Stochastic Calculus .

This first assignment is a review of Probability in the form of 5 (somewhat lengthy) exercises. Make
a special effort to understand the ideas used to solve the problems, because they will appear frequently in
Stochastic Calculus. The main topics are: characteristic functions, conditioning and Gaussian distributions.
Enjoy, M.A.

1. This excercise studies the characteristic function of random variables. We sct ¥x (k) = E(e*X).

(i) Let X,Y be independent random variables. Show that

Yx1v (k) = vx(k)vy(k) .

(ii) Calculate the characteristic functions of the following distributions

e univariate gaussian (u, 0?)

[Hint: Consider the case g = 0. The characteristic function of the Gaussian distribution is equal to
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You can compute the derivative of this function with respect to k and find that '(k) = —o? k(k) from
which the desired result follows.

e cxponcential
f@)=xe* [ >0

e Cauchy distribution
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e Poisson distribution
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e a sum of n independent cxponentially distributed random variables X, Xs, ..., X,, (with the same
parameter A). (Hint:Use exercise 2). Verify that the characteristic function of

Z Xk, - 71/)\
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converges to something nice as n — oco. Interpret this result...



2. A vector of random variables (X1, ..., X,,,) is said to be Gaussian if, for any vector (6y,...,0,,) of real
numbers, the variable

m

Y=Y 0;X,
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has a Gaussian distribution. Show that the gencral form of the ch.f. for a Gaussian random vector is
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where yi is a vector and a is a rcal, non-negative definite matriz. Characterize these quantitics in terms of the

moments of the random vector. (Hint: go directly to the Fouricr side and write down what E{empik 20,00 X"}
should look like; equation (1) should follow).

3. The conditional expectation of a r.v. X with respect to another random variable Y is the best
nonlinear predictor of X given Y, in the sense of least squares:

B(X|Y) = f(Y) & [(y) = argmin B(X - g())" (2)

(i) Deduce from the above definition that for any function ((y)

E(EXY)C(Y)) = E(X{(Y))

which means that X — E(X]Y) is uncorrelated with any function of Y. (This, and equation (2) are in the
spirit of “best predictor” of X given V).

(ii) Show that if the pair of random variables (X,Y’) has joint probability density ¢(x,y) then

J é(z,y)dz

(iii) Generalize the definition of conditional expectation to £(X|Y1,...,Y,), where X, Y;. ..., Y, arc random
variables.

E(X|Y) =

(iv) The Tower Property holds:
E(E(X]Y,2)|Z) = E(X|Z)
Generalize to conditioning to a vector of r.v.s. What should be the correct statement for conditioning with
vectors?
(iv) A sequence X1, Xa, ..., Xy, .... such that

E(XrLan—len—%"‘aXl) = E(Xn|Xn—1) (3)
is called a martingale sequence. Give an intuitive interpretation of (3) and an cxample of a martingale
sequence.

(v) Suppose that you draw a number n in the interval (0,1) at random (using the uniform distribution),
and represent this number by its decimal expansion n = 0.a; az az aq ... Let



n
X” = E a;.
i=1

Is X,, a martingale? Why?

4. Show that if (X,Y) is a Gaussian vector, then F(X|Y) = a + Y for some constants a, . Give an
example of a vector of random variables (non-Gaussian), for which this property docs not hold.

5. Let X,,,n=1,2,3,4,... be a stochastic process defined by the iterative sequence

Xp=a+bX,1+v, ,n=12.3,..

and assume that X is given, and that v, is a scquence of independent Gaussian variables with variance 1
and mean zcro. Express X, as a function of Xy and vy, ...v,, by solving the recursive relation inductively.
Conclude that X, is Gaussian for all n and that (Xi,...., X,,) is a Gaussian vecctor for all n. Show that if
b < 1 the distribution of X,, as n — oo is well-defined, is Gaussian, and give its mean and variance.





