per 100 per
year. The present population is 5000

(a) Let N be the population in 1000’s and let time t be measured in years. What is the discrete equation
for N (t + ∆t) in terms of N (t), if ∆t = one year?

(b) What will the population be after 10 years?
(c) If there is migration adding 500 to the population every year at the end of the year, what is the

discrete equation?
(d) In (c), what will the population be after 10 years starting with 5000 individuals?

2. (a) a Deterministic growth model is dN
dt = .03N . What is the doubling time of the population if t is

measured in years?
(b) let N be measured in 1000’s, t in years. The population at t = 0 is 5000 or N (0) = 5, and suppose

that increasing immigration results in a growth model dN
dt

= .03N + .5t.. What will the population be in 10
years? (Hint: The solution of the differential equation is of the form Aert + Bt + C.)

3. Solve the following first-order ODEs with the indicated initial condition:

(a)
dN

dt
= t(1 + N ), N (0) = 1; (b)

dx

dt
+ tx = t, x(0) = 2;

d2x

dt2
+

dx

dt
= 0, x(0) = 1,

dx

dt
(0) = 2.

4. Rain is falling steadily. An area of one square foot is seen to collect one inch (of depth) of water
every hour. The raindrops are all falling vertically with a velocity 15 feet per second. The flux F of rain
onto a region of area A square feet is F = UAr where U is the falling speed in feet/second and r is the
fraction of space occupied by rainwater.

(a) What are the units of r? Of F ?
(b) For the rainfall we have described, what is the numerical value of -r?
(c) If you run 5 feet per second through the rain and your frontal area is 7 square feet, how much

rainwater hits your front, in cubic inches per minute?

5. A certain population has a complicated growth model, where N is in 1000’s,

dN

dt
= N (N − 1)(N + 2)(3 − N ).

(a) What are the equilibrium population sizes?
(b) Which equilibria are linearly stable?

6. A discrete model of growth has the relation

Nk+1 = rNk(1 − N3
k )

. Here N is in units of 1000 individuals and r > 1. (a) What are the equilibrium populations in this model?
(b)For what values of r are these equilibria stable?

7. A certain peculiar creature lives for exactly two days. At the end of the first day, each creature gives
birth to a single surviving newborn, but 1/4 die after giving birth. 1/3 of the creatures living to the end

of day 2 give birth to a single surviving newborn, then die. Let N =
(

N1

N2

)
be the vector of the numbers

living at the beginning of days 1 and 2, in thousands. Then the growth matrix A is a 2 × 2 matrix relating
the numbers in generations: N(k+1) = A ·N(k).

(a) What is the matrix A?



(b) Ultimately, (i.e. after many generations) how is the population distributed between days 1 and 2?
By what factor does the population grow each generation?

8. A certain 2-species ecosystem satisfies the following system of two equations:

dN1

dt
= N1(1 − N1 + N2);

dN2

dt
= N2(2 − N1 − N2), N1, N2 ≥ 0.

(a) Describe in words the effect of each species on itself and on the other species. Would it be fair to
characterize the two populations as prey and predator? Explain.

(b) Consider the rectangle R in the (x, y) phase plane bounded by the lines x = 0, x = 3, y = 0, y = 2.
Show that any solution of our system which starts in R can never leave R. (Hint: check which way the
solution is moving on the boundary of R.)

(c) The equilibrium (0,0) is clearly unstable. What is the non-zero equilibrium, and what can you say
about its stability? How would you describe the behavior of the populations near the non-zero equilibrium.

(d) In view of the above facts, what do you expect to happen when you start the system from a point
in R?

9. The equations for a three-worker bucket brigade production line are (x = position of worker 2
following reset, y = position of worker 3 following reset),

yk+1 = min[xk +
v2

v3
(1 − yk), 1], xk+1 = min[

v1

v3
(1 − yk), yk+1], 0 ≤ xk, yk ≤ 1.

Let the workers have production velocities v1 = 1, v2 = 2, v3 = 3.
(a) If the workers are ordered from slowest to fastest, and the system starts from 0 < x0, y0 < 1 show

that the system satisfies

yk+1 = xk +
2
3
(1 − yk), xk+1 =

1
3
(1 − yk).

(b)Combine these two equations into a single difference equation of second order for yk.
(c) By solving this difference equation show that the system always converges to (xe, ye) = (1/6, 1/2)

10. Using the method of characteristics, solve the first-order PDE

∂f

∂t
+

x2

1 + t

∂f

∂x
= 0, f(x, 0) = x.

(Hint: Start with dx
dt = x2

1+t .)

11. Consider the standard traffic flow model with u = umax(1 − ρ/ρmax), and take umax = 60mph and
ρmax = 300 vehicles per mile. Suppose that on a one-lane road at t = 0 we observe that the density ρ is 200
in x < 0 and is 50 in x > 0. For t > 0 an expansion fan will be created from x = 0.

(a) Describe (by equations and a sketch) the characteristics coming out of x < 0. Out of x > 0. (Recall
v(ρ) = umax(1 − 2ρ/ρmax)).

(b) Calculate ρ(x, t) within the expansion fan by setting ρ(x, t) = R(x/t). Check your result by
settingx/t = −20, 40.

12. A model for a simple harmonic oscillator with a frictional force proportional to the velocity is

m
d2

dt2
+ µ

dx

dt
+ kx = 0.

Here µ > 0 is a constant friction. Find all solutions of this equation coming from the substitution x = eλt,
considering separately the cases µ2 − 4mk > 0 and µ2 − 4mk < 0.


